LARGE-MATURITY REGIMES OF THE HESTON FORWARD SMILE

ANTOINE JACQUIER AND PATRICK ROOME

ABSTRACT. We provide a full characterisation of the large-maturity forward implied volatility smile in the
Heston model. Although the leading decay is provided by a fairly classical large deviations behaviour, the
algebraic expansion providing the higher-order terms highly depends on the parameters, and different powers
of the maturity come into play. As a by-product of the analysis we provide new implied volatility asymptotics,
both in the forward case and in the spot case, as well as extended SVI-type formulae. The proofs are based
on extensions and refinements of sharp large deviations theory, in particular in cases where standard convexity

arguments fail.

1. INTRODUCTION

Consider an asset price process (eX*),_  with Xy = 0, paying no dividend, defined on a complete filtered
probability space (Q,F, (Fi)i>0,P) with a given risk-neutral measure P, and assume that interest rates are
zero. In the Black-Scholes-Merton (BSM) model, the dynamics of the logarithm of the asset price are given by
dX; = —%O'th + odW;, where o > 0 represents the instantaneous volatility and W is a standard Brownian
motion. The no-arbitrage price of the call option at time zero is then given by the famous BSM formula [, 53]:
Cps(t,k,0) :==E (eX — ek)+ =N (dy)—ebN (d-), with dy := ——E_+10./7, where NV is the standard normal

ON/T

distribution function. For a given market price C°P%(7, k) of the option at strike e* and maturity 7, the spot
implied volatility o, (k) is the unique solution to the equation C°"(7, k) = Cgs(r, k, o, (k)).

For any t,7 > 0 and k € R, we define as in [, b1] a forward-start option with forward-start date ¢,
maturity 7 and strike e* as a European option with payoff (exy) — ek>+ where Xq(-t) = Xi4r — Xy pathwise.
By the stationary increment property, its value is simply Cgs(7, k, o) in the BSM model. For a given market
price C°PS(t, 7, k) of the option at strike ¥, forward-start date ¢ and maturity 7, the forward implied volatility
smile o - (k) is then defined (see also [I1]) as the unique solution to C°P(¢,7,k) = Cps(r,k,0¢-(k)). The
forward smile is a generalisation of the spot implied volatility smile, and the two are equal when ¢ = 0.

The literature on implied volatility asymptotics is extensive and has drawn upon a wide range of mathematical
techniques. Small-maturity asymptotics have received wide attention using heat kernel expansion results [7].
More recently, they have been studied using PDE methods [T0, B, bf], large deviations [I9, 22|, saddlepoint
methods [4], Malliavin calculus [R, B8] and differential geometry [B1, BY]. Roger Lee [60] was the first to study
extreme strike asymptotics, and further works on this have been carried out by Benaim and Friz [8, 6] and
in [B5, BB 27, 19, 06]. Large-maturity asymptotics have only been studied in [62, 23, &2, 41, 25] using
large deviations and saddlepoint methods. Fouque et al. [26] have also successfully introduced perturbation

techniques in order to study slow and fast mean-reverting stochastic volatility models. Models with jumps
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(including Lévy processes), studied in the above references for large maturities and extreme strikes, ‘explode’
in small time, in a precise sense investigated in [1, P, 61, 65, 54, 20].

On the other hand the literature on asymptotics of forward-start options and the forward smile is sparse.
Glasserman and Wu [33] use different notions of forward volatilities to assess their predictive values in determin-
ing future option prices and future implied volatility. Keller-Ressel [@7] studies the forward smile asymptotic
when the forward-start date ¢ becomes large (7 fixed). Bompis [I3] produces an expansion for the forward
smile in local volatility models with bounded diffusion coefficient. In [E3] the authors compute small and large-
maturity asymptotics for the forward smile in a general class of models (including stochastic volatility and
time-changed exponential Lévy models) where the forward characteristic function satisfies certain properties (in
particular essential smoothness of the re-scaled limit). In [A@4] the authors prove that for fixed ¢ > 0 the Heston
forward smile explodes as 7 tends to zero. Finally, empirical results on the forward smile have been carried out
by practitioners in Balland [4], Bergomi [I1], Biihler [I5] and Gatheral [30].

Under some conditions on the parameters, it was shown in [&3] that the smooth behaviour of the pointwise
limit lim qoo 771 log]E(e“XW) yielded an asymptotic behaviour for the forward smile as o7, (k1) = v5°(k) +
v (k,t)771 + O(772), where v5°(-) and v$°(+,t) are continuous functions on R. In particular for ¢ = 0 (spot
smiles), they recovered the result in [23] (also under some restrictions on the parameters). Interestingly, the
limiting large-maturity forward smile v5° does not depend on the forward-start date ¢. A number of practitioners
(see eg. Balland[d]) have made the natural conjecture that the large-maturity forward smile should be the same
as the large-maturity spot smile. The result above rigorously shows us that this indeed holds if and only if the
Heston correlation is close enough to zero.

It is natural to ask what happens when the parameter restrictions are violated. We identify a number of
regimes depending on the correlation and derive asymptotics in each regime. The main results (Theorems B

and BT) state the following, as 7 tends to infinity:

E (eXf_f> _ ek‘r)+ -7 (]4},7', V/(O), V/(l),]l{,{<p§}) + ¢(kat) ef‘f'(V*(16)*16)4“7/’(16715)7”Y (1 1+ 0 (Tﬁﬁ)) ,

07+ (k7) = v3° (k1) + v7°(k, t)7 ™ + R(7, \),

for any k € R, where 7 is some indicator function related to the intrinsic value of the option price, and a, v, A
strictly positive constants, depending on the level of the correlation. The remainder R decays to zero as 7 tends
to infinity. If t = 0 (spot smiles) we recover and extend the results in [23].

The paper is structured as follows. In Section B we introduce the different large-maturity regimes for the
Heston model, which will drive the asymptotic behaviour of forward option prices and forward implied volatil-
ities. In Section B we derive large-maturity forward-start option asymptotics in each regime and in Section B
we translate these results into forward smile asymptotics, including extended SVI-type formulae (Section ).
Section B provides numerics supporting the asymptotics developed in the paper and Section B gathers the proofs
of the main results.

Notations: E shall always denote expectation under a risk-neutral measure [P given a priori. We shall refer
to the standard (as opposed to the forward) implied volatility as the spot smile and denote it o,. The forward
implied volatility will be denoted oy . as above and we let R* := R\ {0} and R’ := (0,00). For a sequence
of sets (D¢)e>o in R, we may, for convenience, use the notation lim. o D., by which we mean the following

(whenever both sides are equal): liminf. o D := .5 Ns<c Ps = Nono U< Ds =: limsup, , De. Finally, for a
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given set A C R, we let A° and A denote its interior and closure (in R), R(z) and J(z) the real and imaginary

parts of a complex number z, and sgn(x) =1 if x > 0 and —1 otherwise.

2. LARGE-MATURITY REGIMES

In this section we introduce the large-maturity regimes that will be used throughout the paper. Each regime
is determined by the Heston correlation and yields fundamentally different asymptotic behaviours for large-
maturity forward-start options and the corresponding forward smile. This is due to the distinct behaviour of
the moment explosions of the forward price process (Xg))7>0 in each regime . In the Heston model, the (log)

stock price process is the unique strong solution to the following SDEs:

1
AX, =3 Vidt +/VidW, X =0,
(2.1) AV =x(0 - Vo) dt +&VVidZ;,, Vo =0 >0,

with K > 0,& > 0,60 >0 and |p| < 1 and (Wy)>0 and (Z;)¢>0 are two standard Brownian motions. We also
introduce the notation p := 2k60/¢2. The Feller SDE for the variance process has a unique strong solution by
the Yamada-Watanabe conditions [&5, Proposition 2.13, page 291]). The X process is a stochastic integral of V'
and is therefore well-defined. The Feller condition, 2x6 > &2 (or p > 1), ensures that the origin is unattainable.
Otherwise the origin is regular (hence attainable) and strongly reflecting (see [48, Chapter 15]). We however
do not require the Feller condition in our analysis since we work with the forward moment generating function

(mgf) of X. Define the real numbers p_ and py by

o2t (§(e2“t 1)+ (et o+ 1)\/16f<;2e2'“ Fe1- emt)2>

2.2 =
(2.2) P+ o ,

and note that —1 < p_ < 0 < py with pL = £1 if and only if ¢ = 0. We now define the large-maturity regimes:

Ri:  Good correlation regime: p— < p <min(py,k/);
Ry Asymmetric negative correlation regime: —1 < p < p_ and t > 0;
Rz :  Asymmetric positive correlation regime: p+ <p<landt>O0;
(2.3)
Rz p <K/
NRsp - p> K/
Ry :  Large correlation regime: k/& < p <min(p4,1).

In the standard case t = 0, fR; corresponds to k > p€ and MRy is its complement. We now define the following

quantities:
§—2kp£1 . YEv
2.4 = d =
24 T ) M S T ey
with

(2.5) n = E2(1 — p?) + (2K — p€)2, V= /1? — 16K2ert and = E(e — 1) — drpe™™,

as well as the interval Do, C R by

Ry NRa NR3a NRap Ry

Do [u_,u+] [u—vu*—&-) (uiau-i-] (uivl] (u—al]
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Note that for ¢ > 0, uy > uf > 1if p < p_ and u_ < u* < 01if p > py Also v defined in (E3) is a
well-defined real number for all p € [—1, p_] U [p4, 1]. Furthermore we always have u_ < 0 and uy > 1 with
uy = 1 if and only if p = k/€. We define the real-valued functions V and H from D, to R by

V(u)ve™*t k0 — 2BV (u)
oy kg | ——————=+ ),
kO — 28,V (u) KO (1 — 7 (u))
with d, B; and  defined in (633). It is clear (see also [Z3] and [A1]) that the function V' is infinitely differentiable,

strictly convex and essentially smooth on the open interval (u_,u,) and that V(0) = 0. Furthermore V(1) =0

el

(2.6) V(u) := 5

(k — p&u — d(u)) and H(u) ==

if and only if p < /€. For any k € R the (saddlepoint) equation V'(u*(k)) = k has a unique solution u*(k) €
(u—a u+):

& —2kp + (kbp + k&) (K2E% + 2krbpE + m292)_1/2

26(1-p?)
Further let V* : R — R denote the Fenchel-Legendre transform of V:

(2.7 u* (k) :==

(2.8) V*(k):= sup {uk—V(u)}, for all k € R.
UED

The following lemma characterises V* and can be proved using straightforward calculus. The proof is

therefore omitted. As we will see in Section B, the function V* can be interpreted as a large deviations rate

function for our problem.

Lemma 2.1. Define the function W (k,u) = uk — V(u) for any (k,u) € R X [u_,u]. Then
o Ry: V*(k) = W(k,u*(k)) on R;

Ro: V*(k) = W(k,u*(k)) on (—oo,ul) and V*(k) = W(k,ul) on (V'(ul),+00);

Rse: VF(k) = W(k,ux) on (—oo, V'(ur)) and V*(k) = W(k,u*(k)) on (u™,+00);

o Ry :
W(k,u*), on (—oo, V' (u*)),
Vik) = Wk (k),  on (V'(ul),V'(1)),
W(k,1), on (V'(1), +00);
o Ry: V*(k) = W(k,u*(k)) on (—oo,V'(1)) and V*(k) = W(k,1) on (V'(1),+0).

3. FORWARD-START OPTION ASYMPTOTICS

In order to specify the forward-start option asymptotics we need to introduce some functions and constants.
As outlined in Theorem B, each of them is defined in a specific regime and strike region where it is well defined
and real valued. In the formulae below, v, 8; are defined in (B3), w} in (Z2) and V in (20).

(3.1)

20k — V' (u)| pe= "t V" (uh) — 87"V (uf) (k — V'(ul))
T =T TR v vy
+ - +
T e F kv 13 e (kB3 16V (up) V" (ul) BRe t + 20V (ul)
“ Tloyvieng| 0 2 T 12¢201/35273 VB3|V (ut )|2/3V 7 (uf )3 ’

V/(ul)(k — V'(u;))?’)”?

KkOve—rt

(3.2) (k) = 45, (
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T(k) = —2Baf W)V (uL), i (k) =B [V"(u)a i<k>2+2w<u;>a§t<k>],
& =28V (uh), & == [V (uh) @) + 2V (ul)az |
K0 (1 - ’y(u"@))H

c(jf(k) = —2af (k) (k — V/(ul)) , c2i(k) = < egt(k)

—
w
w
=
,—/H
)

et () = v (L) B0 ) (1= v 02) + 50t 09V )
- & = ;’<a%>22<u/i>,* o = j(l ;i(j(“’%” o :N:ié;’e_m:%&)ly
it i ven () - 0 ey +
e ¢Mk)::22‘”h“kn exp( ( ()? e if ke R\ {V'(0),V'(1)},
TV (u ( sgnk: ( e () H’(u*(k)))), if ke {V(0), V/(1)}.
(3.7) (et ® ) e
?+(b) :ciw)j*i((u*i—lwﬁ’ T i )y .
a =i (szfiva_(g/(l)))u’ o = (M(Teﬂzt%;/(l)> ’

Since u* < 0 and u’ > 1, we always have V'(u%) > 0 and V'(u* ) < 0. Furthermore, V" (u% ) > 0 and one
can show that vy(u}) # 1; therefore all the functions and constants in (81), (B2), (83), (84d) and (B3) are
well-defined and real-valued. ¢q is well-defined since V" (u*(k)) > 0 and ¢ and the constant ¢; are well-defined
since k6 — 23,V (1) > 0. Finally define the following combinations and the function Z: R x R% x R? - R :

HQZ Oé:%, 6:17 ’Y:O; ¢ ¢07 ,(/)—07
Hy - Oz:%_%v 6:%7 7:%’ ¢ = ¢, w—&§’
(3.8) Ha L3 B=1, y=1 oé=¢s, v=cF,
Hl: O[:—%7 B:%v 720, ¢—¢17 ¢507
Hg: o= —U, 6:17 ’Y:O; ¢E¢27 1/}507
. kT 1 1
(3.9) Z(k,7,a,b, C) = (1 —e )]l{k<a} + ]l{a<k<b} + C]l{bgk} + §l{k:b} + (11— 58 ]l{k a}-

We are now in a position to state the main result of the paper, namely an asymptotic expansion for forward-
start option prices in all regimes for all (log) strikes on the real line. The proof is obtained using Lemma B8 in

conjunction with the asymptotics in Lemmas 13, 613, 618 and 614.
Theorem 3.1. The following expansion holds for forward-start call options for all k € R as T tends to infinity:

E (exiw B ek7>+ 7 (k77_7 V'(0), V/(]-)v]l-{fi<pf}) + @677(\/*(lc)flc)er(lc,t)T7 (1 Lo (Tfﬂ)) ’

where the functions ¢, 1 and the constants o, B and ~y are given by the following combinations®:

e Ri: Ho for k e R;

Lwhenever Hy is in force, the case k = V’(a) is excluded if v = 0 (a), with Y defined in (E233), for a € {0,1}.



ANTOINE JACQUIER AND PATRICK ROOME

o Ry Ho for k€ (—o0, V' (u})); Hy for k= V'(ul); Hy for ke (V'(uh),+00);

o Rao: H_ fork € (—oo,V'(ur)); H_ for k=V'(u*); Ho for ke (V' (u),+00);

o Rap: H_ fork € (—oo, V'(u*)); H_ for k= V'(u); Ho for k€ (V'(u*),V'(1)); H1 at k= V'(1); Ha
for ke (V'(1), +00);

o Ry: Ho for k€ (—oo0,V'(1)); Hi for k=V'(1); Ha for k € (V'(1),400);

In order to highlight the symmetries appearing in the asymptotics, we shall at times identify an interval

with the corresponding regime and combination in force. This slight abuse of notations should not however be

harmful to the comprehension.

Remark 3.2.

(i)

(vii)

(viii)

Under R, asymptotics for the large-maturity forward smile (for k € R\ {V’(0), V'(1)}) have been derived
n [43, Proposition 3.8].

For ¢t = 0, large-maturity asymptotics have been derived in [24] under 2%, and partially in [AT] under Ry.
All asymptotic expansions are given in closed form and can in principle be extended to arbitrary order.
When Hy and Hs are in force then V*(k) — k is linear in k as opposed to being strictly convex as in H,.
Under Ho, H1, Ha, ¥ = 0, so that the exponential decay comes from the function V*. Now, V*(k) —k > 0
for all k # V’(1), and from the saddlepoint equation, V*(k) — k = 0 whenever k = V'(1), which occurs
if and only if u*(k) = 1. By carefully looking at the different cases above, one can see that this actually
never happens. Therefore, the leading decaying term is given by e~ (V" (K)—k),

Under My (which only occur when p > £/ for log-strikes strictly greater than V’/(1)), forward-start call
option prices decay to one as 7 tends to infinity. This is fundamentally different than the large-strike
behaviour in other regimes and in the BSM model, where call option prices decay to zero. This seemingly
contradictory behaviour is explained as follows: as the maturity increases there is a positive effect on the
price by an increase in the time value of the option and a negative effect on the price by increasing the
strike of the forward-start call option. In standard regimes and for sufficiently large strikes the strike
effect is more prominent than the time value effect in the large-maturity limit. Here, because of the large
correlation, this effect is opposite: as the asset price increases, the volatility tends to increase driving the
asset price to potentially higher levels. This gamma or time value effect outweighs the increase in the
strike of the option.

In Ry, the decay rate V*(k) — k has a very different behaviour: the minimum achieved at V’(1) is not zero
and V*(k) — k is constant for k > V'(1). There is limited information in the leading-order behaviour and
important distinctions must therefore occur in higher-order terms. This is illustrated in Figures B and B
where the first-order asymptotic is vastly superior to the leading order.

It is important to note that v’ and V* depend on the forward-start date ¢ through (E2) and the regime
choice. However, in the uncorrelated case p = 0, Ry always applies and V* does not depend on t. The
non-stationarity of the forward smile over the spot smile (at leading order) depends critically on how far

the correlation is away from zero.

In order to translate these results into forward smile asymptotics (in the next section), we require a similar

expansion for the Black-Scholes model, where the log stock price process satisfies dX; = —%Zth + 2dW,, with
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¥ > 0. Define the functions Vg : R xR% — R and ¢pg : R xR} xR — R by Vig(k,a) := (kK + a/2)* /(2a) and

éps(k,a,b) da” <b<k2 1))1 L2,

) a” = s — €& a9 o a - =xIa 3
be (4k? — a?)V/2m P 222 8 hA=al2Y 5 a2
so that the following holds (see [&3, Corollary 2.11]):

Lemma 3.3. Leta > 0, b € R and set X2 := a+b/T for T large enough so that a+b/7 > 0. In the BSM model
the following expansion then holds for any k € R as 7 tends to infinity (the function T is defined in(B9)):

t + k.a,b «
B (X — o) =1 (ki —5,5.0) + %}f’)e—f%s%@—k) (1+0( D).
T

3.1. Connection with large deviations. Although obvious from Theorem B, we have so far not mentioned
the notion of large deviations at all. The leading-order decay of the option price as the maturity tends to infinity
gives rise to estimates for large-time probabilities; more precisely, by formally differentiating both sides with

respect to the log-strike, one can prove, following a completely analogous proof to [, Corollary 3.3], that
— lim 7 logP (XP € B) = inf V*(2),
7100 z€B

for any Borel subset B of the real line, namely that (Xﬁt) /T)r>o satisfies a large deviations principle under P with
speed T and good rate function V* as 7 tends to infinity. We refer the reader to the excellent monograph [I7]
for more details on large deviations. The theorem actually states a much stronger result here since it provides
higher-order estimates, coined ‘sharp large deviations’ in [d]. Now, classical methods to prove large deviations,
when the the moment generating function is known rely on the Géartner-Ellis theorem. In mathematical finance,
one can consult for instance [27], [23] or [@7] for the small-and large-time behaviour of stochastic volatility
models, and [57] for an overview. The Gértner-Ellis theorem requires, in particular, the limiting logarithmic
moment generating function V' to be steep at the boundaries of its effective domain. This is indeed the case in
Regime Rq, but fails to hold in other regimes. The standard proof of this theorem (as detailed in [, Chapter
2, Theorem 2.3.6]) clearly holds in the open intervals of the real line where the function V is strictly convex,
encompassing basically all occurrences of Hy. The other cases, when V' becomes linear, and the turning points

V’(0) and V’(1), however have to be handled with care and solved case by case.

4. FORWARD SMILE ASYMPTOTICS

We now translate the forward-start option asymptotics obtained above into asymptotics of the forward

implied volatility smile. Let us first define the function v§® : R x Ry — R by

(4.1) v (k1) == 2 (2V*(kz) — &+ 22(k) V(R (V™ (k) — k)) , forallkeR,teR,

with Z: R — {—1, 1} defined by Z(k‘) = ]l{kE[V’(O),V’(l)]} —+ sgn(p§ — K‘,)l{k>vl(1)} — ]l{k<V’(0)} and V* given in

Lemma . Define the following combinations:

Po: X = Xos 1, A =1, R(T, A :0(7—2)\)’
Pei X=7, L A=2 R(rA) = ofr),

- if g #1/2
P =, =1, A=1 R(T\) = 0(7’ ), i ,
+1 X=6 n 2 (7, A) { 0(7_2’\), if p=1/2,
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Here ¢& and ¢ are given in (84) and (83) and o : R\ {V'(0),V'(1)} — R is defined by

k2 — v (k, t)? )
A(u (k) — Dur (k)oge (k, )32/ V" (u* (k)

)

(4.2) Xo(k,t) = H(u"(k)) + log (

with V and H given in (E8) and u* in (220). We now state the main result of the section, namely an expansion

for the forward smile in all regimes and (log) strikes on the real line. The proof is given in Section B8.

Theorem 4.1. The following expansion holds for the forward smile as T tends to infinity:
o7 (k) = v° (k, t) + v3° (k, T+ R(T,\), for any k € R,

where v7° : R x Ry — R is defined by

e 2
T R R\ V(0.1 (1),

[t (L (V) P
20 (k) [1 il (1 sen) (s — A <k>>))], ke V(0 V(1)

vi°(k,t) :=

with the functions x,n, the remainder R and the constant \ given by the following combinations?:

e Ri: Py for k e R;

o Ry: Py for k€ (—o0, V'(uh)); 75+~ for k=V'(u); Py for ke (V/(ut), +00);

e Ri,: P_ for k€ (—oo,V'(u)); P— for k=V"(u%); Py for k € (V'(u*),+00);

o Myy: P_ fork € (—oo, V' (u*)); P_ fork = V'(u*); Py fork € (V'(u*),V'(1)); Py fork € [V'(1), +00);
e Ry: Py fork € (—oo,V'(1)); Py for k € [V'(1), +00).

Remark 4.2.

(i) In the standard spot case t = 0, the large-maturity asymptotics of the implied volatility smile was derived
in [25] for R, only (i.e. assuming k > p€). In the complementary case, Ry, the behaviour of the smile for
large strikes become more degenerate, and one cannot specify higher-order asymptotics for k£ > V'(1).

(ii) The zeroth-order term v§° is continuous on R (see also section EM), which is not necessarily true for
higher-order terms. In Ry, Rs, and Rsp, v7° tends to either infinity or zero at the critical strikes V’(u? )
and V'(u*) (this is discussed further in Section H). In 9y, v{° is continuous on the whole real line.

(i) Straightforward computations show that 0 < v§°(k) < 2|k| for & € R\ [V'(0),V'(1)], and v5° (k) > 2|k|
for k € (V'(0),V'(1)), so that v{® is well defined on R\ {V'(0),V’(1)}. On (—o0, V'(u*)) U (V'(u}), c0),
c& >0, so that in Regimes Ry on (V'(u%),00) and in Rgp, Ry on (—oo, V' (ur)), v7° is always a positive
adjustment to the zero-order term vg°; see Figure M for an example of this 'convexity effect’.

(iv) In the practically relevant (on Equity markets) case of large negative correlation (R2), the additional
convexity of the right wing of the forward smile is due to extreme positive moment explosions of the
forward price process. This asymmetric feature of the Heston forward smile is a fundamental property
of the model—mot only for large-maturities. Quoting Bergomi [[1] from an empirical analysis: ”...the
increased convexity (of the forward smile) with respect to today’s smile is larger for &k > 0 than for

k < 0...this is specific to the Heston model.”

2whenever Py is in force, the case k = V'(a) is excluded if v = 6 (a), with T defined in (6233), for a € {0,1}.
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Theorem BT displays varying levels of degeneration for high-order forward smile asymptotics. In $R; one can
in principle obtain arbitrarily high-order asymptotics. In R, fR3, and $Rgp one can only specify the forward smile
to arbitrary order if u = 1/2. If this is not the case then we can only specify the forward smile to first order. Now
the dynamics of the Heston volatility o; := \/V; is given by do; = (%52 — %) dt + %th, with o9 = /v.
If 1+ = 1/2 then the volatility becomes Gaussian, which this corresponds to a specific case of the Schébel-Zhu
stochastic volatility model. So as the Heston volatility dynamics deviate from Gaussian volatility dynamics a
certain degeneracy occurs such that one cannot specify high order forward smile asymptotics. Interestingly, a
similar degeneracy occurs in [44] for exploding small-maturity Heston forward smile asymptotics and in [I9]
when studying the tail probability of the stock price. As proved in [[U], the square-root behaviour of the
variance process induces some singularity and hence a fundamentally different behaviour when p # 1/2. In Rs,
N3, and N3, at the boundary points V'(u?}) one cannot specify the forward smile beyond first order for any
parameter configurations. This could be because these asymptotic regimes are extreme in the sense that they
are transition points between standard and degenerate behaviours and therefore difficult to match with BSM
forward volatility. Finally in fR3, and PRy for k¥ > V’(1) we obtain the most extreme behaviour, in the sense
that one cannot specify the forward smile beyond zeroth order. This is however not that surprising since the

large correlation regime has fundamentally different behaviour to the BSM model (see also Remark BA(iii)).

4.1. SVI-type limits. The so-called ’Stochastic Volatility Inspired’ (SVI) parametrisation of the spot implied
volatility smile was proposed in [29]. As proved in [37], under the assumption x > p€, the SVI parametrisation
turn out to be the true large-maturity limit for the Heston (spot) smile. We now extend these results to the

large-maturity forward implied volatility smile. Define the following extended SVI parametrisation

odyi(k, a,b,r,m, s, ig,i1,i2) :=a+b (T(k —m) +ig\/i1(k — m)% +ig(k —m) + ioSQ) ,

for all £ € R and the constants

2
wioi= g _“p2 (J(2m+£2 —p8)’+2(1—p?) - (26+ € —pf)) , wpi= %
K0 2(2uy — 1) 1
= by :=4 1)k, = —— = ul — = ,
TR - aa TR b " (“* 2) -
a = —2m, b= 4y/—m, T:= 2\/%7%, m = p(k — p€),

where u? is defined in (24) and §; in (63). Define the following combinations:

wi(1=p)2 V1—p2 . . .
Sp: a= 1(2p), b=232 r=p, m=-2L, s=Y— dg=1 i1=1, ip=0,
(4.3) Si: a=ag, b="bg, r=ry, mMm=my, SZ%ai, io=-1, i1=1, iy=0,
S1: a=a, b=1, r=r, m=nm, s =0, 10 =1, i1 =0, =1

The proof of the following result follows from simple manipulations of the zeroth-order forward smile in Theo-

rem B0 using the characterisation of V* in Lemma .

Corollary 4.3. The pointwise continuous limit lim 4o O't27.,_(k'7') = 0dyi(k,a,b,r,m, s,ig,i1,i2) exists for k and
constants a,b,r,m, s, 9,41 and is given bif:

e R Sy for k e R;

o Ry Sy for k€ (—oo0,V'(ul)); Sy for k € [V'(ul), +00);

e Riu: S— fork € (—oo,V'(u*)]; So for k € (V' (ur), +00);

Swhenever Sy is in force, the case k = V'(a) is excluded if v = T (a), with T defined in (E33), for a € {0,1}.
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o Rzp: S_ fork € (—oo, V' (u*)]; So for ke (V' (ur),V'(1)); Sy for k € [V'(1),4+00);
e Ry Sy fork € (—oo,V'(1)); S fork € [V'(1),+0).

It is natural to conjecture [@] that the limiting forward smile lim 4o 0, is similar to the limiting spot
smile lim 4o 09 -. Corollary B=3 shows that this only holds under fR;. For the practically relevant case of the
asymmetric regime Ry when p < p_, in Figure [ we compare the two limits using the zeroth-order asymptotics in
Corollary B3. At the critical log-strike V' (u% ), the forward smile becomes more convex than the corresponding
spot smile. Interestingly this asymmetric feature has been empirically observed by practitioners [I1] and seems

to be a fundamental feature of the Heston forward smile (not just for large maturities).
FwdSmile
04 &

03

02

01r

L L L L L Strike
3.0

FIGURE 1. Heret=0.5,7=2,v=0=0.1,k =2, =1,p = —0.9, so that Ry applies. Circles
correspond to the spot smile K +— o, (log K) and squares to the forward smile K — oy, (log K)
using the zeroth-order asymptotics in Corollary B=3. Here p_ ~ —0.63 and eV (uh) ~ 1.41.

5. NUMERICS

We first compare the true Heston forward smile and the asymptotics developed in the paper. We calculate
forward-start option prices using the inverse Fourier transform representation in [d9, Theorem 5.1] and a global
adaptive Gauss-Kronrod quadrature scheme. We then compute the forward smile o, with a simple root-
finding algorithm. In Figure B we compare the true forward smile using Fourier inversion and the asymptotic
in Theorem B(i) for the good correlation regime, which was derived in [23]. In Figure B we compare the
true forward smile using Fourier inversion and the asymptotic in Theorem ET(ii) for the asymmetric negative
correlation regime. Higher-order terms are computed using the theoretical results above; these can in principle
be extended to higher order, but the formulae become rather cumbersome; numerically, these higher-order
computations seem to add little value to the accuracy anyway. In Figure B we compare the asymptotic in
Theorem E(ii) for the transition strike & = V' (u% ). Results are all in line with expectations.

In the large correlation regime Ry, we find it more accurate to use Theorem B and then numerically invert
the price to get the corresponding forward smile (Figures B and B), rather than use the forward smile asymptotic
in Theorem E7I. As explained in Remark B2(iv) the leading-order accuracy of option prices in this regime is
poor and higher-order terms embed important distinctions that need to be included. This also explains the
poor accuracy of the forward smile asymptotic in Theorem B0 for the large correlation regime. As seen in
the proof (Section B8), the leading-order behaviour of option prices is used to line up strike domains in the
BSM and Heston model and then forward smile asymptotics are matched between the models. If the leading-

order behaviour is poor, then regardless of the order of the forward smile asymptotic, there will always be a
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FwdSmile
280 |
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°.
ey
*06¢
$8e00 000
S 2 = =isialy
. . . . . N ! srike
08 10 12 14 16 18 20

(a) Asymptotic vs Fourier Inversion. (b) Errors

FIGURE 2. Good correlation regime R;. In (a) circles, squares and diamonds represent the
zeroth-, first-and second-order asymptotics respectively and triangles represent the true forward
smile. In (b) we plot the differences between the true forward smile and the asymptotic. Here
t=1,7=5and v=0.07, 0 =0.07, k = 1.5, £ = 0.34, p = —0.25.

FwdsSmile
0.20

R
B B i
o g g i

e &= srike
M 35 40 45

L L L - Strike
30 35 4.0 45 50 -0.010

(a) Asymptotic vs Fourier inversion. (b) Errors.

FIGURE 3. Asymmetric correlation regime R3,. Here t =1, 7 = 5 and v = § = 0.07,
p=—0.8,& =0.65 and k = 1.5, which implies eV (W)™ ~ 239, In (a) circles, squares, diamonds
and triangles represent the zeroth-, first-, second- and third-order asymptotics respectively and

backwards triangles represent the true forward smile. In (b) we plot the errors.

mismatch between the asymptotic forms and the forward smile asymptotic will be poor. Using the approach
above bypasses this effect and is extremely accurate already at first order (Figures B and B).

In all but R, higher-order terms can approach zero or infinity as the strike approaches the critical values
(V'(u%) or V'(1)), separating the asymptotic regimes, and forward smile (and forward-start option price)
asymptotics are not continuous there (apart from the zeroth-order term), see also Remark E2(i). Numerically
this implies that the asymptotic formula may break down for strikes in a region around the the critical strike.

Similar features have been observed in [44] where degenerate asymptotics were derived for the exploding small-

maturity Heston forward smile.

6. PROOF OF THEOREMS Bl AND BTl

This section is devoted to the proofs of the option price and implied volatility expansions in Theorems B
and B, We first start (Section B) with some preliminary results of the behaviour of the moment generating

function of the forward process (X@)T>0, on which the proofs will rely. The remainder of the section is devoted

to the different cases, as follows:
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L L - PR Maturity

. . . . . L L Maturity ./m”’ﬁ 20 25 30 35
5 10 15 20 25 30 35 40

(a) Asymptotic vs Fourier inversion. (b) Errors.

FIGURE 4. Asymmetric correlation regime R3,. Here t = 1 and the Heston parameters are
the same as in Figure B. Circles and squares represent the zeroth- and first-order asymptotic
and triangles represent the true forward smile. The horizontal axis is the maturity and the

strike is equal ¢¥ (“)7_ In (b) we plot the errors.

FwdSmile

L L L L L L L Strike
5.0

. . . . . . L srike R s 2 L R T ——

20 25 30 35 40 45 50 0.02-

(a) Asymptotic vs Fourier inversion. (b) Errors.

FIGURrE 5. Large correlation regime Ry. Here t = 0, 7 = 10, v = 6 = 0.07, p = 0.5,
& =0.6, and k = 0.1. Circles and squares represent the zeroth- and first-order asymptotic and

triangles represent the true forward smile. Further " ()7 ~ 1.06.

FwdSmile
Error

0.08

004

ik L L5 3 2 SR P
L L L L - - L Stike 20 25 30 35 40 a5 50
50

t 20 25 30 35 40 45

(a) Asymptotic vs Fourier inversion. (b) Errors.

FIGURE 6. Large correlation regime 9R,. Here ¢t = 0, 7 = 20 and the Heston parameters are
the same as in Figure B. Circles and squares represent the zeroth- and first-order asymptotic

and triangles represent the true forward smile.

e Section B2 is the easy case, namely whenever the function V' in (E3) is strictly convex, corresponding
to the behaviour Hg, except at the points V/(0) and V'(1).

e In Section B33, we outline the general methodology we shall use in all other cases:
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— Section B4 tackles the cases H, ﬁi and Ho, corresponding to the function V being linear;
— Section B3 is devoted to the analysis at the points V’(0) and V’(1)

e Section B@ translates the expansions for the option price into expansions for the implied volatility.

6.1. Forward logarithmic moment generating function (Ilmgf) expansion and limiting domain. For

any t > 0, 7 > 0, define the re-normalised Imgf of Xﬁt) and its effective domain D ; by

T

(6.1) AWY (u) == 77 logE (e“Xﬁt)> , forallue Dy, :={uecR:|A® (u)| < oo}.

A straightforward application of the tower property for expectations yields:

B(u, T)ve™ "t

(6.2) AW (u) = A (u,7) + 1= 25.B(ur) pulog (1 —28,B (u,7)), forallueD,,
where
(a1 (W exp (~d (u)7)
A7) = (o= ptu = ()7 - 2105 (L= EREAIT Y ),
_ k—péu—d(u) 1—exp(—d(u)T)
B = T e T S e (~d ()7’
(6.3) d(u) = <(I€ —péu)* +u (1 — ) §2>1/2, y(u) = %, B = 4%@ (1—e .

The first step is to characterise the effective domain D; , for fixed ¢t > 0 as 7 tends to infinity. Recall that the

large-maturity regimes are defined in (E33) with uy and u} given in (E3).
Lemma 6.1. For fized t > 0, Dy . converges (in the set sense) to Do, defined in Table B, as T tends to infinity.

Proof. Recall the following facts from [#3, Lemma 5.11 and Proposition 5.12] and [&1, Proposition 2.3], with

the convention that u} = oo when t = 0:

(i) [0,1] C [u—,uq] N (=00, u’) C Dyr for all 7> 0 if p < 0;
(ii) [0,1] C [u—,us] N (ur,00) C Dy forall 7> 0if 0 < p < K/E;
(iii) [0,1] C [u—,uy] C Dy for all 7> 0 if p = 0;
(iv) [0,1] C [u—,1] N (u*,00) C Dy, for all 7 > 0 if p > K/E;
)

p— € (—1,0) and p; > 1/2. In the latter case it is possible that p; > 1 in which case u* < u_.
Then for fixed ¢ > 0, the lemma follows directly from (i)-(iv) in combination with property (v). O

The following lemma provides the asymptotic behaviour of A(Tt) as 7 tends to infinity. The proof follows the
same steps as [43, Lemma 5.13], using the fact that the asset price process (eXt);~q is a true martingale [3,

Proposition 2.5], and is therefore omitted.
Lemma 6.2. The following expansion holds for the forward Imgf AW defined in (6d) (V and H given in (E8)):

V(uw) + 71 H(u) (1 +0 (efd(“)T)) , for all uw € DI\ {1}, as 7T tends to infinity,
AL (u) = -
0, foru=1 and all 7 > 0.
Remark 6.3.

(i) When p > k/& (Rsp and Ry), we have limypq A(Tt)(u) = V(1) # 0, so that the limit is not continuous at
the right boundary u = 1. For p < /£ we always have V(1) = H(1) =0 and 1 € DI_.

(ii) For all w € DI, d(u) > 0, so that the remainder goes to zero exponentially fast as 7 tends to infinity.



14 ANTOINE JACQUIER AND PATRICK ROOME

6.2. The strictly convex case. Let k := sup,cp_V'(a) and k := infsep. V'(a). When k € (k,k) \
{V’(0),V’(1)}, an analogous analysis to [A3, Theorem 2.4, Propositions 2.12 and 3.5], essentially based on
the strict convexity of V on (k,k), can be carried out and we immediately obtain the following results for

forward-start option prices and forward implied volatilities (hence proving Theorems Bl and B0 when Hq
holds):

Lemma 6.4. The following expansions hold for all k € (k, k) \ {V'(0),V'(1)} as T tends to infinity:

t + *
E (eXﬂ(_) . ek:r) _ I(k,’]’, V/( ) ) + d)(;—(lk/:;t) efr(V (k)—k) (1 +0 (7_71)) ,

/\\_/
bl
o~
~
[

‘(1
4k2 — g (k, 1)2 OV

with V* given in Lemma 23, T and ¢o in (B9) and (8M), v5° in (ED), xo in (E2) and

of - (k) = v3° (k1) +

—

R, mn Ry,
(=00, V'(ul)), in R,

(6.4) (k.k)=q (V'(ur),+00), in R,
(V'(u*),V'(1), in Rap,
(

y m 9%4.

Proof. We sketch here a quick outline of the proof. For any k € (k, k), the equation V'(u *(k)) = k has a unique
solution uw* (k) by strict convexity arguments. Define the random variable Zj, , := (X> ®_ kT)/+/T; using Fourier
transform methods analogous to [43, Theorem 2.4, Proposition 2.12]) the option price reads, for large enough 7,

s + —7(k(u" (k)=1)=V (u"(k))) o H (u" (k))
B[ =] =2 V(0), V(1,004 [t ,
2 e a2y () — Dfu — 57w ()]

where @, 1 (u) = ]E@kﬁ(eiuzk«f) is the characteristic function of Zj , under the new measure @;w defined by
d90r . exp ( *(k)X(t) - A(t)( “(k )) Using Lemma B2, the proofs of the option price and the forward smile

dP
expansions are similar to those of [43, Theorem 2.4 and Proposition 2.12] and [&3, Proposition 3.5]. The exact

representation of the set (k, k) follows from the definition of D, in Table 2 and the properties of V. O

6.3. Other cases: general methodology. Suppose that k (defined in Section E2) is finite with V'(u) = k.
We cannot define a change of measure (as in the proof of Lemma E4) by simply replacing u*(k) = u for k > k
since the forward lmgf Ag) explodes at these points as 7 tends to infinity (see Figure [). One of the objectives
of the analysis is to understand the explosion rate of the forward lmgf at these boundary points. The key
observation is that just before infinity, the forward lmgf A( is still steep on Dy, and an analogous measure
change to the one above can be constructed. We therefore introduce the time-dependent change of measure
Thr — exp (s ()X — 7AW i (8)))

where uX (k) is the unique solution to the equation A AL (ur(k)) = k for k > k. We shall also require that there

(6.5)

exists 71 > 0 such that ul(k) € DY, for all 7 > 7 and u} 1 %; therefore Lemma B2 holds, and we can ignore

the exponential remainder (d(u) > 0 for all u € D) so that the equation B A (ut(k)) = k reduces to ®
(6.6) V! (ui (k) + 7 H' (uj(k)) = k.

4A similar analysis can be conducted even if u¥ (k) is not eventually in the interior of the limiting domain, but then one will

need to use the full Imgf (not just the expansion) in (EH).
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FIGURE 7. Regime Ra: Circles plot u — V(u). Squares, diamonds and triangles plot u —
V(u) + H(u)/7T with ¢t = 1 and 7 = 2,5,10. Heston model parameters are v = 0.07, § = 0.07,
p=—0.8,§=0.65 and Kk = 1.5. Also p_ =~ —0.56, u’ ~9.72 and uy ~ 14.12.

In the analysis below, we will also require u (k) to solve (E8) and to converge to other points in the domain (not
only boundary points). This will be required to derive asymptotics under H for the strikes V/(0) and V’'(1),
where there are no moment explosion issues but rather issues with the non-existence of the limiting Fourier

transform (see Section B3 for details). We therefore make the following assumption:

Assumption 6.5. There exists 71 > 0 and a set A C R such that for all 7 > 7 and k € A, Equation (60)

admits a unique solution v} (k) on DI satisfying lim 4o uk (k) = uly € Doo N (u—, ust).

Under this assumption |A(Tt) (uk(k))| is finite for 7 > 7 and Dy, = limpoo{u € R : |A(Tt) (u)] < oo}. Also
dQyg,-/dP is almost surely strictly positive and by definition E[dQy »/dP] = 1. Therefore (E3) is a valid measure
change for sufficiently large 7 and all k € A.

Our next objective is to prove weak convergence of a rescaled version of the forward price process (Xg))7>0
under this new measure. To this end define the random variable Z, ;, o := (Xf) — kt)/7® for k € A and some

o > 0, with characteristic function ®; . : R = C under Qy, ;:
(6.7) D, po(u) = EQr (eiuz,,k,a) )

Define now the functions D : R} x A — R and F: R} x A xR} — R by

(68) D(r.k) = exp [ (k(ui (k) — 1) — Vi (k) + H(ui (k)] F(r.h,a) = 2i /R B 1o (w)Crpa(@)du,

™

where C; 1 o(u) denotes the complex conjugate of C; i o in (B), namely:

TOC

(6.9) Cria(u) =

(u—iro(ur — 1)(u — iTour)’

The main result here (proved in Appendix A) is an asymptotic representation for forward-start option prices:

Lemma 6.6. Under Assumption B, there exists f > 0 such that for all k € A, as 7T co:

D(1,k)F(1,k,a) (1+O(e 7)), if uf(k) > 1,
(6.10) E (exi” — e’”)+ ={ (1 =€)+ D(r,k)F(r,k, @) (1L+ O(e™"7)), ifui(k) <O,
1+ D(r,k)F(r,k,a) (1 +O(e 7)), if 0 <ur(k) < 1.

We shall also need the following result on the behaviour of the characteristic function of Z, i, o
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Lemma 6.7. Under Assumption there exists 3 > 0 such that for any k € A as T 1 oo
O, 1o (u) = exp ( —iukr " 4 (V (Gur® 4 ul) =V (uh)) + H (ur® +ul) — H (uj)) (14 0(e 7)),
where the remainder is uniform in u.

Proof. Fix k € A. Analogous arguments to Lemma BZA(iii) yield that Rd (iur~* + a) > d(a) for any a € DY,
Assumption B3 implies that for all 7 > 71, Rd (iur~* + uk(k)) > d(u(k)). It also implies that u%, < uy, and
hence there exists § > 0 and 72 > 0 such that uf(k) < uy — 6 for all 7 > 9. Now, since d is strictly positive
and concave on (u_,u4) and d(u_) = d(uy) = 0, we obtain d(uf(k)) > d(uy — ) > 0. This implies that the
quantities O (exp [—d (2% + uX(k)))7]) and O (e~ =())7) are all equal to O (e~4#+~9)7) for all k € A. Using

the definition of Z; i o, the change of measure (633) and Lemmas B2 and B3, we can write
log @ ko (u) = log EWr [et*Zrke] =logE [exp (u:XT — 7AW (u*) + = (X, — kT)>:|
To

= —dukTi® 47 (A(f) (iu/7% +ut) — AW (u*))

T T

-k [V (13 + u:) - V(ui)] +H (12‘ + uj> — H (1) + O [emdlm )] _ 0 (emdtv)r)
T T

ra—1
=~k T (V (/77 4 ) = V() + H (1)1 4 ) = H (u)) + O (e70e=07),

Since d(uy — 6) > 0 the remainder tends to zero exponentially fast as 7 tends to infinity. The uniformity of
the remainder follows from tedious, yet non-technical, computations showing that the absolute value of the
difference between log ®; 1 o (u) and its approximation is bounded by a constant independent of u as 7 tends to

infinity. U

6.4. Asymptotics in the case of extreme limiting moment explosions. We consider now the cases H,

H. and Ha, corresponding to the limiting Imgf V' being linear.

Lemma 6.8. Assumption 1s verified in the following cases:
(i) Ry with A = [V'(u}),00) and ul, = u¥;
(ii) Rsq and Rgp with A = (—oo, V'(u*)] and ul, = u*.
1.

(111) Rap and Ry with A = (V'(1),00] and ul, =

Proof. Consider Case (i) and re-write (68) as H'(ul(k))/7 = k—V'(ui(k)). Let k > V'(u?); since V is strictly
convex on (u_,u4 ), we have H'(ui(k))/7 =k — V'(ul(k)) > V'(ui) — V'(ui(k)) > 0. We now show that H’
has the necessary properties to prove the lemma. The following statements can be proven in a tedious yet
straightforward manner (Figure B provides a visual help):

(i) On (0,u% ) there exists a unique @ € (0, 1) such that H'(u) = 0;

(ii) H': (u,u’) — R is strictly increasing and tends to infinity at u? .

Therefore (i) and (ii) imply that a unique solution to (6) exists satisfying the conditions of the lemma with

*
T

increasing and bounded above by 7, and therefore converges to a limit L € [u,u?]. If L € [u,u? ), then the
continuity of V/ and H' and the strict convexity of V implies that lim oo V' (uk(k)) + H' (ui(k))/7 = V(L) <

V'(u’) < k, which is a contradiction. Therefore L = w’, which proves Case (i). Cases (ii) and (iii) are

ui(k) € (w,u?). The function H’ is strictly positive on (@,u? ), and hence for large enough 7, u(k) is strictly

analogous, and the lemma follows. O
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FIGURE 8. Plot of v — H'(u)/7 for different values of 7. Circles, Squares and diamonds
represent 7 = 2,5,10. In (a) u € (—1.05,9.72) and in (b) u € (0,1). The Heston parameters
are v = 0.07, § = 0.07, p = —0.8, £ = 0.65 and x = 1.5. Alsot =1, p_ = —0.56, u’ = 9.72
and u_ = —1.05.

In the following lemma we derive an asymptotic expansion for uX (k). This key result will allow us to derive

asymptotics for the characteristic function ®, ;o as well as other auxiliary quantities needed in the analysis.

Lemma 6.9. The following expansions hold for ut(k) as T tends to infinity:
(i) In Regimes Ra, Rz, and Rsp,
(a) under Hy: ul(k) =u} + czli(lg)7"1/2 + azi(k:)T’1 + O (7*3/2) ;
(b) under Hy: ui(k)=ul —|—Zili7'_1/3 —|—Zi§t7_2/3 + 0 (7_1) ;
(ii) In Regimes Rsp and Ry,
(a) Fork>V'(1): ut(k)=1- WT_l +O(172);
(b) Fork=V'(1): up(k) = 17712 [ohs + 0O (771),
with o, af and af defined in () and w’ in (23).

Proof. Consider Regime Ry when H is in force, i.e. k> V'(u?}), and fix such a k. Existence and uniqueness

was proved in Lemma BEX and so we assume the result as an ansatz. This implies the following asymptotics as 7
tends to infinity:

2 T T3/2

Vs (k) :V(uiHalV(T N “%V”Wi)mzv’(u;)) 1+(9( 1 )
Vik) = Vi) + 2 ) Cngui) FaV" () 2 +0

2 7372

(6.11) ) —Aut) + ay(ul) | (aﬂ”(ui) +a27’(Ui)> 1 +(9< 1 ) ,

VT 2 T3/2

. . al,y//(u*) a?,yl//(u ) . 1 1
’Y/(UT(]C)) = r}/(u—&-) + + + ! 2 + + (IQ’}//,(U+) ; + O m .

We substitute this into (68) and solve at each order. At the 7~!/2 order we obtain a; (k) = +¢ W2 \/ __nbv
Bt v/ (ur) (k—=V'(ut))

which is well-defined since & — V'(u}) > 0 and V'(u’) > 0. We choose the negative root since we require

ui € (0,u?) C D for 7 large enough. In a tedious yet straightforward manner we continue the procedure

and iteratively solve at each order (the next equation is linear in as) to derive the asymptotic expansion in the

lemma. The other cases follow from analogous arguments. O
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We now derive asymptotic expansions for ®, 1 o. The expansions will be used in the next section to derive

asymptotics for the function F' in (ER).

Lemma 6.10. The following expansions hold as T tends to infinity:
(i) In Regimes Ra, R3, and Rsp,
(a) under Hi: O, 1 5/4(u) = o=t (hu?/2 (14 max(1,u®)O (r71/4));
(b) under ﬁi: D, g1/2(u) = o3V (ui)u®/2 (1 + max(1,u*)O (7*1/6)) ;
(ii) In Regimes Rsp and Ry,
(a) Fork >V'(1): ®; 1 (u) = exp (—iu(k —-V'(1)) — W) (1 - iu%)iu (1+max(1,u*)O(7Y));

” 1" H
(b) Fork =V'(1): ®;1/2 (u) = exp (—iu«/,uV”(l) - M) (1 —iu V}f”) (14+max(1,u*)O(r~1/2)),

for some integer s different from one line to the other. Recall that ®; . o is defined in (E22) and (3 in (B2).
Furthermore, as T tends to infinity the remainders in (i) and (i3)(b) are uniform in u for |u| < 7%/ and the

remainder in (ii)(a) is uniform in u for |u| < 72/3.

Remark 6.11.

(i) In Case (i)(a), Z,k,3/4 converges weakly to a centred Gaussian with variance ¢3 (k) when H. holds.

(ii) In Case (i)(b), Z; ,1/2 converges weakly a centred Gaussian with variance 3V"(u4) when H. holds.

(iii) In Case(ii)(a), Z; k1 converges weakly to the zero-mean random variable Z—-y, where v := k—V’(1) and =
is a Gamma random variable with shape parameter p and scale parameter 3 := (k—V'(1))/u. Lemma 614
implies that the limiting characteristic function satisfies [* (1 —iuB) " eV W/ 27y dy = O(1) for
any j € NU{0}.

(iv) In Case(ii)(b), Z; k,1/2 converges weakly to the zero-mean random variable ¥ + =, where ¥ is Gaussian
with mean —/uV”’(1) and variance V”(1) and E is Gamma-distributed with shape p and scale /V"(1)/p.

We now prove Case (i)(a) in Regime R, as the proofs in all other cases are similar. In the forthcoming

analysis we will be interested in the asymptotics of the function e, defined by
(6.12) er (k) = V7 (k0 — 28,V (ul(k)))

Under Ry, in Case (i)(a), (k0 — 20:V (ul)) tends to zero as 7 tends to infinity, so that it is not immediately
clear what happens to e, for large 7. But the asymptotic behaviour of V' (u*) in (EI0) and the definition (E12)
yield the following result:

Lemma 6.12. Assume Ry and Hy. Then the expansion e, (k) = ef (k) + ef (k)72 + O (r71) holds as T
tends to infinity, with ey and ey defined in (B3R) and w} in (EH).
Proof of Lemma BID. Consider Regime Ry when H is in force, i.e. k> V'(u’ ), and fix such a k, and for ease
of notation drop the superscripts and k-dependence. Lemma B2 yields
_ . 1/4 iu * * iu * * 71/4

(6.13)  log®, p(u) = —iukr/*+7(V = T Ur —V(up) )+ H (5 +ur ) — H(up) + O /7).

' T 73/4
Using Lemma B9, we have the Taylor expansion (similar to (E1))

i 2 : "
o L aogoga) _ KO alV iV’ V"a3 , 1 iuaV 1
(6.14) v(ufﬂu/T )*Tﬁﬁ et (Ve s+ 0 am)
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as 7 tends to infinity, where V', V/ and V" are evaluated at u’ . Using (EX1) we further have
. . 3/4 o iuV'(ul)  dua V' (ud) 1
(6.15) v(uT+1u/T/)—V(uT)_ it 405 )
/ * : / * 1
a1y’ (u}) + iuy'(ul) to(2).
VT T3/4 T
We now study the behaviour of H (iu/7%/* + u¥), where H is defined in (Z8). Using Lemma EI2 and the

expansion (B13) for large 7, we first note that

(6.16) ¥ (ui + iu/73/4) =y(u}) +

. iu o 2B;iuV’ el 2Biiua V" 1
(617) €r — 2Bt\/; |:V(U7_ + T3/4) - V(UT):| =€y — W + W - T + 0 ; 5
with e, defined in (B12). Together with (61d), this implies
ve "V (uf +iu/T34) VToe TV (uk 4 iu/T3/4)
KO — 2B,V (uk +iu/73/%)  ep — 2Biy/T (V(ut + iu/73/4) — V(uz))
KOve "t /T  ikfuve VT4 (aV' eikd 2u? 1

6.18 = " — — o

( ) 2e0/3 - € e ( €o 26(2)5:&) 2 " (71/4>’
with ¢4 defined in (B2). Substituting ey in (B33) into the second term in (EI8) we find

i k0 —K,tV/
(6.19) e —su(k-V).
€o
Following a similar procedure using e, we establish for large 7 that
ve "V (uk) KOve™"t\/T a1V e1kf 1

6.20 T = it — O —

(6:20) kO — 2BV (u*) 2e0 34 e ( €o 26(2)6,5) + (ﬁ) ’
and combining (6I8), (619) and (6220) we find that

V(w4 iu/m3/ e rt V (uk)ve "t N1 Cu? 1
6.21 z — z =iu(k-V)r/t - —r0(—].
(6:21) KO — 2B,V (ux + iu/73/%) kO — 2B,V (u%) tu( )T y " T1/4

We now analyse the second term of exp(H (iu/73/* 4+ u) — H(u})). We first re-write this term as

KO — 26,V (ut + iu/73/4 KO — 2BV (ul
(6.22) exp (—ulog <m9 (1 - (ii n iu/i'3/4)))> + plog (W))

[ (0= 280 (4 3w (1= ()T
= ( KO — 2ﬁtV(Ui) ) 1— v (U:) s

and deal with each of the multiplicative terms separately. For the first term we re-write it as

6.93 KO — 2B,V (u + iu/T3Y)  er — 2B/ (V(uf + 1u/7%%) — V(u}))
(6.23) kO — 26V (u%) B er ’

and then we use the asymptotics of e, in BEI2 and equation (EI7) to find that as 7 tends to infinity,

K0 =28V (s 410/ (1LY
kO — 28,V (ux) T1/4

For the second term we use the asymptotics in (E0) and (6BI8) to find that for large 7

1— o (ur 4 iu/73/4) 71: 1— (v + a1y /7 +iwy /734 + O(1/7))
1— 7y (ur) L= (y+ay/y/T+0O(1/7))

(6.24)

-1
) =14+ 0(1/73/%).
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It then follows that for the second term of exp(H (iu/73/* +u*) — H(u*)) that for large 7 we have
KO — 28V (ur + iu/1)r) KO — 28,V (uX) 1
6.25 —pul T 1 _— T =1+0|—+).
62 ow (-utor (s ) +uen (i) =1+ 0 (i
Further as 7 tends to infinity, the equality (6I3) implies

(6:26) P (Vs + 3u/r) — Vi) = V(@7 O,

Combining (6221, (624) and (E228) into (B13) completes the proof. The proof of the uniformity of the remain-

ders and the existence of the integer s follow the same lines as the proof of [4, Lemmas 7.1, 7.2]. O

In order to derive complete asymptotic expansions we still need to derive expansions for D and F' in (E3).
This is the purpose of this section. We first derive an expansion for D which gives the leading-order decay of

large-maturity out-of-the-money options:

Lemma 6.13. The following expansions hold as T tends to infinity:
(i) In Regimes Ra, Rz, and Rsp,
(a) under Hy: D(1,k) = exp (7T(V*(k) —k)+ ﬁcg(kz) + cf(kz)) T“/ch:(k)(]. +O(r71/2));
(b) under He: D(1,k) = exp (—m(V*(k) — k) + 7/3¢E + cE) m#/3¢E (1 + O(r~1/3));
(ii) In Regimes Rsp and Ry,

’ 2\ K
(a) Fork>V'(1): D(r,k) = exp (—7(V*(k) — k) + 11 + go) (%) (1 +O(rY));

2 " H
(b) For k=V'(1): D(r,k) = exp (—r(V*(k) — k) + /2 + g0) <2((;;’f)2v V(lv)ﬁ‘)”") THI2(1 + O(7~1/2).

where ¢y, ¢1 and ¢y in (BA), go in (B3) and V* is characterised explicitly in Lemma Z.

Proof. Consider Regime Ry in Case(i)(a) (namely when #, holds), and again for ease of notation drop the

superscripts and k-dependence. We now use Lemma 69 and (6) to write for large 7:
(6.27) e Thur=VuD) — exp —7(kul =V (u})) —VTar(k = V') +ro — azk + (9(7_1/2)}

— e—TV*(k)—ﬁa1(k—v’)+r0—a2k {1 + O(T—l/Z)}

)

with 79 := 1V"”a} + V’ay and where we have used the characterisation of V* given in Lemma . We now
study the asymptotics of H(u}). Using the definition of e, in (EI2) we write
* —kt * —K * —kKt —HK
(6.28) () — exp V(ut)ve kO — 26,V (u¥) — % exp V(uk)ve er ’
kO — 28,V (ux) ) | kO (1 =~ (u2)) kO — 28,V (ux) ) | kO (1 —~ (u2))
and deal with each of these terms in turn. Now by (E20) we have, as 7 tends to infinity,
(6.20) ve "V (uk) _ kOve "\ /T e (alV’ B 612,‘{9) Lo (1> .
KO — 28V (ux) 2e0 3+ €o 2e5 5, VT
Using the asymptotics of e, given in Lemma BT2 and those of v in (E20) we find

(6:30) <Mv(u))) - (no RS (1/r>>_u - (M> (1 o (ff)) |

Using the definition of ey in (B3), note the simplification —a; (k — V') + £82" — _94, (k — V'). Combining

2e0 St
this, (6222), (6228), (6229) and (6230) we find that

D(r, k) 1= &R mD=AICD) = expy (—r(VA(K) — k) + V7ed + ) T2 (1+ O 1/2)),

with ¢f, ¢f and cj in (B32). All other cases follows in an analogous fashion and this completes the proof. O
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In Lemma BET3 below we provide asymptotic expansions for the function F' in (68). However, we first need
the following technical result, the proof of which can be found in [g, Lemma 7.3]. Let p denote the density of a
Gamma random variable with shape A and scale v, and p the corresponding characteristic function:

1

(6.31) p(x) = Wx)‘*le*"”/”]l{xw}, plu) = (1 —ivu) N

Lemma 6.14. The following expansion holds as T tends to infinity:

o2u? l 2mwo3" 1
iy — By — § (2r+8) -
/ReXp < A ) uplyu)du = — 1B 2rtBrigrylr P H+0 (Tq+1) ’

with v,v, A € R% , 5 e NU{0}, ¢ € N and p(™) denoting the n-th derivative of the Gamma density p.

Lemma 6.15. The following expansions hold as T tends to infinity (with (1 in (82) and u} in (232)):

(i) In Regimes Rz, R3, and Rsp,

3/4

. _ T —1/2Yy.
(a) under Hy: F(1,k,3/4) = Ci(k)ui(u;—l)\/ﬂ(l—i—o(T /2));
Fo1/2

(b) under H: F(r,k,1/2) =
(ii) In Regimes Rsp and Ry,
(a) Fork >V'(1): F(r,k,1) = _%(1 +O(r7Y));

e H/2 n/2 _
(b) Fork=V'(1): F(r,k,1/2) = =S5 B2 (1 4+ O(r~1/2)).

(1+0(173));

uf (ug—1)4/67V7 (ul)

Proof. Again, we only consider here Regime Ry under H, in Case (i)(a). Using the asymptotics of u* given
Ly O(771/2)), where

(ul —1)u? (

the remainder O(7~'/2) is uniform in u as soon as u = O(7%/*). Combining this with the characteristic

function asymptotics in Lemma 610 we find that for large 7, F'(1, k,3/4) = W Jz exp (—%) (1+

in Lemma BEX, we can Taylor expand for large 7 to obtain C(7,k,3/4) =

O(7~'/*))du. Using Lemma B, there exists 3 > 0 such that as 7 tends to infinity we can write this integral as

/O:O exp ( Ci(l;)ﬁ) (1+06G) du = /// exp (W) (14+0(4) du+ Oe)
= /://44 exp (W) du (1 + (9(771/4)> +O(e )
_ /Rexp (_ﬁ(;)“g) du (14+0(%) = |Z(§| (1+0@h).

The second line follows from Lemma BEI0 and in the third line we have used that the tail estimate for the
Gaussian integral is exponentially small and absorbed this into the remainder O(7~/4). By extending the
analysis to higher order the O(7=/4) term is actually zero and the next non-trivial term is O(7~'/2). For
brevity we omit the analysis and we give the remainder as O(77/2) in the lemma. Case (i)(b) follows from

analogous arguments to above and we now move onto Case (ii)(a). Using the asymptotics of v* in Lemma B9 we

-1 ) -1
have C(7,k,1) = — (% — iu) +0(r7) = _Vu(k) (1 - wz(k)) + O(771), where we set v(k) :=k — V'(1)

and the remainder O(77!) is uniform in u as soon as u = O(7). Using the characteristic function asymptotics
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in Lemma B0 and Lemma BT, there exists 5 > 0 such that as 7 tends to infinity:

v [T u?V"(1) iuv\ " iur\ ! 1
1) = — quy — — ) (1= === 1- = - —BT
F(r,k,1) 5 ) exp ( iuv 5 ) ( . ) ( . ) +O(r71) | du+O(e™F7)
v [T u?V"(1) ju\ T H 1
32 = Sy — ———2 ) (1 - == 1 - —BTy,
(6.32) i ) exp ( iuv 5 ) ( . ) du[14+0(r7H)] +O0(e™"7)

The second line follows from Lemma G100 and Remark ET1(iii). Further we note that

2vl/ 1 . —1—pn . 9 9 9\ —l—p
/ exp (—iuu - u()) <1 - W) dul < T/ o372V (1) <1 +Z 72’/ ) dz
|u|>7 27 K |z|>1 H

< 7'/ e—%TZQV”(l)dZ -0 (e—AT) ’
|z|>1

for some A > 0 as 7 tends to infinity. Combining this with (6232) we can write

— © 217 (1 . —1—p
Pk =g [ e (cw - S5 (1 52) a0 (),
— 00

_ (_F‘Z"f‘;) ‘o (T—l)) 140 (),

where we have absorbed the exponential remainder into O(7~1), and where the second line follows from

Lemma BTd. We now prove (ii)(b). Using the asymptotics of u’ for large 7 in Lemma B9, we obtain
C(r,k,1/2) =

in u as soon as u = O(7/2). Using the characteristic function asymptotics in Lemma EI0 and analogous

m + O(t71?), with a; = — vy and where the remainder O(771/2) is uniform

arguments as above we have the following expansion for large 7:

F(1,k,1/2) = %1@1 /]R i (iu(allfli(:/)az)%iw(l)) du (1 +0 (7—1/2)) :

Let n and 7 denote the Gaussian density and characteristic function with zero mean and variance V''(1).
Using (B231), we have

/ e U h(u)p(u)du = 2rF(R(u)p(u))(w) = 20 F H(F(n x p)) = 27 /00 n(w — y)p(y)dy,
R 0

so that

1 exp (iua V(1) — 3u?V" (1)) 1 [
du = — —a, V(1) - dy.
2may /]R (14 iu/ay)t*n L, /O n(—a1V"(1) — y)p(y)dy
This integral can now be computed in closed form and the result follows after simplification using the definition

of a; and the duplication formula for the Gamma function. g

6.5. Asymptotics in the case of non-existence of the limiting Fourier transform. In this section,
we are interested in the cases where k € {V/(0),V/(1)} whenever H, is in force, which corresponds to all the
regimes except R, and Ry at V/(1). In these cases, the limiting Fourier transform is undefined at these points.
We show here however that the methodology of Section B3 can still be applied, and we start by verifying
Assumption B3. The following quantity will be of primary importance:

a
(6.33) Y(a):=1+ rpgpge“,
for a € {0,1}, and it is straightforward to check that Y is well defined whenever H, is in force.
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Lemma 6.16. Leta € {0,1} and assume that v # 6Y (a). Then, whenever Ho holds, Assumption B is satisfied
with A ={V'(a)} and u’, = a. Additionally, if v < 0Y(a), then there exists 77 > 0 such that uk(k) < 0 for all
T > 717, and if v > 0Y(a), then there exists 7 > 0 such that ui (k) € (0,1) for all 7 > 7f;

Proof. Recall that the function H is defined in (23). We first prove the lemma in the case a = 0, in which case
T(0) = 1. Note that H'(0) > 0(< 0) if and only if v/8 < 1(> 1) and H'(0) = 0 if and only if v = . Now
let k = V’(0) and v < 6 and consider the equation H'(u)/7 = V'(0) — V'(u). Since H' is continuous H' is
strictly positive in some neighbourhood of zero. In order for the right-hand side to be positive we require our
solution to be in (—dp,0) for some ¢ > 0 since V is strictly convex. So let d; € (—dp,0). With the right-hand
side locked at V/(0) — V'(81) > 0 we then adjust 7 accordingly so that H'(61)/m = V'(0) — V'(61). We then
set u,, = 6;. It is clear that for 7 > 7; there always exists a unique solution to this equation and furthermore

*

uk is strictly increasing and bounded above by zero. The limit has to be zero otherwise the continuity of V'
and H’ implies lim 4o V'(ul) + H' (uk)/7 = V'(limr4oo ul) < V/(0), a contradiction. A similar analysis holds
for v > @ and in this case u} converges to zero from above. When v = 6 then uX =0 for all 7 > 0 (i.e. it is a
fixed point). Analogous arguments hold for £ = V’(1): H'(1) > 0(< 0) if and only if v/6 > T(1) (< T(1)) and
H'(1) = 0 if and only if v/0 = T(1). If v/0 > T(1) (< T(1)) then u} converges to 1 from below (above) and

when v/0 = T(1), uX =1 for all 7 > 0. O

We now provide expansions for u; and the characteristic function ®, j /2. Define the following quantities:

o 2e " (v —0O)k . 2"t (K — p)? Y
O S T () N (7 e (e A

The proofs are analogous to Lemma B9 and B0 and omitted. Note that the asymptotics are in agreement

with the properties of v* (k) in Lemma BI8.

Lemma 6.17. Let a € {0,1} and assume that v # 0T (a). When k = V'(a), the following expansions hold as T

tends to infinity (for some integer s):

=t 0, Dk = VOO (140 (),
2y 711 s 31
B 12(u) = €72 V(@) <1 + <iaauV”(a) - %@) + iuH'(a)) 7712 4 max(1, uS)O(Tl)) .

We now define the following functions from R* x {0,1} to R and then provide expansions for F' in (63):

@i(g,a) = etV O r 2N (q/V7 (@) — 1 - sgn(a)]

@a(q,a) = = [ + etV @ rg [1 4 sen(a) — 2V (av/V7(0)) |
wy(g,a) = LR omg?|q|exp (%“)) N (—\qlx/ V”(a)) :
w(ga) = FD 1 o (@ (0) + B (@)wa(g, ) + L2,

(6.35)

Lemma 6.18. Let a € {0,1} and assume that v # 0Y(a). Then the following expansions hold as T tends to
infinity (with ag given in (E234)):

Laz1y + La—oysgn(ao) N 1 {_1 + sgn(—a) (;;’l’((c;)) - H’(a))] (1+0(r ).

F(r,V'(a),1/2) = 2 277V (a)
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Proof. Consider the case a = 0. Set P(u) := icpuV"(0) — iu3V""(0)/6 + iuH'(0) and note that C(u,7,1/2) :=

1 - 1 . . . .
Crmvs) ~ (Crammvivs) Using Lemma BT7 and the definition of F' in (B3):

(6.36) F(7,V'(0),1/2) = % /R eV O 20, 7)1 + P(w)r™2 + O(r7))du.

We cannot now simply Taylor expand C(T,l/Q) for small 7 and integrate term by term since in the limit
C(u,7,1/2) is not L'. This was the reason for introducing the time dependent term u*(V’(0)) so that the
Fourier transform exists for any 7 > 0. Indeed, we easily see that C(u,7,1/2) = —i/u 4+ O(r~/?). We
therefore integrate these terms directly and then compute the asymptotics as 7 tends to infinity. Note first
that since |C'(u,7,1/2)] = O(1), then C(u,7,1/2)(1 + P(u)7=2 + O(r~1)) = C(u,7,1/2)(1 + P(u)7~/?) +
O(r71). Further for any ¢ # 0, [5 e_v”(o)"z/Qﬁ_qdu = w1(¢,0), [p e_V”(O)uz/Q#“_qdu = wy(q,0) and
Iz e_v”(o)“z/Qﬁiqdu = w3(q,0). Now using the definition of w in (EZ33) and exchanging the integrals and

the asymptotic (an analogous justification to the proof of Lemma BET3(i)) in (6Z38) we obtain
F(r,V'(0),1/2) = @ (uiy/7,0) — @ ((ut — 1)v/7,0) + O (7).

Using Lemma B4 and asymptotics of the cumulative normal distribution function we compute:

. _ 12 ~3/2 _ _sgn(ao)  6H'(0)V"(0) = V"'(0) 1
w (uT\ﬁ, 0) w (aOT + 0 (7’ ) ,O) 5 632 (V7 (0))2 /7 + 0O (7’ ) ,
1
D((u; = V70 == (V7 + a0 240 (7792) ,0) = ———m + O (r 7).
\2rV(0)T
The case a = 1 is analogous using w(+,1) and the lemma follows. O

Remark 6.19. Consider R, and Ry with k = V’(1) in Section B4. Here also u* (k) tends to 1 and it is natural
to wonder why we did not encounter the same issues with the limiting Fourier transform as we did in the present
section. The reason this was not a concern was that the speed of convergence (7-1/2) of u* to 1 was the same
as that of the random variable Z, ; 1,5 to its limiting value. Intuitively the lack of steepness of the limiting
Imgf was more important than any issues with the limiting Fourier transform. In the present section steepness
is not a concern, but again in the limit the Fourier transform is not defined. This becomes the dominant effect
since u* (k) converges to 1 at a rate of 7=! while the re-scaled random variable Zr k,1/2 converges to its limit at

the rate 7—1/2,

6.6. Forward smile asymptotics: Theorem A1. The general machinery to translate option price asymp-
totics into implied volatility asymptotics has been fully developed by Gao and Lee [28]. We simply outline the
main steps here. There are two main steps to determine forward smile asymptotics: (i) choose the correct root
for the zeroth-order term in order to line up the domains (and hence functional forms) in Theorem B0 and
Corollary B33; (ii) match the asymptotics.

We illustrate this with a few cases from Theorem EBTll. Consider Rg, and Ry with & > V’(1). We have
asymptotics for forward-start call option prices for & > V’(1) in Theorem 0. The only BSM regime in
Corollary B23 where this holds is where k € (=%2/2,%2/2). We now substitute our asymptotics for ¥ and
at leading order we have the requirement: &k > V’(1) implies that k € (—wvg(k)/2,v0(k)/2). We then need
to check that this holds only for the correct root vy used in the theorem. Note that we only use the leading
order condition here since if k € (—wo(k)/2,vo(k)/2) then there will always exist a 71 > 0 such that k €
(—vo(k)/2+0(1),v0(k)/2+0(1)), for 7 > 1. Suppose now that we choose the root not as given in Theorem BT.
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Then for the upper bound we get the condition £V (1) > 0. Since V(1) < 0 we require V(1) < 0 and then this
only holds for V(1) < k < 0. This already contradicts k > V’(1) but let’s continue since it may be true for a
more limited range of k. The lower bound gives the condition (k — V(1))k > 0. But the upper bound implied
that we needed V/(1) < k < 0 and so further k < V'(1). Therefore V'(1) < k < V(1) but this can never hold
since simple computations show that V/(1) > V(1). Now let’s choose the root according to the theorem. For
the upper bound we get the condition —/(V* — k)2 + k(V*(k) — k) < V*(k) —k = —V(1) > 0 and this is
always true. For the lower bound we get the condition —/(V* — k)2 + k(V*(k) — k) < V*(k) = k — V(1) and
this is always true for k > V'(1) since V/(1) > V(1). This shows that we have chosen the correct root for the

zeroth-order term and we then simply match asymptotics for higher order terms.

As a second example consider Ry and k > V'(u%) in Theorem BTI. Substituting the ansatz o7 (kT) =
v5° (k) + 09, (k, t)yr=12 4 v, (k, )71 + O(773/2) into the BSM asymptotics for forward-start call options in
Corollary B33, we find

3/2
(t) + dv
E(eXT —ekT) =exp (—aT+ VT + o) —2——— (1—|—(’) (7_1/2)) ,
(=05 ! 2>\/%(4k2—v3)
2 2
where af® := % - g + g, and af° := 1114168T%vO and as® is a constant, the exact value does not matter here.

We now equate orders with Theorem Bl At the zeroth order we get two solutions and since V'(u% ) > V(1),
we choose the negative root such that matches the domains in Corollary B33 and Theorem BT for large 7 (using
similar arguments as above). At the first order we solve for v{%, . But now at the second order, we can only solve
for higher order terms if u = 1/2 due to the term T#/2=3/4 — +=1/2 i the forward-start option asymptotics in

Theorem B. All other cases follow analogously.

APPENDIX A. PROOF OF LEMMA BB

Define the function Cr o : R = C by

TOé

(u+irT*(u* — 1)(u + iTeur)’

(A.1) Crialu) =

with its conjugate given in (E9).
Lemma A.1. There exists 75 > 0 such that [ |®r ko (4)Cr k. o(u)|du < oo forallT > 75, k € A, ui(k) & {0,1}.
Proof. We compute:

[ |err@Crrata]au= [ D1 (1) Cr ()|
R u| <1

q)T,k:,a (U)C‘r,k,a(u)‘ du + /

Ju|>7

277 du
2 < R oy Bt [
where the inequality follows from the simple bounds
T—2a - Ta
‘C’T);@’a(u)‘ < R () =D for all |u| < 79, ‘C’T,kﬂ(u)‘ < el and |Pr kol <1
Finally (™) is finite since u* (k) # 1, uX(k) # 0. O

We denote the convolution of two functions f,h € L*(R) by (f * g)(x) := [; f(z — y)g(y)dy, and recall that
(f*g) € L*(R). For such functions, we denote the Fourier transform by (F f)(u) := [ ™" f(2)dz and the inverse
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Fourier transform by (F~'h)(z) := 5 [ e **h(u)du. For j = 1,2,3, let us define the functions g; : RZ — R
by
(x_y)+7 ifj=1,
gj(mvy) = (y—$)+7 lfj:25
min(z,y), if j =3.
and define g; : R — Ry by g;(2) = exp (—ut(k)z7) g;(€*"",1). Recall the Qj ,-measure defined in (63) and
the random variable Zj, -, defined on page 3. We now have the following result:

Lemma A.2. There exists 77 > 0 such that for all k € A and 7 > 7

1 .
— [ @ 5.0(w)Crko(u)dy, if j = Luk(k) > 1,
27T R
- 1 —_— .
(A.3) B [g;(Zk.r.0)] = 77 [ rka(W)Crralu)du, if j=2,uz(k) <0,
R
1 -
—— [ PrpaW)Crio(w)du, ifj=3,0<ul(k) <Ll
271' R

Proof. Assuming (for now) that g; € L'(R), we have for any u € R, (Fg;) (u) := [, g;j(2)e***dz, for j = 1,2,3.

For j = 1 we can write

0o . e o ) z(iu—ulT47%) o0 z(iu—uir®) 1°°
/ e 1T (e” - 1) et¥dz = { ° ] - [e ] = Crpalu),
0 ( 0 0

iu —urTe +7%) (iu — urt®)

which is valid for uX(k) > 1 with C; o in (B). For j = 2 we can write
0 . o ) ez(iu—uiT“) 0 ez(iu—uiT“—i—*r”‘) 0
= T

o (iu — urr®) iu—wirte +79) |

which is valid for u}(k) < 0. Finally, for j = 3 we have

/e—u:z‘r‘)‘ (ez‘ra A 1) ez, :/
R

— 00

0 o0
e« a ko
e UrzTY 2T eluzdz+/ e uraT  gluz g,
0
|: ez(iufu:‘ro‘Jr‘r“) :|O |:ez(iuu:7'”‘)
( .

iy —wire +79) | _

o0
R S I u
(iu — uf_To‘):|0 rikia (W),

which is valid for 0 < wf(k) < 1. From the definition of the Qj ,-measure in (EH) and the random variable

Zyr,o 0N page [ we have
E®" [§(Zrpa)] = /qu(/wa —y)p(y)dy = (g; * p)(kT*),

with ¢;(z) = g;(—%) and p denoting the density of XWre. On the strips of regularity derived above we know
there exists 7o > 0 such that ¢; € L*(R) for 7 > 7. Since p is a density, p € L*(R), and therefore

(A.4) F(qj *p)(u) = Fgj(u)Fp(u).

We note that Fg;(u) = Fg;(—u) = Fg,(u) and hence

(A.5) Fqj(u)Fpu) = e ™ d_ 4 o (1) Cr o (u).
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Thus by Lemma B there exists 7, > 0 such that Fq;Fp € L*(R) for 7 > 71. By the inversion theorem [58,
Theorem 9.11] this then implies from (A=) and (B) that for 7 > max(79, 71 ):

B9 [5(Zra)] = (05 ) (kT®) = F (Fos () Fplw) (hr°)

e 1
_ —iukT . _
=5 A e Fq; (u)Fp(u)du = 7 /R(I)nk,oz(u)cr,k,a (u)du.

O

We now move onto the proof of Lemma BEB. We use our time-dependent change of measure defined in (63)

to write our forward-start option price for j = 1,2, 3 as

)

E (g5, b)) = el mA T Wk gder [gy (7, )]

with Z; i o defined on page [3. We now apply Lemma B2 and then convert to forward-start call option prices
using Put-Call parity and that in the Heston model (eX*); is a true martingale [8, Proposition 2.5]. Finally
the expansion for exp (—’7’ (k(uj(k) -1)- A(Tt)(u* (k)))) follows from Lemma G2

T

APPENDIX B. TAIL ESTIMATES

Lemma B.1. There exists 3 > 0 such that the following tail estimate holds for all k € A and uwi(k) & {0,1} as
T tends to infinity: ‘fl <I>T7k,a(u)CT,k7u(u)du‘ = O(e P7).

u|>T

Proof. By the definition of @, o in (E4) we have |D, j o(27%)| = exp (T(?R[A(Tt)(iz +u)] — A@(ui))) . For

< 77%/22, and therefore

|z] > 1 we have the simple estimate ‘OT’]C’Q(ZTO‘)

22’

‘/ D koo(W)Cr o (u)du
|u|>71e

<7° / [ (27)] [Cra(ero)| dz < / T (RIAY (12up)] A0 (u7)) 42
|z|>1 |z|>1

for all 7 > 0. We deal with the case z > 1. Analogous arguments hold for the case z < —1. Lemma BZ(i)

implies that there exists 7, such that for 7 > 7:

/ o (RIAY ()] -A0 i) 92 sy atun))-v i) +o) / dz
2 — 2"
z>1 z z>1 z

Using Lemma B™(ii) we compute
RAD (3 4+ ut) — A (uf) = RV (3 +u2) — V() + (RH( +3) — H(u)/7+ O™,

for any n > 0. Now using that V' and H are continuous and Assumption B3 we have that RV (i +ul) —V(uk) =

RV(i+ too) — V(ue) +0(1) and RH (i + u¥) — H(uk) = RH(i 4 uso) — H(uxo) + 0(1), as 7 tends to infinity.
Lemma BA(iii) implies that RV (1 + teo) — V(tso) < 0 and the lemma follows. O

Lemma B.2.
(i) The expansion exp(A(Tt)(iz +ut)) = exp(V(iz +ul) + H(iz + uX)7"1)R(7) holds as T tends to infinity
where R(T) = e©C ") for some B> 0 and R is uniform in z.
(i) There exists 11 such that %Agt)(iz +ur) < %Agt)(isgn(z) +ul) for all z > |1| and T > 7.

(ii) For all a € DY, the function R 5 z — RV (iz + a) has a unique mazimum at zero.

Proof.
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(i) The proof of the expansion follows from Assumption 63 and analogous steps to the proofs of Lemma 62
and Lemma BE72. The proof of uniformity of the remainder exp (A(Tt) (iz4+a)—V(iz+a) — H(iz + a)r’l)
in z involves tedious but straightforward computations and is omitted for brevity. See Figure B(a) for a
visual illustration.

(ii) Assumption B3 implies that there exists 77 such that u* € D for all 7 > 7. So we need only show that
for all 7 > 0 and a € Dy §RA(Tt)(iz +a) < %A(Tt)(isgn(z) + a) for all z > [1|. The proof of this result
involves tedious but straightforward computations and is omitted for brevity. See Figure B(b) for a visual
illustration.

(iii) The proof of (iii) is straightforward and follows the same steps as [43, Appendix C]. We omit it for brevity.
a

AbsRemainder

RealPartLambda

151

FIGURE 9. On the left we plot the map z — ‘exp (A(Tt)(iz +a)—V(iz+a)— H(iz+ a)7*1> ‘
and on the right we plot the map z — %Ag)(iz + a). Here a = —3 (circles), a = 0.5 (squares)

and a = 3 (diamonds) and the parameters are the same as Figure 2 with ¢ =1 and 7 = 5.
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