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Abstract

We obtain sharp gradient bounds for perturbed diffusion semigroups. In contrast with
existing results, the perturbation is here random and the bounds obtained are pathwise.
Our approach builds on the classical work of Kusuoka and Stroock [12, 14, 15, 16], and
extends their program developed for the heat semi-group to solutions of stochastic partial
differential equations. The work is motivated by and applied to nonlinear filtering. The
analysis allows us to derive pathwise gradient bounds for the un-normalised conditional
distribution of a partially observed signal. It uses a pathwise representation of the per-
turbed semigroup following Ocone [21]. The estimates we derive have sharp small time
asymptotics.
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1 Introduction

In the eighties, Kusuoka and Stroock [12, 14, 15, 16] analysed the smoothness properties of
the (perturbed) semigroup associated to a diffusion process. More precisely, let (©2, F,P) be
a probability space on which we have defined a d;-dimensional standard Brownian motion B
and X® = {X¥, t > 0}, x € RY be the stochastic flow

t di ot
Xp ot [ (s + Y [V edsl =0, (1)
0 — Jo

where the vector fields {V;, i=0,...,d} are in C°(RY,RY), by which we mean that they
are smooth and bounded with bounded derivatives of all orders, and the stochastic integrals
in (1) are of Stratonovich type. The corresponding perturbed diffusion semigroup is then
given by
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(Pfo)(z) = [gp(Xf) exp </Otc(Xff) dsﬂ , t>0, zeRY,

where ¢ € Cf°(RY) and ¢ : RY — R is an arbitrary bounded measurable function. In the
following, if ¢ = 0 we will also write P; in place of Pf. The vector fields {V;, i =0,...,d;} are
assumed to satisfy Kusuoka’s so-called UFG condition (see Definition 1 below). This condition
essentially states that the C°(RY)-module W generated by the vector fields {V;, i=1,...,d;}
within the Lie algebra generated by {V;, ¢=0,...,d;} is finite dimensional. In particular,
the condition does not require that the vector space {W (z)|W € W} is isomorphic to RY for
all z € RY. Hence, in this sense, the UFG condition is weaker than the uniform Hormander
condition.

Kusuoka and Stroock prove under the UFG condition that Pfy is differentiable in the
direction of any vector field W belonging to WW. Moreover, they deduce sharp gradient bounds
of the following form: Given vector fields W; € W, ¢ = 1, ..., m+n there exist constants C > 0,
[ > 0 such that

W1 Wi Pf(Wint1 - Wingn)llp < Ct 0, (2)

holds for any ¢ € C3° (RY), t € (0,1] and p € [1,00] (see [16], Corollary 2.19 and [12],
Theorem 2 under the UH and UFG condition respectively). The constant [ depends explicitly
on the vector fields W;, i = 1,...,m +n and the small time asymptotics (2) are sharp. In this
paper we deduce a similar result for the randomly perturbed semigroup. More precisely, let

Y = {(Y;fl)f; ,t > 0} be a da-dimensional standard Brownian motion independent of X, and
define

Y
ot (p)@) = Blo(X7)ZF| V] (), t 20, z € RY, 3)
where Z% = {Z¥ .t > 0}, x € RY is the stochastic process

d2 ¢ d2
A |
7 = exp (}j/o hi<X§>dYJ—2§j/o hi(X;”)st), £>0, (4)
=1 =1

h; € Cy° (RN ), i =1,...,d2 and ¢ is an arbitrary bounded measurable function on RN, In the

following, we prove that the mapping © — ,02/ (w)(cp)(:n) has the property that there exists a

P-almost surely finite random variable w — C' (w) such that
Y (w —
W1 Wy ) (Wans1 -+« Winn#) lp < C (@)t Il (5)
for any ¢ € C§° (RY), t € (0,1],p € [1,00] and I being that same constant as in (2)

We are interested in this particular perturbation as it provides the Feynman-Kac repre-
sentation for solutions of linear parabolic stochastic partial differential equations (SPDEs)".

'We expect the methodology presented here can be extended to handle a wider class of random per-
turbations. We chose this particular perturbation because the corresponding randomly perturbed semigroup
provides the Feynman-Kac representation for the solution of the filtering problem. See the Kallianpur-Striebel
formula (11) below.



To make this more precise, let p* = {p¥, t > 0}, + € RY be the measure valued process
defined on the probability space (2, F,P) by the formula

(0} (@) (9) = oy “(p)(@), (6)

where ¢ is an arbitrary Borel measurable function. Then p* is the solution of the following
linear parabolic SPDE (written here in its weak form):

L () = p§ (A thwh ayy 7
m@—%@ﬁAM¢H+;A%M@S (7)

where p§ = d, is the Dirac delta distribution centered at z € RN, A = Vj + % Z?;l V2 is the
infinitesimal generator of X, and ¢ is a suitably chosen test function. Equation (7) is called
the Duncan-Mortensen-Zakai equation (cf. [8, 22, 23]). It plays a central role in nonlinear
filtering: The normalized solution of (7) gives the conditional distribution of a partially
observed stochastic process. We give details of this intrinsic connection in the second section.

As already stated, in this paper we study the mapping z — pz/(w)(go)(x) for a fixed
(Brownian) path Y (w) and a suitably chosen test function . In [3], the authors look at the

application Y (w) — pz/ (w)(ap)(ac) for a fixed z € R and any suitably chosen test function
¢ and show that it is a (locally) Lipschitz continuous function as defined on the space of
continuous paths?.

Note that regularity properties for the non-linear filtering problem have previously been
obtained by Kusuoka-Stroock [17] using the techniques of the partial Malliavin calculus, see
also earlier work by Bismut-Michel [2] and subsequently Nualart, Zakai [20]. Our present
approach frequently makes use of the fact that we are dealing with the uncorrelated filtering
problem. Previous work using rough paths in the context of filtering [4], also [7] considers
the setting where the noises in the signal and observation are correlated.

The paper is structured as follows: In Section 2 we introduce the filtering problem and
explain the connection with the randomly perturbed semigroup (RPS). In section 3 we state
the main results of the paper, that is, we introduce the corresponding sharp gradient bounds
of the type (5) for the RPS. In addition, we also give direct corollaries on the smoothness
properties of the solution of the filtering problem.

In Section 4, we derive an expansion of the RPS in terms of a classical perturbation se-
ries. The expansion is in terms of a series of (iterated) integrals with respect to the Brownian
motion Y and is derived by exploiting the intrinsic connection between the RPS and the mild
solution to the Zakai equation. We then proceed to prove the main theorem. The proof of the
main theorem is contingent on two non-trivial regularity estimates for the terms appearing in

(w) (

the perturbation expansion of pz/ Propositions 9 and 10), which we prove in the remainder

of the paper.

2Here we consider the space of continuous paths defined on [0,00) with values R?% endowed with the
topology of convergence in the supremum norm on compacts. The choice of the norm is important. See [4]
for further details.



In a first step towards proving these two propositions, in Section 5 we re-write the terms
of the perturbation expansion iteratively using integration by parts to derive a pathwise
representation of the RPS. We then prove a priori regularity estimates for the terms in the
perturbation series in Subsection 5.2. For this, we state Holder type regularity estimates for
each term in the pathwise representation of the perturbation expansion. These estimates in
turn are later proved in the appendix by carefully leveraging the gradient estimates for heat
semi-groups due to Kusuoka and Stroock. Although these a priori estimates are asymptoti-
cally sharp for the lower order terms in the expansion, they are not summable.

Finally, in Section 6 we rely on both the a prior estimates derived in Section 5.2 and
arguments underlying the Extension Theorem - a fundamental result from rough path theory
(see, e.g. [18, 19]) - to deduce factorially decaying Hoélder type bounds for the terms in
the perturbation expansion. To this end, we observe that the terms of the original series
(as derived in Section 4), when regarded as bounded linear operators between suitable spaces
that encode the derivatives, are multiplicative functionals. Such multiplicative functionals are
more general than ordinary rough paths but arise similarly for example also in the context
of the work of Deya, Gubinelli, Tindel et al (see e.g. [6]) where they analyse rough heat
equations. The paper is completed with an appendix containing several useful lemmas and
the proof of the regularity estimates stated in Subsection 5.2.

Acknowledgements. We would like to thank the anonymous referee for carefully reading
the paper and providing us with insightful comments that allowed us to improve the pre-
sentation of our results significantly. The work of D. Crisan and C. Litterer was partially
supported by the EPSRC Grant No: EP/H0005500/1. The work of T. Lyons was partially
supported by the EPSRC Grant No: EP/H000100/1.

2 The non-linear filtering problem

The nonlinear filtering problem is stated on the probability space (€2, F, ]IB), where the new
probability measure P is related to the probability measure P under which the triple? (X, Y, B)
has been introduced in the previous section. More precisely, the probability measure P is
absolutely continuous with respect to P and its Radon-Nikodym derivative is given by

dP

— =7, t>
AP ty _07

Fi

where Z = {Z;,t > 0} is the exponential martingale defined in (4), that is,

Z B do t | . 1 do t ‘ )
t = €xXp Z hi (Xs) dYy — ) Z hi (Xs) ds |, t>0.
i=1 70 i=1 70

$Throughout this section, we will omit the dependence on the initial condition « € RY for the processes
X?. The same appllies to all other processes (Z, W, p etc).




Under P the law of the process X remains the same as under P. That is, under both P and
P, X satisfies the stochastic differential equation

dy
dX; = Vo(Xp)dt + > Vi(Xy)odBj, Xo=z RN, t>0. (8)
=1

Let Cg°(RY) denote the space of smooth bounded functions on RY with bounded derivatives
of all orders and C§° (RM) the space of compactly supported smooth functions on RY.As
in the previous section, we assume that the vector fields {V;, i =0,...,d;1} are smooth and
bounded with bounded derivatives, i.e. V; = (Vij)é\’:l, where Vij € CPRN)forallj=1,..,N
and that the stochastic integrals in (8) are of Stratonovich type. We denote by 7y the initial
distribution of X and, from (8) we have that we that my = d,, v € RV

The process Y is no longer a Brownian motion under P, but becomes a semi-martingale.

More precisely, Y satisfies the following evolution equation
t
V= [ hX)ds + W (9)
0

where W is a standard F;-adapted da-dimensional Brownian motion (under ]f”) independent
of X. Let {)}, t > 0} be the usual filtration associated with the process Y, that is )} =
o(Ys, s €0,t]).

Within the filtering framework, the process X is called the signal process and the process
Y is called the observation process. The filtering problem consists in determining m;, the
conditional distribution of the signal X at time ¢ given the information accumulated from
observing Y in the interval [0, ¢], that is, for any ¢ Borel bounded function, computing

Tt (@) = Elp(Xe) | Vi (10)

The connection between m;, the conditional distribution of X;, and the randomly perturbed
semigroup is given by the Kallianpur-Striebel formula. More precisely, we have

Y (w)
P ¥

(o) = i,(w)( ), P—as., (11)
py (1)

where 1 is the constant function 1 (z) = 1 for any # € RY. Equivalently, the Kallianpur-
Striebel formula can be stated as

1
m=—p P—a.s.,
Ct

where p; is the measure valued process which solves the Duncan-Mortensen-Zakai equation (7)
and ¢; = py(1). The Kallianpur-Striebel formula explains the usage of the term unnormalised
for p; as the denominator p;(1) can be viewed as the normalizing factor for p;. For further
details of the filtering framework see, for example, [1] and the references therein.



3 The main theorems
Let A the set of multi-indices
A={0, (a1,...,a5), k>1, a; €{0,...,d1},j=1,...,k}.
Following Kusuoka [12] we define a multiplication/concatenation operation on A by setting

a*B:(ala"'vakaﬁla"'aﬁl)

for multi-indices a = (a1, ...,ax),8 = (B1,...,0) € A. Furthermore we define the degree
of the multi-index o = (a1,...,04) by ||of| = K+ card(j : o = 0). Let Ag = A\ {0},
A1 =A\{0,(0)} and A1(j) = {a € A1 : ||a]| < j}. We inductively define a family of vector
fields indexed by A by taking

Vigg=1d, V=V, 0<i<d

‘/[a*i]:[‘/[a]vvi]a 0§i§d1,a6A.

The following condition was introduced by Kusuoka and is weaker than the usual (uni-
form) Hormander condition imposed on the vector fields defining the signal diffusion (see
Kusuoka [12] ).

Definition 1 The family of vector fields V;, i = 0,...,d; is said to satisfy the UFG condition
if there exists a positive integer k such that for all « € Ay there exist uq g € C’go(]RN) satisfying

V= > tagVig: (12)
BeA; (k)

In essence, the UFG conditions states that, eventually, all higher order Lie brackets can be
expressed as a linear combination Lie brackets of order k or lower. The uniform Hérmander
condition implies the UFG condition, but not vice versa as we can see from the following
example due to Kusuoka [12]:

Example 2 Assume d =1 and N = 2. Let Vi, V1 be given by

Vo(zy,z9) = sinxla—ml Vi(zy,z9) = Sinxla—m.
Then {Vb, Vi} do not satisfy the Hormander condition. However the UFG condition is satis-
fied with k = 4.

From now on, we assume that the family of vector fields V;, ¢ = 0,...,d; satisfies the
UFG condition. We will assume, in the following that k& denote the minimal integer k for
which condition (12) holds. We are ready to formulate the main theorem.



Theorem 3 Suppose the family of vector fields Vi, it =0, ..., dy satisfies the UFG condition.
Letm >3 2>0, ar,...,q5,...,a;m € Ay (k) and h € CgO(RN). Then there exists a random
(w)

variable C (w) almost surely finite such that the randomly perturbed semigroup pz/ satisfies

| (Vi = Vil @ (Vi Viawi#) ) @) _ < € @) 7" Il

for any ¢ € CP(RY), t € (0,1], where | = (||| + -+ |am|) /2. If in addition h €
(O (RN) then there exists a random variable C (w) almost surely finite such that

Y (w) —l
| (Vi Vies1ol © (Vioysr -+ Vi) ) @) < € @)l (13)
for all o € C§° (RN), t € (0,1] and p € [1,00], where I = (||az|| + -+ + [laum]]) /2.

Remark 4 The dependence of the constant C (w) on the observation path Y (w) in Theorem
3 can be made explicit in terms of a rough Hélder norm of Y. More precisely, let v € (2,3)
then for all M > 0 there exists Cas such that

| (Vi Vil (Viay Vi) ) @) < Ot gl
for all o € CR(RN), ¢t € (0,1] and

we{wi Y @lape) <M},

where

t rt 7 j
B 1Y (w) — Y ()] Jo [ dYE (w) Yy (w)
[ (W>HRP(V) ‘= sup + max sup

0<s<t<1 it —s|” 4,5€{1,..d2} 0<s<t<1 |t — 5\27

An analogous estimate holds for the bound in (13).

Before we begin the proof of our main theorem we explore some immediate consequences
of the result. We first observe that we can obtain similar estimates for the conditional
distribution.

Corollary 5 Under the assumptions of Theorem 3, there evists a random variable C (w)
almost surely finite such that the conditional distribution m; satisfies

A —
| (Vi Vi mt (Viyany -+ Vi) ) @)]| _ < C @)t ol
for any p € C’boo(RN), t € (0,1], where l = (||ar|| + -+ + ||am]]) /2.

Proof. We show the results for j = 1, and m = 2, the general case being done by using the
Leibniz rule for the n-th derivative. We have

Vies/ Tt (Viea)#) (2) = Viau] |21 (Via#) /01 ) (1)] (@) (14)
= Vi1t (Viaw#) (o1 ()7 (@) + ) (Viay)#) Viey (01 ) (1)) (2) .

7



Since, almost surely, (see the Appendix for a proof)

sup (1/p} (1)) < o0, (15)

zCRN

we deduce that, for any x € RY, we have

Vieume (Viaa1) (2)] < € (w) ¢~ (el i)

where € (w) = C () (o ) (1) + (0 © (1)) 72). m

Note that if the vector fields V;,i = 0, ..., d; satisfy the UFG condition, we can in general
not guarantee the existence of a density of the unnormalised conditional distribution of the
signal with respect to the Lebesgue measure given any starting point. However, just as for
the unperturbed diffusion semigroup, pf(w) will have a density y — ﬁf’y(w) (y) with respect
to the Lebesgue measure provided we assume that there exists a positive integer k£ such that
for any vector field V with coefficients in C2°(RY), there exist uyg € Cg°(RY) satisfying

V= Z Ua,3Vig. (16)
BeAq(k)

The above assumption is equivalent to the existence of a positive integer k£ such that for
i=1,..., N, there exist u; g € C°(R") satisfying

0= Y uigVp (17)
BeA; (k)

In particular this means that
Span{V|y(7) : @ € A1(k)} = RY

holds for all z € RY. Following from [5], under condition (16), the law of the signal X¥ has
a smooth density y — p¥ (y) with respect to the Lebesgue measure for all £ > 0.* Under this

T (y):

Corollary 6 Assume that the vector fields Vi,i = 0,...,dy satisfy condition (16) and that
T = 0y is the Dirac measure at x and h € C°(RY) Then, for all t > 0, the unnormalised

conditional distribution of the signal pz/(w) has a smooth density y — ﬁf’y(w) (y) with respect
to the Lebesque measure. Moreover for any multi-index v = (i1, ...,4,) € {1,...,N}" there
exists a random variable C, (w) almost surely finite such that

|

If in addition h € C§° (RN) then for any multi-index v = (11, eeryin) € {1,..., N}" and any
p € [1,00], there exists a random variable C, (w) almost surely finite such that

|

*See [5] for the connection between condition (16) and the uniform Hormander condition and the corre-
sponding extensions for the smoothness results.

assumption, we can deduce also deduce gradient estimates for the density y — p;

8i1...8¢nﬁf’y(°’)Hl <C ()t %, te(01] (18)

Gil...ﬁinﬁf’y(w)Hp <Co(wt ', te(1] (19)




Proof. As already stated, following from [5], under condition (16), the law of the signal X7
has a density y — pf (y) with respect to the Lebesgue measure for all ¢ > 0. Moreover from

(@)

the definition (6) of the measure pz/ in terms of the randomly perturbed semigroup (3) it

follows that pz/ ©) 5 absolutely continuous with respect to the law of the signal X} and its
density is given by the function y — U7 (y) defined as

Vi (y) = B[Z7| X = y, Vi

and called the likelihood function in the context of stochastic filtering. Therefore, the unnor-

(@)

malised conditional distribution of the signal pz/ has, indeed, a density y — ﬁf’y(w) (y) with

respect to the Lebesgue measure and ﬁf’y(w) (y) = ¥ (y)p? (y) for all y € RV, In particular,

oy “(p) = /R L)t (v) dy,

for any bounded measurable test function ¢. From Theorem 3 we then deduce that for any
multi-index ¢ = (i1, ...,%,) € A, there exists a random variable C, (w) almost surely finite such
that

km

(o 0n-00,9)) | < L) ol (20)

for any ¢ € C°(RY). The smoothness of ﬁf(w) follows immediately as in [5] by classical
results. The inequality (18) follows from (20) and the bound (19) follows in a similar manner.
[

4 Proof of the main theorem

As a first step in the proof of our main theorem we expand the unnormalised conditional

distribution of the signal using its representation as the mild solution of the Zakai equation.

This is a standard result, see for example [21] and [11]. For completeness we include it in

Lemma 7 below. We define the set of operators Rg;, where ¢ = (t1,t2,...,t;) is a non-empty

multi-index with entries tg,t1,...,tx € [0,00) that have increasing values tyg < t1 < ... < tj

and 7 = (41, ...,9,—1) is a multi-index with entries i1, ...,7;_1 € {1,2,...,d2} as follows
Rtg,11),5(0) = Pri—to ()

and, inductively, for & > 1,
R(to,thtg,...,tk)7(2'1,...,1')6,1) (SO) = R(to,tl,...,tk,]_),(’il,...,ik,2) (hik_lptk—tk_1(¢>)
= Pt1,t0 (hi1Pt2,t1 N (hikflptk*tkfl (80)))
= Ptlfto (h’i1R(tl,tg,...,tk),(ig,...,ik_l)(SD)) .

Note that the length of the multi-index ¢ is always two units more than 7. Also let S (m) to
denote the set of all multi-indices

S(m) = {(i1yeerrim)| 1 <ij <dg, 1<j<m}.

and let S =J,-_, S (m).



Lemma 7 Let p; be the unnormalised conditional density defined in (3) and ¢ € Cgo(RY).
Then we have in L? and almost surely that

KO =R+ S Y R (21)

m=1z€S(m)

where, for T = (i1, ...,im),

_ t tm to . .
RS}’Z (v) :/0 /0 /0 R(O,tl,...,tm,t)j(@)dyzl . dYtlTZL

m  times

Y (w)

Proof. The measure p,

o “ ) = Pile) + Z/ Y (hiP_s())dYy.

admits the following (mild) representation:

Arguing by induction it is easy to see that

k
o) @) =P+ Y S R (@) + S Remft (p),
m=1

7€5(m) 7€S(k+1)

where

tht1 to |
k 1
e + ' / / / h“PtQ tlhl? e hikﬂPtftkH (90)) ($) dY;tle : dn::?.

k+1 times

Using iteratively Jensen’s inequality and the It6 isometry we see that

[Re k+1 7 (@)2]
tht1 to w
/ / / Y( h11Pt2 ty iy - hichrlPt*thrl (30))2} dty - - dtgqq

RS
<l H‘X’ﬁ lells >

since, by Jensen’s inequality
Y 2 2k+2 2 h 2(k+1

B o1, (i Pra—ty iz - By Pty ()] < RN [(29)°] < Pl || 2040).
hence Reml€+1 ' (¢) converges to 0 as k tends to co. As the convergence is factorially fast a.s.
convergence holds and the claim follows. m

Before we can prove the main theorem we require three non-trivial estimates for the regu-
larity of the terms appearing in the expansion (21) of pf(w) (). The first is the aforementioned
gradient estimate due Kusuoka and Stroock for the heat semi-group. The following theorem

is due to Kusuoka-Stroock [16] (Corollary 2.19) under the uniform Hoérmander condition and
Kusuoka [12] (Theorem 2) under the UFG assumption.

10



Theorem 8 Suppose the family of vector fields Vi, it =0, ..., d1 satisfies the UFG condition.
Letm>32>0,0q,...,05,...,04q € A4 (k:) then there exists a constant C such that

[Views = Vies P (Vi st~ Vi) | < Gamlealslonlh2 g

for any ¢ € C§° (RY), ¢t € (0,1] and p € [1,00].

The second ingredient for the proof of the main theorem are the following regularity
estimates for the terms Ry';".

ProPosition 9 Under the assumptions of Theorem 3, let 1 > 5 > 0, aq,...,q5,...,0q €
Ay (k) and v € (1/3,1/2). Then, for any m € N there exist a random variable C' =
C (w,m,l,v) > 0 almost surely finite such that

[Views - Vst B Vi Vi) < €l 2o g

foralli € S (m), ¢ € C°(RY) and t € (0,1].

The preceding proposition suggests that the short term asymptotics of the regularity of
p¢ are determined by the leading term of the expansion - the heat semi-group P, f itself. The
estimate is unfortunately not summable in m and will therefore only be used to control the
regularity of Rg?f for small m. Before we proceed we state a second set of a priori estimates
that capture the regularity of the Rg:”f in terms of operator norms on some carefully chosen
spaces. These estimate do not lead to sharp short small time asymptotics and will therefore
only be used to estimate the regularity of Rg?f for sufficiently large values of m.

To derive the second set of factorially decaying estimates we regard the Rgzt’i as linear
operators acting on smooth functions endowed with suitable norms. Since both the heat
kernels and the multiplication operators defined by the sensor functions h; map C{°(RY)
functions to Cg°(RY) functions we see that Rgff maps Ci°(RY) to C°(RY). We first define

a distribution space appropriate for our problem. For ¢ € CEO(RN ) let

lelg-1 :=mf ¢ > Jeall 0= Y., Vij¥as ¥a € C°(RY)
aer(l_c) (XEA()(E)

Then ||-|| ;-1 defines a norm on Cg°(RY) that is bounded above by [|l¢]||., , but potentially
smaller. Similarly we may define a Sobolev type norm on Cg°(RY) by letting

el = Y. Vil -

a€cAp (E)

Recall in this context that the index set Ag (l?:) contains the empty set and we have set
Vig) = 1d.

11



Proposition 10 Under the assumptions of Theorem 3 there ewist constants 6 > 0, 7/ €
(1/3,1/2), mo =mo (7') € N and a random variable c(y',w), almost surely finite, such that

_ et w ™

m,7
HR(M “isHL T 0 (my!)!

for allm > mg, € S (m) and t € (0,1].

The proofs of Proposition 9 and 10 are non-trivial and will be given in Section 5.2 and 6
respectively. Combining the previous estimates we are ready to prove our main theorem.

Proof of Theorem 3. We prove the result for j = 1, and m = 2, the general case being
done by using the corresponding estimates for the higher order derivatives of the integral
kernels and the higher order Sobolev and distribution spaces corresponding to H' and H~!
to accommodate higher order derivatives. For the first part of the theorem, we are going to
show that there exists a positive random variable C' almost surely finite such that

[Viewe! @ Vi) _ < € (@)l o0 /2 g

for any ¢ € (0,1] and ¢ € C°(RY). Fix v € (1/3,1/2) and let 7,0 and mq as in Proposition
10. We have by Lemma 7

[Vl @ i) < Vi P Vil

+Z > HV 1o ( W)H + i > HV[G]ROt ms@)H

k=17eS(k kot 1 7S
(22
Now
[VirRE V) || < | B67 Vi) |,
= HROft g Vel
=g 15—

Therefore using Theorem 8 for the first, Proposition 9 for the second and Proposition 10 for
the third term in the sum on the right hand side of (22) we see that

mo
Y (w —(|lex — (||
HV[a]pt( )<VW1¢)HOO < I8N/ ]| 4 S gl IS 24k )

k=1

+ i tk’ylc(ylawde)k ||§0||
M 0 (k') °°

< ¢ (w) ¢~ el +5)/2 !l

12



where
w, d
M o
k=mo+1

Clearly, the constants and the parameter mg in equation (22) will depend on the number of
derivatives required.
For the proof of the second part of the theorem, the general LP estimate, we follow
Kusuoka [12]. First observe that
| p@o@as.

Let P} be the (formal) adjoint operator of P, that is, let P;* be defined as

Pro(x) = E (exp </0t5()2x) ds) ’ ()?f)) , zeRY,

lell, = sup (23)

{9€CeRN), lglloo <1}

where

—_

d
Z div (V;

d
c=div(Vp) + = ZV, (div (V;)) +
j=1 7j=1

N =

and )?t be the diffusion associated to the vector fields (170, i,..., Vd> and

d
- 1 )
o= Yo+ 3 30V div (1)),
j:

Then P} satisfies
[Pe@g@do= [ o) Prg ) da (24)

for any ¢, g € C°(RY) (see Kusuoka, Stroock [16] for a more general result).
By Lemma 7 we may write

= PtJFZ Z/ Py Hi, Py Hiy -+ Hiy Pry,, dY/2 - dY]m,
m=17€S(m)

where H; are the (self-adjoint) multiplication operators corresponding the (compactly sup-
ported) h;. Iteratively applying identity (24) to the expansion of pf(w)

adjoint p; as

to identify its formal

DV O N Ry

m
m=17€S(m)

13



Using (23) and (25) we see that

Vit W) 0= s ([ o@)Vigol ™ (Vo @) e
{9eCF®RN), gl <1}

- sup [ Vit (Vigg @) ¢ (@) do
{g€CRY), |lglln<1}

= {ge&?"(ﬂ@ip lgll o<1} ’V[E]p: <V[Z]g (x)) Ho" 2l

where the formal adjoint of a vector field V) is given by

Viy = Vi) = 2_ 5,7Vl
=1

The arguments in the proof of Proposition 9 can be easily extended to allow us to deduce the
relevant estimates for the terms in the expansion (25). Extending the proof of Proposition
10 requires some small modifications that are discussed in Remark 20. Going through the
steps in the proof of the first part of the proof with p; in place of p; we deduce that

[Vimer (Viag)||, < ctpseteioniz g,

and the case of general p € [1, 00| is a now consequence of classical Riesz-Thorin interpolation.
]

The proof of the main result is now complete. The remainder of the paper is dedicated
to the proof of Propositions 9 and 10.

5 Pathwise representation of the perturbation expansion and
some preliminary estimates

5.1 A pathwise perturbation expansion

For the first step towards a proof of Proposition 9 we derive the pathwise representation
for the multiple stochastic integrals Rg?f (¢) as a sum of Riemann integrals with integrands
depending on the Brownian motion Y. We will require the following notation. For k € N
let A’;t denote the simplex defined by the relation s < ¢t; < -+ < t; < ¢ and let dty, :=
dty -+ - dtg.For 7 = (i1,...,ix) € S (k) we set dY} = dYtllldY;: and define iterated integrals
gt (Y) by setting

~ B t tr to ) .
q.. (Y) ::/ dYtZ:/ / / dyt..dY;r.
’ A’S“t s Js s
; —_—

k times

Let qflfkr (Y), k1, ...,k € S, t = (t1,...t,) be the products of iterated integrals
o () = [ ).
i=1

14



Next define the sets O (k)

@(k)zsp{qff{ ,,,,, kr. (Y), ]}1,...,]%T€S tl,... Z‘k‘ —k}

and let © := J,cy © (k) . For ¢ € © we define its formal degree by setting deg (¢) := r, where
r is the unique number such that ¢ € © (r). For 7 = (i1, ...,ix) € S (k) define @7, Uz, be the
following operators

q)ggo = hzlhlkSO
d
Uzp = (@3, Al (9) = Ahiy.-hiy)o + > Vilhiyohi ) Vi,
i=1

and I'; be the set of operators I'; = {®z, Uz, ¥;®;} . In the following proposition we obtain
a pathwise representation of the terms in our expansion of the un-normalised conditional
density. The proof will exploit integration by parts formulas of the form

t s ) ) . t
/ q(()zé, ik) (Y) </0 Zrdr> Ay — q(()'t%,...,zkﬂ) (Y)/O Z.ds _/ q(()lé’ ,Zk+1)( Y) Zyds,

where Z is a suitably chosen process.

Proposition 11 Let 7 = (i1, ..,im) € S (m). Then we have, almost surely, that

RS () = Pi_g(hiy . -hiy ) (2) gL, (V)

m—1 _ _ _ - L _ -
FX X o [ i 0 R e
s,t

k=1 j1,....Jk; 7=J1%...% ]

o < _ k
k=1 j1,....jk;1=g1%... %]} st

£ b o0 R e, (20

and aznjl"”’j’“ (Y) ,bm’jl"“’j’“ (Y), cm’jl""’j’“) (Y) € © are linear combinations of (products of)

s,t) (85t1,-5tk) £57t17-~-7tk N
iterated integrals of Y and R(S’il’_”’i: t)(go), respectively R(S’ill’ ’Yf: t)(cp) are of the form

Ptl—s (élﬂz—tl cee ((i)kpt—tk (SO))) ;
where <i>p el;,p=1,., k. Moreover we have
deg (a9 (V) + deg (b0 (V) = deg (0 (V) =m. (27)

Before we begin the proof note that R(s’gl’ ’g’“t (¢) and R Lol (p) are in general
L1y--5lks ) (St17 Sk, t)
different, but have the same structure as they both can be written as iterated compositions

of the heat semi-group and operators drawn from the sets ;.

15



Proof. The proof follows by induction. For m = 1 observe that

t .
R, (o) = / Pry—a(hi Pty (1)) () dY;

t ) t t1 ) d
=P [ave = [ [T o) fn o) @in,

where

d

dt; Ptl—s(hil P, (W))(x) = Ptl—S(A(hilpt—tl (90)))(33) - Ptl—s(hilAPt—h (30))(‘7")

= Py —s(Y (i) Pt (9)))(2).
so (26) holds true with

t1
1,(i1) _ i
ety o) = [y

and, obviously, (27) is satisfied. For the induction step, observe that for 7 * iy, 1

t
+1, ki, X im
RIS ) = [ R (i Pty (0)) (0) Y
S
Hence, assuming that R7;"

sy,,1 D1as an expansion of as in (26), it follows that

RIFIHImL (o) = RUHIHImAL () R () 4 I ()

(28)

where

Rl,m-i—l,i*im_t,_l

t .
B ) = [P Pt @D@) [ aviavin
S
A‘75‘nvlt1fn~b»1
m—1 t _ B
27 +17_ "VVL 74 EARRS? j
B (o) = 3 [ o
k=171, ks 7=j1%. kG O
77‘ 1"'7T _kﬂi 7"'77‘, n i
/ bgill’ytj:) (Y) R(s‘vjtll’“"y]tljcyt'm+l) (him+lpt_tm+l (SD))(x)dtkd)/tZ’bn;l
Algvtm-u
RETHI () =
m t - - - .
7' 7"'7' Ak‘,‘ ,...7' _ ;
SN [ i R B P () @)Y
k=1j1,....Jk;7=01%...%jk SAkt
S:lm+41

16



We expand each of the three terms in (28). For the first term we have

R;”;n-i-li*ierl (‘P) = Pt_s(hil...him+1(p) ($)/ d}/ti*im+1

m+1
As,t

t tm41 B ) d
_ / (/ / dYtZdY;Zm+1> dt " Ptm+1,8(hi1 "'him-t,-lpt*tm-',—l ((p))(fﬁ)dthrl

= Pt—s(hil "-hierl(P)(:C) / dyf*im+1

m+1
As,t

t 2‘/'m-ﬁ—l _ .
- / ( / / dY#dYﬁ’”+l> Poyr s s (Wi s Pty (9)) (2) . (29)

so the first term in the expansion of Ri:ﬂ 11 () gives us the first term in the expansion

of (28) and the second term in the expansion of R;Zn L xm 1 () can be incorporated in the

last term in the expansion of (28). Obviously,

deg / de*im“ =m+1
AT

so (27) is satisfied. For the second term we have

m—1 t _ _
2,m+1,7%0m 41 - Z Z M,J1505Tk
RS,t (SO) - ~ _ ‘ ~ s a(37t7n+1) (Y)
k=1 g1, g 7=g1%. g,
frtd 1] o T i
Tleerdi J1sesJke ) { mtl
/ / Do) V) B ) P Pt (9)) (@) b1 dYy 0
S

k—1
As,tk

m—1 t L t L
_ } : 2 : My g1, Jk Im+1 2,m+1,51,. .7k im41
- /sv a(S,tm+1) (Y) dYt"L+1 /sv SS,t7,L+1 (@)dtm+1

k=1 j1,....Jk; 1=j1%... %],

m—1

t tm+1 - - ' A o
— Z Z / </ azr;:%,...,]k (Y) d’Y’Tlm-Fl) SS,’ZZ+1J1MJ]€7Z"L+1(‘P)dtm-i-l (30)

k=1 jy1,...fr; 7=F1%.. . %]k
where

27m+17517""5k)im+1
Sytm41 (80)

d m J 7 . DM J j i
~at o / b(s:ill:...:g:) (Y) R(s:ill:...:i:,tmﬂ)(him+1Pt*tm+1(‘p))(x)dtk

Silm+1

17



= / biati oty (V) Rl (M1 Pty (9)) (2)dEg 1

(s»tl ’~-,t7n+1 7tm+l)
k—1
s,tm+1

+ / b O R A iy Pt (9)) = hign A (Pt (9))) (@)
Sitm41

= [ ORI B et () )

R RS T (F P (@) @b (1

Stm+41

2 m+1 RERY (

The first term in the expansion of R’ ¢) contributes to the second term in the

expansion of (28). The identity (27) is also satisfied as each of the terms aZ?Hg—k (Y) is
replaced by

t
k7 7_ 'm
/ a(s?,,;l) (Y)dym+
S

so the degree for each term increases by 1. Similarly, the second term in the expansion of

Rg;n HBm () contributes to the third term in the expansion of (28), whilst the identity

(27) is also satisfied as each of the terms ag i ; od (Y) is replaced by

tm+1 - - B
/ ag:iﬁvz.]k (Y) dY;‘Zerl
S

S0, again, the degree for each term increases by 1. Similarly,

R3,m+1,i*im+1 (QO)

s,t

m t - - - -
— m7j17"'7jk Am’jlz"'zjk . Zerl
N Z, - Z - /s / s,t1 k) (¥) R(S,t17---,tk,tm+1)(h“”“‘lpt*tm‘*‘l( ¢))()didY, m+1
k=1j1, ik 1=j1%.xjk * 7 ak
Sitm4-1

(32)

m

m 3,141 52 I B
=y [ [ e,
k=

17 kal .71* *]k

CI yimen g
— Tm+1 3T 7155k ytm+4-1
/ / dYimer G (¢) dtmir
S S

18



where

37 7_' 7"'7_"7'm d 77‘ 7--'77' » 77‘ 7"'77‘ n
S o) = e [l O R (s Pt (O )

B dtm—i—l
k
Sitm41
= [ ORI B Pt (9 )
Al
b R O R ¥ Pt DM (59
§vtm+1

The first term in the expansion of Rz’:n LML () contributes to the second term in the ex-

pansion of (28). Identity (27) is again satisfied as we add fst dYtZ.T:fll to each of the terms so the

total degree increases by 1. Similarly, the second term in the expansion of Ri;n b1 (p)

contributes to the third term in the expansion of (28), whilst the identity (27) is again satisfied
as we add [! dY,; """ to each term.

The result now follows from (29), (30), (31), (32) and (33).
[

We will require a pathwise control of the iterated (Ito) integrals ¢}, (Y) of the Brownian
motion Y. It is well known that the It6 lift of Brownian motion is a Holder controlled rough

path (see e.g. [19] or [9]), which immediately implies the following lemma.

Lemma 12 For any 1/3 < v < 1/2 there exists a positive random variable ¢ = ¢ (w,7y) and
some constant 0 > 0 such that, almost surely,

(c(w, )]s =)™

‘qg,t (Y)‘ < 0 (kv)!

forall0<s<t<1l,7€ S(k).

It is important to note that the operators ® that arise when we recursively apply the
integration by parts in the Proposition 11 only involve the vector fields V;, ¢ = 1,...,d;y
(but not the vector field V) and these vector fields do not change if we consider the Itd or
Stratonovich versions of the SDE defining the signal.

We have already seen that the RZ}’? may be regarded as bounded linear operators. The
following two lemmas show us how to deduce regularity estimates on Rgff from regularity

estimates on the integral kernels R and R, provided these operators make sense as bounded
linear operators over suitable function spaces. More specifically, let W and W denote two

function spaces and let (L (VV, W) ) ||H) be the space of bounded linear operators from W

to W. In the following the function spaces W and W will be taken to be either H! or H1
and we will (later) see that the RZ};Z are indeed bounded linear operators on these spaces and

thus satisfy the hypothesis of Lemma 13.
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Lemma 13 With the notation of Lemma 11. Let (L (VV, y ) ||||> be the space of bounded

m

; ; e m, m7.717 7]k m7]17 Jk
linear operators discussed above, 7 € S (m) and suppose that P, Ry ,R(s b het) R(S b het)

L (W, W) for all0 < s <t <1. Then for any 1/3 < v < 1/2 there exist random variables

c(y,w, m) such that, almost surely
RS || < (e (yyw,m) [t = s)™ (| Pees (hiy ==~ i) | (34)
J1yeesd s 7
DI SR M L R L L
k=11, dis =1y, © T80t

Proof. It follows immediately from combining the Holder estimates for the iterated integrals
¢4 (Y) obtained in Lemma 12 and Proposition 11 that

IR < (c(vyw,m) [t = D)™ (| Pres (Biy -+ iy,

+§: Z

k=171, dk;1=]1%... %]k

R 7]17 75}6 dtk

_m7517'“73k n
R dt, (8381 yeenstiest)

(87t17"~7tk1t)

ALy Ay
|
In the following lemma we assume that the integral kernels R and R have bounds with
integrable singularities. The control of the constants in the lemma is actually stronger than

we will later require.

Lemma 14 Under the assumptions of Lemma 13. Let 1 € S (m), m > 1. Suppose there
erists a constant c such that for all ji,..., ji € S satisfying @ = j1 * ... % jp., to = 0 < t1 <
- < tp, <t we have both

- 1
R 7]17"'7]k H < Ctko P 35
H (0,t15estiest) || — Vi —to Vi —th—1 (35)
and _ 1
R 7]11'~')jk H < ctko P
H (0,81, stit) || = \/t1 — 1o \/tk — 11
for some kg € R. Then
7m73 7"'7.7 ’.7 b 75 n k/2+k
o Il o i) e < vl st 9
s,t
where i
4(2y/m)" ¢
ap =

KT ()
Proof. First observe that

b t2 t—s rtg to
/ / / (s’ﬁf ,’t],f p(@)dty..dty = / / / (Oﬁ’ :i;t o (@)dt...dty.

tlmes tlmes
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Hence, it is sufficient to prove the result for s = 0. Writing ¢t — s = u let A, be the simplex

k
A, = {(al, o ap) € Rfﬂ Zai < u} )
=1

We have
1 1

_ _ _ 1
e D < cruko
‘ Fay <(I)1Pa2 Pr-1Fay <(I)kP“*(Z?=1“J’)))H = kU ai v/as \/ag

and introduce the change of variable a; = uz?, 1 = 1,...,k with the determinant of its
Jacobian being 2kuk 21 29...21,. Then

I

P, (‘:51]3@2 O Py, ((:PkPui( k a)>> H da < ck2ku§+kol (A]fH) 7

j=1aj

where .
Nane {(21,...,zk) € Rﬁ_\ sz < 1}.
i=1

In other words A’f“ is a subset of the unit hypersphere hence its volume less the volume of
the sphere so

k
2

2
(A < s
kT (3)
7’77,731 ----- jk
(8,81, 0stiest)

M, g1, 50k

(8,11 yestiost completes the proof. m

A similar argument using R ) in place of R

5.2 Kusuoka-Stroock regularity estimates for the integral kernels and the

proof of Proposition 9

In this subsection we state regularity estimates for the integral kernels R and R that arise
in the pathwise representation of the expansion of the unnormalised conditional density.
The results are subsequently proved in Appendix 7.2. The use of these bounds is twofold.
Firstly, they will allow us to control directly the lower order terms in the expansion derived
in Section 5 (as in Proposition 9) and, secondly, they provide us via Lemma 13 with bounds
on the operator norms of the operators R™" acting on the spaces H! and H~! respectively.

Proposition 15 Let o, 8 € Ay (k) and RyTbdn (p) and Ryt (¢) as in Proposition

(S,tl,...,tk,t) (S,tl,...,tk,t) - ]
11. Then, for any m € N there exist a constant ¢, such that for allt € S (m), j1,..., jx €S
satisfying 7= j1 * ... ¥ jp. and tg =0 < t; < --- < tp, <t < 1 we have both
1 1

el (37)

[V Vi < -

Vii—to k=t

and
1 1

V6 Vit P

D150 (e 9
HVa]R(o,ii,...,i,f,wV[m@HOO < ¢, ¢~ (lal+181)/

for all p € CR(RY).
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The proof of the proposition is non-trivial, but closely follows the ideas and techniques of
Kusuoka [12]. We therefore defer the proof of Proposition 15 and all the lemmas required on
the way to Appendix 7.2. Finally, we record that the proof of Proposition 9 is an immediate
consequence.

Proof of Proposition 9. Proposition 15 provides regularity estimates for the kernels R and
R. Theorem 8 may be used to estimate the regularity of P;_, (hi, - -+ hi,,-) . The corresponding
bounds for Rg? t’i in Proposition 9 follow by arguing exactly as in the proof of Lemma 14. =

6 Proof of Proposition 10: Factorial decay of the integral sum-
mands via rough path techniques

6.1 Some preliminary estimates

Before we can proceed with the proof of Proposition 10 we explore some of the consequences
of the estimates derived in Proposition 15, which were already used in the proof of Proposition
9. It turns out the same estimate can be used to control various operator norms of the terms
in the perturbation expansion. Recall that the constant k was defined to be the minimal
number of Lie brackets required to satisfy the UFG condition.

Lemma 16 With the notation of Lemma 7 for any 0 < v < 1/2, m > 0 there exist random
variables c(y, m,w) such that, almost surely

RS oy S c(romyw) [t —s|™ . (38)
IRTS o < ¢ (rom,w) |6 — ™7 (39)

and finally i )
[RZ] o < c(rom,w) [t — 5™ 75 (40)

forallte S(m),0<s<t<l1.

The proof of Lemma 16 is once again deferred to the appendix (Section 7.3), as it relies
on the same Malliavin calculus techniques employed in the proof of Proposition 15.

So far, we have established a priori Holder type estimates for R’sf”f (p), but the estimates
in their current form are not yet summable. The following proof of Proposition 10 relies on
a fundamental rough path technique to improve on these bounds and demonstrate that the
operator norms of RZ};T decay in fact factorially in m.

6.2 Proof of Proposition 10

To make the presentation more transparent we introduce some additional notations for the
following arguments. Recall that Als’it denotes the simplex defined by the relation s < t; <
- < tp < t and the H; are the operators corresponding to multiplication by the sensor
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7,7

function h;. For any 0 < s < ¢ < 1 define R? st ‘= 1 and recall the linear operators R’ may
be written as

R;L:ti = /k Ptl—SHilf)tz—hHZé T HinPt—tnthill T d}/tin

s,t

for all 7= (i1,...,iy) €S, n > 1.

Let W := R% and ¢1,...,e4, be a basis for W. For 7 = (i1,...3;) € S(j) let &5 =
€ip @ Qe and note that the &; are a basis for the space W®7. Finally, let V' be a Banach
algebra (i.e. a Banach space with a multiplication and a submultiplicative norm). We define
Pa,.1 (V) the space of non-commutative polynomials in dy variables of degree at most k over
V by letting

Pao s (V) : Z Z e €V

j=07€5(j)

Define a multiplication for a = Z?:o aj, aj =D reg(;) Wics and b = Z?:o bj, bj = 2 res(j) bier

by setting
ab := ZZaJ v—j :—ZZ Z Z azbres g (41)

v=0 j=0 v=0 j=07€5(j) IeS(v—j)

Further note that

YD abEag= ) ) anbEmd (42)

=07€S5(j) IeS(v—7) 1€S(v) mxl=1

and define for £ > ¢ > 1 the projection m; by setting m; (a) = a;. We impose a norm on
Py (V) by setting

k
SN e =sup{flell s €{0,... k)1 S ()}
J=07€5(j)

Let Qst =1and Qst for j € N be given by

Jj o E
s,t T Rstgl

7€5(j)

Finally, we may set
@—ZQ

Observe that for any s < u <t and k € N and 7 = (i1,...19x) € S (k), we have partitioning
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the simplex A’;t
st _/ Pt1 sH PtQ*tth'”Hith*tkd)/till”'dy;/ik

+ /Ak Py —sHi Pyt Hiy - -Hith_tde?ll T dYtZ:

u,t
3 [ Pty P By P Y )
/Ak i Pypa—utliyyy Pryyo—t544 '”Hikpt_tkdyzﬁ—l T dYtlk

ti+1

k
3 R i)

I

=v)
El
3

=y

S, U u,t (43)

and therefore using (42)

[skzl - Z Z Rstf‘:z

v=07€S5(v)

k
Y 3 3 regle

v=07€S(v) m*l=7

kv
:ZZ Z Z RiZRZt]’ Ed

v=0 j=07€S(j) IeS(v—7)
k v
=> > QL.au/
v=0j=0
or equivalently
QM = QU ol o

Analogous to the corresponding rough path concept we will refer to (44) as the multiplicative
property. We recall that by Lemma 7

B+ZZR . (45)

n=17eS5(n)

The following proposition demonstrates that it suffices to obtain Holder type controls on
finitely many of the Q7 to control the infinite series in (45) . The proof utilizes techniques of
the classical extension theorem for rough paths due to Lyons (see e.g. [19] p.45f) and exploits
the multiplicative structure of the operator valued integrands.
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Lemma 17 Let ¢ > 1 and let |q| denote the integer part of ¢ and V' be a Banach algebra
with norm ||-|| . Suppose Q4] = Zqu:JO Q7 € Py, g (V) satisfies the multiplicative property
(44). Suppose there exists a constant C > 0 such that for all (s,t) € Ajgqy, 5 =1,---[q],

C |t —s|)//4

(
< oG o

[

laj+1

where 0 = <q2 +> 2 (%) ! .Then for all m > |q| there exists a multiplicative ex-

tension 1+ QL +--- + ng’tj + Qvg?tJH—l— R @g"t on Pay.m (V) such that (46) holds for all

je{l,...,m}, (s,t) € A[2071]. Moreover if @;t is another multiplicative extension such that

H@it <C@)(t- s|)j/q for all (s,t) € A[ZO 1 then @it = Ng’t forall j € {1,...,m}.

Before we begin the proof of the lemma we recall the neo-classical inequality due to
[18] (Lemma 2.2.2). The slightly stronger form of the inequality we state below is due to
Hara-Hino [10].

Theorem 18 (Neo-classical inequality, Lyons 98, Hara-Hino 2010) For anyq € [1,00),
née€Nands, t>0

n 1 n—1

1 sat a (s+t)”/q
o2 (=

Proof of Lemma 17 . We will inductively construct QL"} for n > |q| , the base case of the

induction following from the assumption on the Qit, j=1,...,]q]. The proof closely follows
the proof of the classical extension theorem for rough paths (see [19] p.45f). To extend from
n—12> |q] ton first let on Py, ,, (V)

n—1
Qs,t = Z Qit-
j=1
Given any finite partition D of the interval [s,t] define QL@’D by setting
7D A
Qg?t] = HQtntiH‘
D
By the pigeonhole principle there exists ¢; such that
(11— tj1) < s (6 5)
Lt 2 (t—s
J+1 ji—1) = |D| 1
and we may coarsen the partition by dropping t; and write D’ := D\ {t;}. Then
7D 7Dl A A A A A
Qgﬁ - Qgﬂ = sttl T (Qtj—htj Qtjﬂfjﬂ - Qtj—htj—O—l) o 'th\—ht
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and noting that @tj_l,tj @tj,t]-+1 — @tj_l,tjﬂ is a homogeneous polynomial of degree n we see
that

nl, n],D’
QP — Ik ZQtJ

Therefore using the submultiplicative property for the norm, the inductive hypothesis and
finally the neo-classical inequality we see that

G Sy

(Ct; _ty D79\ (€l =)
SZ( 9)! )( 0((n—1i)/q)! )

A2 q(cu—s\)%
: <u>\—1> o/

Successively dropping points from the partition until D = {s,t} we see that

‘ (o () ) St

‘L
0
Thus whenever 6 > ¢> (1 + 2n/4 < <qu+1> )) the maximal inequality implies that
< t=s|

[ (@5F7) ] < n/q)!

holds for any partition of [s,]. It remains to verify the existence of the limit limp|_o Q?’tp .
We proceed as in [19] and exhibit the Cauchy property f for the sequence. Suppose D = ( )

j—1,t5 Qtj,tj+1 (47)

’Qty i1

(@70,

n
q

and D are two partitions of mesh size less than . Let D denote the common refinement of
the two partitions and let D] = [tj, tj+1] N D . Then

n'Do A Tbﬁ
Qst - ZQtO,tl . J 1, <Qt i+1 Qtj7tj+1> c ‘Qt|jp|il,t'

As seen before this is a sum of homogeneous polynomials of degree n and by the maximal

inequality
i —tl7 _ Jt—s| 2
n - < 5
‘ﬂ- < s )H Z 0(n/q)! ~ 0(n/q)!

as o — 1 > 0 we have a uniform estimate in § independent of the choice of partition. Going

through the same argument for the partition D and using the triangle inequality the Cauchy
property is established and the existence of the limit follows. The uniqueness of the limit
follows as in [19]. The difference of two multiplicative functionals that agree up to level |¢] is
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additive (see Lyons [18] Lemma 2.2.3) As the difference of the extensions is also a continuous
path and by assumption

|@s ™ -t <c e+ 1)

it follows that QLqJJrl QLq s identically zero. A simple induction now completes the
proof. m

Lemma 19 For any 1/3 < v < 1/2 there exist a constant 0 > 0 and random variables
c(v,w), almost surely finite, such that

IR HHlang(C(’Y’;‘)zi&s‘) . (48)
e (c(7,0) [t — )™
N (49)

forallte S(n),neN,0<s<t<1.

Proof. We now take for V' the space of bounded linear operators on (the completion of)
H' and H~! respectively. From the a priori estimates we know that QL"; € Py (V) for
all n > 1. First note that by Lemma 16 (Qit, 2 ) satisfies the assumptions of Lemma 17

with 3 > ¢ = 1/~ and therefore has a multlphcatlve extension Q + controlled in the sense
of (46) . Once again by Lemma 16 the uniqueness part of Lemma 17 applies and we deduce
that Q) , =@/, for jEN. m

Armed with these two factorially decaying a priori estimates we are finally ready proof
a regularity estimate for @™ that decays factorially in n. When considering RZ’Z,E € S(n)
as an operator from H ! to H' we cannot directly apply Lemma 17 as the a priori bounds
in Lemma 16 have singularities for small n. Instead we exploit that there is more than one
way to estimate the operator norm of the composition of such operators. Together with the
estimates already obtained in Lemma 19 this will be sufficient to prove factorially decaying
bounds for n sufficiently large. We recall Proposition 10 and restate it in the notation of the
current section.

Proposition 10: Let 1/3 < v < 1/2 be fized. There exists 0 > 0, v € (1/3,7),
mo (7') € N and random variables c(v',w), almost surely finite, such that

HRZEH < (c(?sw) It = SDn’y (50)

H-1-H! — 6 (ny')!

for all n > mgp, 7€ S(n) and t € (0, 1].
Before we begin the proof note that by choosing 7/ < v we have for n sufficiently large
by Lemma 16

IR s € crmw) [t = s < c(ym,w) |t — 5™
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forall 0 <s<t<1.
Proof of Proposition 10. Choose mg and 0 < +' < ~ such that yn — k > +/n for all
n > mg. Using Corollary 19 and Lemma 16 (with v = +/) we can find ¢(7’,w) such that
simultaneously (50) holds for all n € [mg,2my] and the two inequalities (48) and (49) hold
for all n € N. Note that this also serves as the base case for our induction argument. For
this lemma we set V to be the space of bounded linear operators from H~! to H'.

We argue now exactly as in the proof Lemma 17 to extend the functional from level n >

L7
RSt H-1-H!
for 7 € S(k), k < mg. We therefore replace inequality (47) with the following more refined
estimate that exploits that the operator norm of a composition of two operators can be

estimated in several ways, which allows us to draw on our a priori estimates in Lemma 16.
We have

Dn+1 D n+1 n+1 A
e (22 )=t et

2myg to n+1, with the only difference being that we have no direct control over

n
o n+1 il _
=22 X RLLRLL e

1=1 ||meS(i) leS(n+1—i)

7,1 n+1—i,l
RtJ Lt gt

= E su
P ‘H*1—>H1

i—1 MES(i),leS(n+1—1)
mo—1 B
+1—4,1
< E sup sup ‘ AP
= t; 1t ti,ti+1 _
i—1 ™mES(d) Tl H - HY leS(n+1—1i) 7 H-1-H!
n —
+1-4,]
+ E sup ‘Rt sup ‘ e ‘
17 j+1 — _
i—mmgo MES (1) T lES(n+1 i) ™ H-1—H~!
Z Clt—s)" (C|t—s))™

= 0 O(m+1-)7)

The bounds for HRt ot

n+1 il
H1 and H b1

n“ il and sup;;ecq(;
lj+1 H-1_H1 meS(Z) H-1.H
follow (for the appropriate values of ¢) from the inductive hypothesis. With this modification
in place arguing exactly as in the proof of Lemma 17 yields the result. Note that the extension

is only carried out for n > 2mg. For my < n < 2myg the estimates use the a priori bounds. m

e _ use inequalities (48) and (49) re-

spectively. The bounds for supjcg(,41-4)

2,170
Rt] 17

Remark 20 To extend the proof of Proposition 10 to cover the terms in the expansion of p;
we make the following modifications. In place of RZZ we have

Xsnf - / k Pt*thinPtn*tn_1H'

, In—1

: Hi1Pt1*SdY?11 e dYVthna

s,t

i.e. the order of non-commutative product in the integrand is reversed. We therefore define
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Pay k. (V) as Pay s (V) but with the multiplication in (41) replaced by

kv
ab:zzz Z Z bjazes,J- (52)

v=0 j=07€S5(j) IeS(v—j)

With this modification (43) becomes
ki i i
Xs,t = Ak Pt—tkHithk—tk—lHik—l T Hilptl—sdy;tll T dY;Skk

+ / X By Hi, Py, Hiy,_, - H’ilptl—sdyjll T dYtlkk
A

u,t
k-1 '
) . i+l (1
+ Z / ke Pt_tkHlkptk_tk—l o 'Ptj+2—tj+1H1j+1ptj+1—udy;fj+1 dY;k
j=1"Bu
) ) i1 i
P Py PV Y]

k
k_]7(2+112k) ‘77(1171)
=D Xy g

j=0

‘77
l
= X,
mxl=1

N
£ X,

Combining this identity with the modified multiplication (52) we see that (44) holds on
Pay k. (V), i.e. our functional Q[Snt] = E?:o Zies(j) Xﬁ:zé‘; has the multiplicative property.
Going through the same steps as before with these modifications in place the proof of Propo-
sition 10 may now be completed.

Remark 21 The arguments in this section may easily be generalised to higher derivatives.
For example, one may define spaces H> and H™2 analogous to H' and H™' by setting

[l - := inf > [a,8llo = 0 = > Vi Vig|0a,6: %8 € Ci°(RY)
a€Ao(k),B€A0(k) a€cAo(k),8€A0(k)
and
lelwz = > MaVisely-

aEAo(E),ﬁEAO(IE)

and study the operator norm between H—2 and H?. Note that in this case in the proof of
Proposition 10 we choose mg such that yn— 2k > v'n for all n > my, i.e. the cut off between
the a priori estimates and the factorially decaying estimates we use in the proof of the main
theorem depends explicitly on the number of derivatives we consider.
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7 Appendix:

7.1 Proof of the inequality (15)

As ZF > 0, we have, by Jensen’s inequality, that B [Z#|)*] ' < E [(ZF)~!|Y*]. Then observe
that, by integration by parts

d2 t . . d2 . . t . . d t . . . .
_ Z/ hZ(X;c) dYSJ:,z _ Z —hZ(Xf) Y;’Jc,z + / YSI’ZAhZ(Xf)dS + Z/ Y;:C,zvth(X;c) ng
i=170 i=1 0 j=1"0

da
<2 sup [V (|| + ¢ 14K |)
i—1 S€[0,]

da

d
LSS gy (S v ) o
i—1 s€0,t] j=1

where
d -t [ &2 o A d 1 rt (& o ?
=3/ <ZY;“VW<X§>> asl->; | (ZWVWX;‘)) ds.
j=1"9 \i=1 =170 \i=q
Since, E [exp n¥| Y¥] = 1,we get that
(170 (1) < expC (Z up [V )] + sup [¥7 ()] )

i=1 SE[O,t sG[O,t]

where C is a constant independent of z,

d

i s dot o
€= max (||| + ] an|| + S v,

Inequality (15) follows as sup,cpo 4 |V{ (w)] is finite for almost every w.

7.2 Proof of Proposition 15

The remainder of the paper is dedicated to the proof of Proposition 15, which requires us to
prove a number of elementary lemmas in preparation.

Recall that A?,t denotes the simplex defined by the relation s =ty < t; < --- <t <*t.
In Proposition 15 we would like to obtain estimates of the form

=mG1,e] 1 1
mM,915--450 — + ﬁ 2
HV[O‘]R(O’tiwvt:’t)v[m(pHoo < ept”(IHIOD] Vit —to Ve —th—1 el
that are (essentially) uniform across the simplex A’g’t. The basic idea is that for any (¢1,...,tx) €

A’S,t there exists always at least one time interval [¢;¢t;_1] that is of length at least ¢/ (k + 1).
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We then use the Kusuoka-Strock regularity estimates (Theorem 8) to deduce smoothness of
the heat semigroup over this particular interval. The proof of Theorem 8 employs the meth-
ods of Malliavin calculus. As we will in the following draw on elements of their method we
recall some basic concepts of the Malliavin calculus.

Let (©,H, ) be the abstract Wiener space and let £ denote the Ornstein Uhlenbeck
operator defined as in Kusuoka [13]. Denote by G (L) the set of arbitrarily often Malliavin
differentiable real valued random variables on © and denote by Dy, the usual Kusuoka-Stroock
Sobolev spaces based on the Ornstein-Uhlenbeck operator (see e.g. Kusuoka [13] or [12] for
details ). The following definition is taken from Kusuoka [12], p.267.

Definition 22 Let » € R and K, denote the set of functions f : (0,1] x RN — G (L)
satisfying the following conditions

gx is continuous in (t,x) € (0,1] x RN with probability one

1. f(t,x) is smooth in x and
for any multi-index v

sup ¢ "/? % (t, )

t€(0,1],zeRN

< o0
Dy

forany s € R, p e (1,00).

For ® € K, , ¢ € C° define P2p = E(® (t,2) ¢ (X; (z))). An important ingredient in
the proof of Theorem 8 which we will use repeatedly is the following Lemma (see Kusuoka
[12] Corollary 9).

Lemma 23 (Kusuoka) Letr € R, ® € K, and o € A, (/5) . Then there are @1 , a2 €
K| such that

P2V, = PP and Vi PE = P2 (53)

Moreover there exists C such that
1270l o < 872 lllloc
for any p € C°(RY) and t € (0,1].

Before we proceed we gather some simple properties of the spaces K,. The following
Lemma may be found in Kusuoka [12] (Lemma 7).

Lemma 24 Let r1,79 € R. Then

1. If fr € Ky and fo € Ky, then fif2 € Kiygr,
2. If p € C(RN) then ¢ (Xt (z)) € Ko
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3. For any o, 8 € Ay (l_c) there exist ag, bl € K i811-jjavoy such that

(X, Vi) @)= > ab (t,2) Vig (2)

BeAi (k)

and

ST E () (XY, Vig) (@)

peA: (k)

Proof. The claims (2) and (3) are shown in [12] (Lemma 7). For (1) note that the space
Ni<pcoo Dp (R) is an algebra (Kusuoka [13] Lemma 2.13) and HngD;; < [Ifllps HgHDS for

l:%—Fé,andany f19 € Mi<peoo Dy and

p
sup t~ (ri+r2)/ (jﬁfé)(t x)
t€(0,1],z€RN Dy
o || O f; ,
< sup ¢ "i/2 i(1t,9c) sup t*?“a/Z”fj (t,2)[| p. < o0.
1<i,j<2,i#j t€(0,1],z€RN Ox Ds t€(0,1],z€RN a

The generalisation to higher derivatives is clear and the claim follows. m
In particular the Lemma implies that for any multi-index 7, p € [1,00)

p
]<oo

p
]<oo.

Let J7 (z) = %Xj (t,x) and note that for any C;° vector field W we have

ol
sup E %ag[ (t,z)

z€RN

sup
t€(0,1]

and

sup F
r€ERN

sup
te(0,1]

o
5
ox” ba (t,2)

N
(Xe) W) (X¢ (2)) = Z I (@) W

Suppose ® € ;.. Then

VPP (@) = B | Vg (X () 4 3" 0V, (a ) (50 (X @) 77 @)

t,j=1
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It is straightforward to see that V|,;® € K, and for the second term in the sum we have

N
S v, (0) ( 2 go> (X (@) 7 <x>]

i,7=1
B[S0 Y e (), V) @ () (X A @
& 1 peA(k)
N .
—ple X oY (0. (0607, Vig)' () () ()
i ﬁ€A1() =1
=E|® > bl txz <aal >(Xt(33))
sen(h)
= Y P (Vo) (@)
56141( )

Note that by Lemma 24 ®b> (t,x) € Kqg|—|a|vo)y+r- We have just proved the following
Lemma (see e.g. Kusuoka [12] Corollary 9).

Lemma 25 Let® € K, and o € A (l%) then Vi@ € K, and there exist D] € K18i1-lalvo)+r
such that we have

B
VigPle(z) = P®o(z)+ > P* (Vige) (2),
peA; (k)

for all o € CR(RY).
The following Lemma is an immediate consequence of Lemma 23.

Lemma 26 Let ® € K, and o € A3 (12:) then there exists C' > 0 such that

Hv[a]PtQ)@Hoo <c Z min <tr/2,t(llﬁl\—HaH)/2+r/2) Vil
,BEAo(E)

for allt € (0,1], p € C;;O(RN). In particular, if H is of the form H =u V; + v for some u,v
eCpr,ie{l,...,di} and ® € Ky we have

HV[ou]Pt Ho()|_ <C Z m1n( —1/2’t(HBII—IIaII)/2—1/2> HV[B]QDHOO
seaolE)
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Proof. By Lemma 25 there exist &3 IC[(||/B||_||@H)VO]+T~ such that

VaPre@lo< > [P Vige|_
BEAo (k)

<C Z min (y‘/2 75(\\@\\—Hozll)/2+7"/2> HV[B]SOH
_— ) 00
BEA (k)
The last inequality is a consequence of Lemma 23 (2). To deduce the second claim from
the first of the proposition we note that by [12] Corollary 9 (2) if ® € &, € K, there exists
o, € KeraH such that PSVZ = Ptq)“. ]
Intuitively the preceding lemma provides us with a uniform (for small times) bound when
we move derivatives through the heat kernel from the outside to the inside.
We now consider the reverse situation in which we move the vector fields from the inside
to the outside. We have the following Lemma.

Lemma 27 Let ® € K, and o € A; (l_f) then there exists 5 € K, and dal € K1811-lalvo)+r
such that 5 o
(PPVie) (@) = > {VigPre (@) - P},
ﬁEAl(]_C)
for all o € CP(RY).

Proof. We have using Lemma 24 part 3. that

) (X <x>>]

& i 0
B @Z(m)* (). Vi)' (X 0 (0 (3 <x>>]

B N
(PViye) () = B |83 Vi, (X, () (
L =1

L INE 1
=E|® Y df txZV ZJ ( )(Xt())
/BEAl(E
ZECI)agt:cZw] o (Xe(2)],
EAl(
where ®al € K18/l v0)+r- On the other hand we have
ol

Vig P (@)
N P

= B |®af (t.0) Y Vi (o) 50 (X (@) | + B [Vig) (205 (t.2) ¢ (X: (@)
j=1 J
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and deduce that

(PPVie) @) = Y. {VaP e (@) — B [Vig (®ef) (1) 0 (X (1,2))] }
BeA (k)

where V[B] (agfb) (t, :B) € I, and ag S IC(”B”—”(XH\/O)‘ |
The representation obtained in the previous lemma generalises to multiple heat kernels
as we observe in the following proposition.

Proposition 28 Let k €¢ N, &, € K, ®; € Ko for 1 < j <k, a € A4 (12:), and H; =
u; Vi, +vj, where 1 <ij < d, uj,v; € CEO(RN), Jj=1,...,k—1. Then there exist ®g € K;,,
o ®ar € Ky such that r, > 7, 71, 11 > —1/2 and

rL+rets > (H/BlH—HaH)\/O—(k—l)/Q—i—T (54)

and

[6}] )] o
Ptqlelptf2 ) "Hk—lpti)kva]so(x) = Z Z V[,gl]PtlﬁlthBQ P ﬂkgp ()

tg
BleAo(k)  BFeAo(k)
holds for all ¢ € C°(RY).

Before we begin the proof of this proposition we examine the meaning of the assumptions
on the r;. The assumptions r1,...,r,_1 > —1/2 imply that singularities in the bounds

Dy .
| el| <t el
o0

in Lemma 23 are integrable. The inequality (54) can be interpreted as follows: The left hand
side is the total regularity of the resulting expression in the proposition. For every application
of an operator H we loose 1/2 regularity reflected in the term — (k — 1) /2. The degree of a
singularity introduced by differentiating by V|, depends on [|a||. Thus if ||3|| > [la|| and we
replace a V|, by V|5 we expect a compensating term, which is captured in (Hﬁl H — ||a||) V0.
Proof. As before it is by linearity sufficient to consider the case H; = w;V;;, for some
uj € C°(RY) the case of the multiplication operator v; following by a similar but easier
calculation. We argue by induction, the base case being covered by Lemma 27. For the
inductive step we note that if ®;, € g then by Lemma 23 there exists ®;, € K_; /2 such that

Ptq)’“uV; = Pf)’“. Combining this fact with Lemma 27 we see
PPH P22 . Hy  PY*HP?Vijp (v) = BYHLPY? - Hy PP uV; PR Vig o (@)
= Pt‘lengz T kalptq,:kpt@‘/[a]gp (.’L‘)

3 ®
= Y PUHIPY - HiaPMVig P e (o),
BeAo (k)
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where @5 € K(5)—||al)vo)+r and D € K_1/2 Using the inductive hypothesis we get

D [
Z Ptqlelpt‘fQ T kalptkkv[ﬂ]Pt B‘P ()
BEA()(I_C)
D Do Pok B
- Z Z Z VWl]PL‘lﬁ Ptzﬁ ”'Ptkﬂ B B(p () -
BleAo(k)  BreAo(k) BeAo(k)

From the inductive hypothesis we know that ®5 € K, ..., ®g. € K;, such that rq,...,
i > —1/2 (using that & € K_/5) and

ri4ry+-- 4> (|8 = 181) VO —E/2.
Hence, as required

(B = llall) VO] + 7 + 71 472+ - 47
> [(18] = llell) v O] + 7+ (||8*]| = 1811) v 0 — k/2
> (Hﬂ1H — HaH) VO—Fk/2+T.

]
We are ready to prove Proposition 15.
Proof of Proposition 15. Note that arguing as in the proof of Lemma 14 it is sufficient to

show
1 1

Vii—to V=t

for some constant ¢, (the bounds on ]A%’(gﬁi: # follow by using the same arguments). The

Vig) are linear combination of terms of the form

H‘/[a]Rm,j1,...,jk t)V[m(pHoo < ¢t~ Uledli+l81)/2

(07t17"'7tk’ 1 H(p”OO

M7 550k

functions ‘/[Q]R(o £1 5t t)

i o ® @
V[Q}Ptl HlPtQ*tl T Ptk*tkAHth*tkv[m(p
for some ® € Ko and H; = u; Vi, + v; with uj,v; € Cy° . Recall the convention ¢ = fj41.
Suppose [tj_1,t;] is the maximal subinterval, i.e. satisfies

tj — tj_l = max (ti — ti+1) Z (55)

i=1,..k+1

|~

For notational reasons we have to treat the case j = k4 1 separately, however it will be clear
from the proof that the same arguments apply in this case.
Suppose now that j € {1,...,k} , then by Proposition 28 we observe that

Pt(f+17thj+1Pt?+27tj+l e Hth(IitkWB}‘P (z) = Z T Z Ggi,.. g (2),
BitleAo(k)  BreAo(k)
where

® D o
. — , pitl pitz pTpktl
Gt gk = VL@J“}Ptﬁl*tj ti+2—tj+1 LR 2
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for some functionals ®g;+1 E.ICTI, oo @gepr € Ky with rgyg >0, 740,015 > —1/2 and
rig1 +re o+ Trpp > (HBJ“H —81) V0= (k—3) /2. 1t follows from the maximality of
[tj,tj_l] that

(i = )74 (e — te—1)™

< (b1 — 1) T2 (b — ) T2 (8 — gy [1E BVl 2
On the other hand, to pass the derivative V|, to Pt?,tﬁ , we will iteratively use Lemma 26.
Once again by maximality of [t;,t;_1] it follows that

1y — 1o V2B lta) 2y g vl 822

<(t — to)_1/2 (o1 — tj_g)_l/2 (t; — tj_1>[(||,31*1H—Ha\|)v0]/2 )
Using Lemma 26 iteratively we see from our preceding observations that

irtnrs e,

= Z Z ‘/[a]Ptqfﬂl”'Hj—lpt(f—tj,lHjGﬁj+17..,,,8k
BitleAo(k)  BreAo(k) -
~ 1 1

<Y

Vi—to V-t
i
3 (t; — t;_) Bl II)VO]/2Hv[gjfl]Ptf,tj_lHjGﬁm,_,.ﬁk

B, Ao (F) ~
1 1
< Ok e
SO eV 1l
Sty =ty ol ze (vl )
Bi-1,8it1e A (R)
<ok 1 L a8z

Vii—to ik —tk—1

where the penultimate inequality results by using Lemma 23. m

Remark 29 [t is clear that Proposition 15 may be generalised to allow for multiple deriva-
twes Vi) -+ - Viay) and Vigy) -+ - Vig,. Note that all lemmas and proofs presented in this section
may be generalised using straightforward induction arguments.

7.3 Proof of Lemma 16.

We are finally ready to prove Lemma 16 that provides a set of a priori estimates for the
operator norms of the terms in the perturbation expansion that are not yet summable though.
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The proof relies on the lemmas derived in the previous subsection. For the convenience of
the reader we begin by restating the lemma.

Lemma 16: With the notation of Lemma 7 for any 0 < v < 1/2, m > 0 there exist
random variables c(vy, m,w) such that, almost surely

HR c(y,m,w) |t —s|™7.

PR

HR ¥, m,w) ’t_slm’y

f[P——|
and finally

1R s < eromow) b= ™

forallte S(m),0<s<t<1.
Proof. For all ji,..., j, € S such that 7 = j; * ... * j; we note that for any 0 < t < 1 we
have by iteratively applying Lemma 26

_mvjla--wjk _ m?]lv
HR(tmtl,m,t/@,t)goHHl B HV[O‘ (R (tost1,.. :tk’t)()O) HOO
OéGA()( )

L1 1
_C\/tl—to”'\/tk—tkq Z iarslloc

BeAo (k)
The bound on HR:;’T (p) H Fi_, g1 DOW follows by applying Lemmas 13 and 14 and noting that
by Lemma 26
1P Chiy = b Nl < em 32 [Viggell
BEA()(I_C)

Finally to show inequalities (39) and (40) we let ¢ € H~!. Then there exist for every ¢ > 0
functions ¢ such that
> Vg’

BeAo(k)

and Z,BEAO(E) H(pBHOO < |||l y-1 + €. First we have

_mzjlw"vjk _ 7J17 731@ ,8
HR(to,tl,...,tk,t)SOHH,l B Z R (to, tl,---atkvt)‘/w]so
BeAo(k -1

and by Proposition 28 for each § € Ag (lfc) there exist functionals 5 € Ky, ..., Pgr € K;,
such that 7, >0, r1,...7,_1 > —1/2 and

- - (1) o o
0,71 504457 B
R(to,tll,...,z‘i,t) 5]90 2 : 2 : z : V[ﬁl t1 to tz t1 Pt_tk(p'

ﬁer( ) BreAo(k) ,BkeAO( )
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We deduce from Lemma 23 that
=m.7 7 D1 Do k
Gty s 8 25
HR?ZOJ,glrjtkk,t)Vm(pﬁHHf Z Z Z th—toptz—tl ) Pt t, P 5”00
BEAo (k) BreAo(k) BkeAO(E)

= C’“\/tll— to In— o1 H ﬁ”

and consequently

s 1 1
MyJ1 50Tk <ec H BH
H (to,th...,tk,t)(pHH_l RV Ty ,BeAz(fe) ’
0
1 1
< el g +e
Vii—to Vi =tk

A similar, but easier argument leads to

1P (i -+ hi M g1 < e llopll -1 -

To demonstrate the last inequality observe that arguing exactly as in the proof of Proposition
9 we have,

_m73 7"'73 — 7'7 rend
HR(to,tll,~~,tkk7t)<pHH1 B Hva] ( toﬂflh ,fk,t)(‘O)HOO
aGAo( )

< Y [ (B vise®)|.

aer( ) B€Ao (k)

1
Ha||+||ﬂ||)/2H BH
C
R —, \/tk—tkl >, 2t L[

a€cAo(k) BeAo(k)

1 1 _’;. 6
t1 — 1t tr — tp_ _
Vii—to L sean(R)
! S—— P
S Ck e SO _ E,
Vii—to Vi — Tk A=t

where ¢y, are constants changing from line to line. Again, it is easy to see that

1P (i iy )|y < et ™ [0l

The claim in both cases now follows once again from Lemmas 13 and 14. As before we note

Jl) Ik ).]17 7]16 n

that the same estimates apply to R(tot et tortsotrd)”

) in place of R(
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