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Abstract

For any strictly positive martingale S = ¥ for which X has an analytically tractable characteristic
function, we provide an expansion for the implied volatility. This expansion is explicit in the sense that
it involves no integrals, but only polynomials in log(K/Sp). We illustrate the versatility of our expansion
by computing the approximate implied volatility smile in three well-known martingale models: one
finite activity exponential Lévy model (Merton), one infinite activity exponential Lévy model (Variance
Gamma), and one stochastic volatility model (Heston). We show how this technique can be extended
to compute approximate forward implied volatilities and we implement this extension in the Heston
setting. Finally, we illustrate how our expansion can be used to perform a model-free calibration of the

empirically observed implied volatility surface.
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1 Introduction

While it is rare to find a martingale model for which the transition density is available in closed-form (the
Black-Scholes model being a notable exception), there is a veritable zoo of models for which the characteristic
function is available explicitly (exponential Lévy models and affine models [[] for instance). The existence
of an analytically tractable characteristic function allows for (vanilla) option prices to be computed quickly
using (generalised) Fourier transforms [25, 286].

Every model contains unobservable parameters, which are usually calibrated to market data. This cal-
ibration procedure is typically performed using implied volatilities rather than option prices, the former

being dimensionless. For a given model, one therefore has to compute (by finite difference, Monte Carlo or
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numerical integration) option prices first and then the corresponding implied volatilities by some root-finding
algorithm. Both steps require sophisticated numerical tools and occasionally somewhat of an artistic touch.
These are computationally expensive and render calibration a long and intensive task.

Over the past decade, many authors have focused on obtaining closed-form approximations for both option
prices and implied volatilities, partly in order to speed up this calibration process. Perturbation methods have
been used by Lorig and co-authors [2R] (see also [0, I, I3, [9]) to obtain such approximations for diffusion-
type models. In extreme regions—where numerical schemes become less efficient—asymptotic expansions of
densities and of implied volatilities have been obtained in [3, [d, I35, 20, B3] in the small-maturity case (both
for diffusions and jump models) and in [?2] for the large-time behaviour of affine stochastic volatility models.
Roger Lee [24] pioneered the study of the tails of implied volatility, and more recent (model-dependent and
model-free) results have appeared in [2, [@, 12, I'7].

The goal of this paper is to derive an approximation for the implied volatility in any model whose char-
acteristic function is available in closed-form. This approximation contains no special function and does
not require any numerical integration. It can therefore be used efficiently to accelerate the aforementioned
calibration issue. The methodology follows and extends the previous works [27] and is related to some extent
to the works by Takahashi and Toda [82]. Indeed, by writing the characteristic function as a perturbation
around the Black-Scholes characteristics function, our expansion has the form of a Black-Scholes price per-
turbed by some additional quantity (which we shall make precise later), which can then be turned into an
expansion for the corresponding implied volatility.

The rest of the paper proceeds as follows: in Section B, we provide a brief review of the characteristic
function approach to option pricing and introduce some notations needed later in the paper. Section B
contains the main results, namely a series expansion for the implied volatility. More precisely, we show
(Section B) that, whenever the characteristic function is available in closed-form, the European call price
can be written as a regular perturbation around the Black-Scholes price. A similar result then holds for
the implied volatility, as detailed in Section B2 and B33; this can be further applied to the so-called forward
implied volatility as outlined in Section B. In Section @ we numerically test our results and provide practical

details about this implementation.

2 Notations and preliminary results

We consider here a given probability space (2, (Fi)t>0,P); all the processes studied will be F-adapted. In

particular S = eX will denote the stock price process, namely a F-adapted martingale under the risk-neutral



probability measure P. The dynamics of X may depend on some auxiliary process Y € R™ (m > 1), say
some stochastic volatility. The starting point (Xo,Yy) = (x,y) is assumed to be non-random. For simplicity

and notational convenience, we will assume that m = 1 and that the risk-free interest rate is zero.

2.1 Pricing via Fourier transforms

Let h be the payoff function of a European call option on S with strike e®: h(z) = (e* — e*)*, and denote h
its (generalised) Fourier transform

_ok—ikA

m, for s(A) < —1.

/ﬁ()\) = /Re_v‘zh(z)dz =

The results obtained below for option prices remain valid for put options with payoff h(z) = (e* — e*)*,
but we shall chiefly consider European call option prices unless otherwise stated. For any ¢ > 0, define the
moment explosions p*(t) := sup{p > 0 : E, (S¥) < oo} and ¢*(t) := sup{g > 0: E, (S; ?) < oo}. Since S is

a martingale, we have p*(t) > 1 and ¢*(¢) > 0. We shall further make the stronger assumption:
Assumption 1. For any ¢t > 0, p*(¢) > 1 and ¢*(¢) > 0.

This assumption holds for most models in practice, and allows us to write the value of a call option as

1 ~ .
u(t,z) :=Ey h(Xy) = o /R R(NE; (e"%) dA,, with S(\) € (—=p*(¢),—1), for all t >0, (1)

where we write A = A, +1X; (A, A; € R) for a complex number. Of course the function u also depends on y,
the starting point of Y, but we shall omit y in the notations for clarity. In this paper, we consider models

for which the characteristic function C 3 A — E, (ei’\X“) admits the representation
10g E, (ei/\Xt) =iz + ¢(ta /\)v (2)

for some analytic function ¢(-,-) : Ry x C — C, satisfying ¢ (¢, —1i) = 0 for all ¢ > 0 (martingale property).

From (M), this implies that the price of a call option may be written as (see also [25] or [26])

u(t,z) = % /Rﬁ()\)ei’\’”ﬂa(t’)‘)d)\r.
Several well-known models fit within this class
Lévy models : o(t,\) =t (iu)\ —1a°N + /R v(dz) (e — 1 — iAz)) )
Additive models : Pt \) = ip(t)A — 2a? ()N + /R v(t,dz)(e? — 1 —i\2),
Affine models : d(t,A) = C(t, \) + yD(t, A),



where (u1,a?,v) is a Lévy triplet, (u(t),a?(t),v(t)) are the spot characteristics of an additive process, the
function C is fully characterised by %C’ = D and the function D satisfies a Riccati equation. For precise
details on Lévy and affine processes, we refer the interested reader to the monograph by Sato [B1] and the

groundbreaking paper by Duffie, Filipovi¢ and Schachermayer [g].

2.2 Black-Scholes and implied volatility

Option prices are commonly quoted in units of implied volatility (rather than in units of currency) first
because the latter is dimensionless, and second, because the shape and behaviour of the implied volatility
provide more information than option prices. However, implied volatility is scarcely available in closed-form
and has to be computed numerically via inversion of the Black-Scholes formula. We derive here a closed-form
expansion for the implied volatility for models whose characteristic function is of the form (B). We begin

our analysis by defining the Black-Scholes price and the implied volatility.

Definition 2. The Black-Scholes price uPS : RT x R x RT — R* is given by

1 RN . 1
uBS(t,x,00) == Py / etPoNiTo)p(\)elATd ), where do(A; 00) = *508 (W +1)).
T JR

Note that ¢g(+;00) is simply the Lévy exponent of a Brownian motion with volatility o¢ and drift —%ag.

Thus, this is simply the Fourier representation of the usual Black-Scholes price.

Definition 3. For any maturity ¢, starting point « and (log) strike k, the implied volatility is defined as

the unique strictly positive real solution o to the equation uBS(t,x,U) = u, where u is the (observed or

computed) call option price with the same maturity and log strike.

Remark 4. For any ¢t > 0, the existence and uniqueness of the implied volatility can be deduced using the

general arbitrage bounds for call prices and the monotonicity of uB (see [I1, Section 2.1, Remark (i)]).

*

For any ¢t > 0, z € R, the function uPS(t, z,-) is analytic on R?* , and hence for any og > 0 and § € R

such that o + & > 0, the function uB5(¢,z,-) at the point g + J is given by its Taylor series:

U/BS(t,J;, oo + 6) = Z %agUBS(t7$7UO)7 (3)

n=0

where 97uBS(t, 2, 00) = 5 [ (agewo(k;”))\ E(A)ei/\zd)\r. The interchange of the derivative and integral

o=0(

operators is justified by Fubini’s theorem. If one observes the option price u, then the following proposition

provides a way to compute the corresponding implied volatility.



Proposition 5. For anyt >0, x € R, let u: RY — R% be defined (as a function of o) by uBS(t,z,0) = u,

and let o9 be some strictly positive real number. Then the following expansion holds:
b
_ “n _ ,,BS n
U—Uo—i—zlm (u—u>(t,x,00))", (4)
n=

n
where b, ;= lim 97! =90 .
" o—00 ag uBs(tvxva)_uBs(taxv‘TO)

Proof. Since the function uPS(t, z,-) is strictly increasing on R?* , analytic in a neighbourhood of oy and

OyuBS(-, -, 09) # 0, the proposition follows from Lagrange Inversion Theorem [, Equation 3.6.6]. O

Proposition B shows that, for every fixed t > 0, € R, o9 > 0, there exists some radius of convergence
R > 0 (depending on (¢, z,k)) such that |u —uBS(¢, 2, 00)| < R implies that o, defined implicitly through the
equation uBS(t,z,0) = u, is fully characterised by (). This result however seems to be only of theoretical
interest. Once the option value w is known, computing the implied volatility inverting the Black-Scholes
formula is a simple numerical exercise. Moreover, computing the implied volatility using (&) is not numerically
efficient since the option price u requires the computation of a (possibly highly oscillatory) Fourier integral.
One may wish to use (@) to deduce some properties of the implied volatility, but then the proposition
would benefit from precise error bounds when truncating the infinite sum. The rest of the paper focuses on

developing a similar expansion, without the need for the (potentially computer-intensive) implementation of

the value function wu.

3 Implied volatility expansions

3.1 Call prices as perturbations around Black-Scholes

For any € € (0,1] and g > 0 define the function ¢°(+,-;09) : R4 x C — C by
#°(t, \; 00) :=t ¢o(\;00) + € P1(t, A; 00),

where ¢1(t, \;00) := ¢(t, \)—t do(\; 00), and ¢ is the Black-Scholes characteristic function from Definition B.
Recall from Bochner theorem [29, Theorem 4.2.2] that a complex-valued function f is a characteristic function
if and only if it is non-negative definite and f(0) = 1. Therefore ¢° is a well-defined characteristic function
for any ¢ > 0, and we can associate to it a (unique up to indistinguishability) stochastic process (X;7°):>0,

starting at X;7° = x, which is a true martingale. The price u° of a call option written on X0 thus reads

1 RN :
u®(t,x,00) = oy / d), e® (BAT0)p())ethe, (5)
R



Let 0° denote the implied volatility corresponding to the option price u®(t,x,00). Since ¢°|.—1 = ¢ and
uf|.=1 = u, the implied volatility corresponding to the option price u is given by o = 0¢|.—;. We now seek
an expression for o¢. The first step is to show that u® can be written as a power series in €, whose first term
corresponds to the Black-Scholes call price with volatility og. To this end, we first expand e?” (1:X:70) a5
exp (¢°(t, X; o)) = el¢o(ico) Z €04 (t, X 00),
n= 0

and deduce a series representation for u® in (H):

11 ~ -
“(t,x,00) Za un(t,2,00), with un (t,x,00) 1= d)\ too(Xio0) g1 (¢ s 00 )h(N)ePT, (6)

n! 21

for any n > 0, where the application of Fubini’s theorem is justified since fR ‘ewa(/\)ﬁ()\)ei’\w d\, is finite.

Note in particular that uo(t,z,00) = uPS(t, x, 0¢).

3.2 Series expansion for implied volatility

From (B), it is clear that u® is an analytic function of £ (we have explicitly provided its power series rep-
resentation). Since the composition of two analytic functions is also analytic [6, Section 24, p. 74|, the
expansion (B) implies that o° = [uB%]~!(u®) is an analytic function and therefore has a power series expan-
sion in e, which we write o€ := g9+ 6%, where 6° = > k>1 e*oy. The following theorem provides an expansion

formula for the coefficients oy,.

Theorem 6. Fiz oy > 0, k > 1, and let R denote the radius of convergence of the expansion (@). If

lu(t,z) — uBS(t,x,Uo)‘ < R for all (t,x) € Ry X R, then the following expansion holds:

1 1 .
vl KD St (DS [Tos | o7t .00 | 7)
n=2 Jittin=ki=1

Note that the right-hand side of (@) involves only o; for j < k — 1, and hence the sequence (o )r>1 can

be determined recursively.



Proof. Let us fix some ¢ > 0 and x € R. Taylor expanding uP%(, 2, 0°) around the point oy we obtain

— 1
BS(t,2,0%) = uBS(t, 2,00 + 6°) = Z 5(556) )" uBS(t, 2, 00)

n
Z Hoji b omuBS(t, x, o)

it in=ki=1

oo n

BS
> >o o | o3| w200
k=1 n=1 JitFin=ki=1
oo

e¥ Uk&,—i—i% > ﬁaji ™| uBS(t, x, 09).

k=1 n=2 """ \ji1+-Fjn=ki=1

Il
5
S
=
WK
SRS
I'T‘
gk
2l

= uBs(ta z, UO) +

In order to recover the implied volatility from Definition B, we need to equate the Black-Scholes call price

above and the option value v in (B), and collect terms of identical powers of ¢:
0(1) : uo(t, z,00) = uBS(t, x, 00),

o0
1
O(er) - ug(t, x,00) = ox0,ulS(t, z, 00) + Z ] Z Hajl oMuPS(t, z, 09), k> 1.
n Jit =k i=1
Solving the above equations for the sequence (ox)i>0, we find 09 = 0g at the zeroth order and for any k > 1,

the O(e¥) order is given by (@). O

Remark 7. Explicitly, up to O(e°) we have

O(e): o1= 6 ! 15
O(e?) (uz 1o} 82u0)
O(e%) ” (U3 — 020182 3,0183) uo)
NICHE 801u0 (U4 - % (20301 + 03) 92 + $02010% + £0103) u0>
() a,,luo us — (0104 + 0205) 82 + 1 (0203 + 7102) O + Lo + ;,afag)uo),
where all the functions wo, ..., us are evaluated at (¢, z,0p).

Remark 8. Having served its purpose, we now dial € up to one. The implied volatility is then given by

0 =23 500k, Where op is a fixed positive constant and where the sequence (oy)r>1 is given by (@).



3.3 Simplification of the expressions for o,

The expression for the coefficients o (k > 1) in (@) is not straightforward to apply; indeed, one needs to
compute first the Fourier integrals u; (j < k) via (8), then all the terms of the form dJug (j < k). We
provide now a more explicit approximation—without integrals or special functions—for o;. The key to
this simplification is that all the terms diug and u; (i € N) in (@) can actually be expressed in terms of
derivatives of ug with respect to x, the starting point of the log stock price process. Indeed, the classical
Black-Scholes relation between the Delta, the Gamma and the Vega for call options, J,uo(t, x,a)|g:ao =
too(0% — 0,)uo(t, z,00), implies that the derivative O¥ug can be expressed as a sum of terms of the form
ay, 0% (0% — 0, )ug. We shall also use the equality p(\)el*® = p(—id,)e***, which holds for any polynomial
p (and actually for any analytic function—simply take p to be its power series). We first start with the

following theorem, which provides an approximation for the coefficients w,, in (B) as a differential operator

acting on uyg.

Theorem 9. Fiz some t > 0 and oo > 0. If the power series ¢1(t, A\;00) = > 4, ar(t; 00)(iN)* holds in

a complex neighbourhood of the origin, then for any integer m > 2, w, defined in (B) can be written as
un(t,z,00) = ul™ (t,x,00) + Eglm)(t,%ao), where

1 )
ug”) (t,x,00) := = E I | a I(t;00) Ba:)kg uo(t, x,09), (8)
n

C9<ko ko <k kol . k! 2<j<m
ko+...+km=n

and where 552") only contains derivatives (with respect to x) of ug of order higher than n.

Remark 10. Note that the power series for ¢, in the theorem starts at k = 1, which follows from the fact
that the process exp(X©7°) is conservative. This expansion holds as soon as all the moments of X; exist

and limy, 4 o |A|FE (| X;|*) /k! = 0 for |A| small enough, which is valid under Assumption 0.
Proof. Assume that the power series for ¢ (¢, ; 09) holds around the origin, where the coefficients read

(—9)*
k!

ak(t;00) =

DR (t, X 00)] - (9)

The martingale condition implies ¢1(t, —i;00) = > ;> ax(t;00) = 0, and hence

$1(t, Xioo) = Y ar(t;00)(INF = idai(to0) + Y ak(t;o0) (AN — 1A +1X Y ar(t; o9)

k=1 k=2 k=2

=Y ak(t;00) [(AN)F — iA] . (10)
k=2
Let now (i)gm) (t,-;00) : C — C be the truncation of the series () at the m-th order, i.e.

o™ (8, X 00) - Zaktao iA)F —i)], (11)



and define the operator § acting on ¢§m) by

() (4 N\ ) o : (), v, AT [ it zo0)dz |
6¢1 (t7>\500) E ¢1(t7>\700) - ¢1 (t7A70-0) - i or Zm+1 (Z — )\) + lAZCLk,

where I' is a closed set within the radius of convergence of ¢;. It is clear that the integral above is nothing
else than the remainder of the series expansion around the point A = 0. Hence for any n > 1, u,, defined

in (B), can be written as

tnlt,2,00) = 5 [ QA PRI (G (8 A"
= nv Qw/d/\ e!dooolpy (A)( (A 00) + 3" (t,A;ao))n etA? (12)
=3 <¢1m (t, _iacc;UO /d/\ et (A 4 (M) (¢ 2, 09)
= l, (¢1 (t, iaz;Uo)) o(t, x,00) + ™ (00) = ul™ (t, z, 00) + (™ (t, 2, 00),
where
ul™ (8,2, 00) = % ( ™, *iaz;00)>nuo(tw’17700),

eM(t,2,00) 1= ] Z ( ) (¢1m) —iax;ao))"_k (6¢§m)(t7—iam;ao))kuo(tm,oo).

From the decomposition (), we can write (;Slm)(t, —i0,;00) = > opeq ak(t;00)(0% — 8,), where the coeffi-

cients ay, are defined in (4). We can now compute

L, u !
U%m)(t,wﬁo) = (¢g )(t,—law;ao)) uo(t, x,00) (Z ar(t;00)( (’9 — 0, )) uo(t, x,00)

k=2
1
= g Ha (t;00) (8 835) ug(t, z, 00).
n!
2<ks,. km <k kol 2<J<m

(m)

(™) as in the theorem, the result follows. Regarding ;, ', since for any z € I', there exists M > 0

Defining vy,
such that |61 (, z:00)/(z — A)| < M, we have ‘6¢§m)(t,)\;00)‘ < M(N/R)™" + A", ax|, where R
denotes the radius of convergence of ¢1. The sequence (ag)r>1 is (eventually) decreasing and the sum tends

to zero as m tends to infinity, so that the sum can be made arbitrarily small. We then obtain

. k

Z%) uo(t, x, 00)

k=1

m k

Zak> uo(t, z,00).

k=1
One can then readily check that the sum behaves as O (A") as A tends to zero. Therefore, ™ contains

1 n—k m
6;7”)(15,.%,0'0)‘ < ] ( > ’(;51 i(’?z;oo)‘ <M(|)\|/R) iy [Al
k=1

n—k
<3 ()Zaytao 7 - 1) (M<A|/R>m“+|A|

derivatives (with respect to ) of ug of at least order n. O



Remark 11. The key to the above proof is to note that ( (m)(t, A;00))™ is the symbol of the differential
operator (¢\™ (t, —i0y:00))" in the sense that (¢\™ (t, —i0,; 09))"e' ™ = (6™ (t, \; 09))"e***. The symbol
of a differential operator appears naturally in connection with Fourier transforms as follows. If ¢ is the

symbol of a differential operator A and f a function in the Schwartz class of rapidly decaying functions, then

Af(z) = 2m) 7" [ dAG(\)e F(A).

The following proposition translates the results above for option prices into expansions for the implied
volatility. In particular, it reviews the expansion (@) in light of Theorem B. For k > 1, let us introduce the
notation J,(Cm) as the m-th order approximation of oy, i.e. where each uy in (@) is approximated by u(m)

defined in Theorem M. This in turn yields the (n, m)-th order approximation of the implied volatility as
= 3 )
j=0

Proposition 12. Forany k > 1 and m > 2, we have o, = a(m)—l—% , where ol(cm) = @,(Cm)|a:ao+@,(€m)|0:00,

t o 85 — 9. )" uBS 1 o BS
(m) _ o) (94— 0x) (m) _ m)
D DR | D Dl DS IGE it
2<ks,.. ,km<k2<]<m me 7 n>2 " \jit+in=ki=1
[y M
~(m) . (m)
and €, : (t,2,00)/0suPS(t,z,00). Moreover,
i k k—1 j ) )
(83 -9 ) uBS i 3—1(j—1)—k—i
€T T +i
Dy ulS too Z( ) ! ( 0@> HiG—1)4h—1+i—2(y), (14)
o=0¢ =0 i=2
[n/2] n—g—1
8(77LUBS —q— 1 n— n—q— 1=p=ntq
Do | Z Z ( ) A al CVPT) Hyinq-1(y),  (15)

where Hy(y) = (—1)"63?/285'63_3’2 is the n-th Hermite polynomial, y := 00\1/27 (ac — k- %ogt), and the coeffi-

cients (cp n—2k) are defined recursively by cnn =1 and cp pn—2g = (N —2¢ + 1)Cp—1,n—2¢+1 + Cn—1,n—2¢—1 for

any integer ¢ € {1,2,--- ,|n/2]}.
The proof of this proposition mainly relies on the following lemma.

Lemma 13. Let m > 0,n > 2 be integers, (t,k,0) € Ry x R x (0,00) Then

om0 — 0,)uBS(t,m,0) O R v —k—1lo%
@2 —0,)uPS(t,z,0) Z T Hpti2 — ) holds for any = € R.

Proof. From the Black-Scholes call price formula uBS(t,z,0) = e*N(dy(z)) — e*N(d_(z)), with di(z) =

1

i (:c —k+ %0215), where N is the CDF of a standard normal random variable, we immediately obtain

10



(02 — 9,)uBS(t,2,0) = %\/g exp (z — 3d% (z)). Now, for any integers m > 0 and n > 2, we have

(O™ — 0, )uPS(t,z,0) = O™ Z(@; — 0 HYuBS(t,x,0) = Z ImTi=2(92 — 9,)uB5(t, z,0)
i=2 i=2
1 <« ; d% (z)
_ = am+z—2 e <ZL' 7+ ) )
oVt ; ¢ *P 2
Finally the lemma follows from the identity x — %di (r) = —y* + k and from

m+i— d? (z)
om(On — 0,)uS(t, o) | L 082 exp (v — 2

(07 = 0 )uBS(t,w,0) exp (= — “47)
zn: ) m+i1—2 zn: m+i1—2
= ¢ ( ) 0yt 2( ) ( ) Hypti2(y),
i—2 ov2t i—
where the Hermite polynomials H; are recalled in Proposition [2. O

Proof of Proposition 3. The expression for o as a sum of & ) <I>( and GI(Cm) is easily deduced by insert-
ing (B) into (@). Thus, we must prove (Id) and (IH). Below, for clarity, we shall omit the arguments (¢, z, o)

for the function «PS. For any integers j > 2 and k > 2 we can write
k—1

(0 = 0)F = (0] — 02)F (00 — 0a) = > (’“ ; 1) (09)1(—0,)F 17101 — 8,)

=0
—1
_ < 1) k 1— lanj 1)+k— 1(8j_ax).
=0

Using Lemma [3 and the identity 9,uPS = to(9? — 9,)uPS, we obtain

(04 —0u)'uS L (=1 ey O 0] Dju®
! (02 — 8, )uPS

Oy uBS T to
0
1

=
1 k= j 1 1(G—1)+k—14i—2
k 1-1
= Hy yob14i2(y). (16
o 2 Z( ) ( - @J -1+hotria (). (16)

=2
Now, define the operator £ := t(9? — 9,) so that 9,uP® = c.LuPS. We now claim that the identity

T
[n/2]

an BS _ § Crn— 2q0_n Qan tuS
q=0

holds for any n € N, where ¢, ,, = 1 and ¢, p—2qg = (0 — 2¢ + 1)Cn—1,n—2¢+1 + Cn—1,n—24—1 for any integer

g€ {1,2,---,|n/2]}. Its proof is a simple yet tedious recursion and we omit it for brevity. We obtain
[n/2] [n/2] _
u Lny n20m—a (02 = 0)"
9,55 = Z Cnn-20" MG = D g0 I
an n—g—1 g1
n—2q—1;n—q— n—q-— 1 n—g—1— 1
- Z Z Cn,n—2q0 2a-tyn=a 1< >(1) aiop < ﬁ) Hp+n—q—1(y)a
=0 =0 p oV 2t
where we have used (I8) with j = 2 and k = n — ¢, and Proposition I2 follows. O

11



Remark 14. This proposition implies that computing each element of the sequence (a,im))kzo is a simple
algebraic exercise, which can easily be accomplished using a computer algebra system such as Mathematica.

For example, with m = 4, the first two terms read as follows,

@ _ 1

P TE (4(k —2)%a4 +4[—as + (k — x) (a3 + 2a4)] 02t + (4as + 6az + Tay) JétQ) , (17)
4 1
oé )= 320816 {208(k —2)%a? 4+ 32(k — )%aq |9(k — ) (a3 + 2a4) — 22a4} odt

+ (02t)? _12(1@ —2)%a3 +6(13(k — z) — 10)(k — x)azay
tag (30a4 4 (k — ) ((k — ) (20as + 81lay) — 120a4) )}
+ (02t)3 :6(3(15 —2) = 1)a2 + (55(k — z) — 42)azas

+2019(k — ) — 22)a2 + 12a, ((k — ) (a3 + 2a4) — a4>]

+ (o30)* [ (402 + das + 3(as + a5) ) (4az + Sag + 11(as +a5) )| }

where we have used the short-hand notation a; = a;(¢;0¢). Note that each 0](;”) is expressed as a polynomial
in log-moneyness: (k —x). As such, approximate implied volatilities can be computed extremely quickly (in

particular faster than option prices, which require a Fourier integration).

3.4 Extension to forward implied volatility

Let (eX‘)tzo be a true martingale. A forward-start call option with forward-start date t > 0, maturity
t+7 (r > 0), and strike e* (k € R) is worth E, (eXi” - ek)+ at inception of the contract, where the
forward process X () is defined pathwise as Xg) = Xy — X; for all 7 > 0. Of course, knowledge of the
characteristic function of Xg) is sufficient to compute the expectation. By independence of increments in the
Black-Scholes model, such a forward call option has the same value as a standard vanilla call option, with
initial underlying value x = 0, strike k£ and maturity 7. We can hence define the forward implied volatility
analogously to the standard (spot) implied volatility, namely as the unique strictly positive solution o to
the equation u® () = uBS(r,0,0), where u® is the option price to be matched. Consider now an affine
stochastic volatility model (X,Y’) characterised by log E, ,, (e***+F3¥%) = i Xz + C(t, A, ) +y D(t, A, ), for

all (\, ) € C? such that the expectation exists. We can then compute 1) explicitly as (see also [23])

01 (7, Asy) = log By (257 = 10g ., (e22(¥isr—X0)
= logE,, (efi/\XtE [eiAXt+T|Xt7 Yt]) = logE,,, (efixxt+ixxt+0(r,,\,o)+yt D(T,)\7O)>

=C(1,\,0)+ C(t,0,—1iD(7, A\, 0)) + yD(¢,0, —iD(7, A, 0)).
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The price of a forward start call option can then be expressed as an inverse Fourier transform, just as in the
European call option case: u(*) (1,9) = 5= fR ‘;5(75)(T’>‘;y)d)\r7 and we are back to the general case with
x = 0. As such, we are able to compute forward implied volatilities using the same techniques described

above for (spot) implied volatility.

4 Numerical implementation: discussions and examples

We now focus on the practical implementation of the results above, namely Proposition [2. Section I
discusses the (arbitrary) choice of the level oy and Section B2 proposes a smoothing procedure to further
enhance the applicability of our methodology. In Sections B=3 and B, we implement our implied volatility
expansion in two exponential Lévy models (Merton and Variance Gamma) and one stochastic volatility
model (Heston). For the Heston model, we also examine how our expansion performs in approximating the

forward implied volatility smile.

4.1 Optimal choice of o

Note that the analysis above was for a fixed (¢, k) and the choice of o9 was arbitrary. When computing
implied volatilities over a range of strikes and maturities, one can choose gy to be a function of time to

maturity and log strike: oo = 0g(t, k). Define a;(t;0¢) := ai(t) + aPS(t; 0¢), where

(=)'t (= )
BS(t;00) == i 8,\¢0(/\;00)’)\:0 and a;(t) == 240t \) |)\ 0
Note that ay does not depend on og. Straightforward computations yield
BS ot BS opt BS
ar>(t;00) = 5 ay” (t00) = — and ;> (t00) =0, for any i > 3.

This, together with (IC7), implies

1
054) 1350 (4(k —2)%a4 +4[—a4 + (k — x)(az + 2a4)]ogt + (4as + 6ag + 7a4)0§t2>
0

1
= —% + ypTE (4(k —2)%ay +4[—ay + (k — x)(az + 204)]oit + (dag + 6as + 7044)0’3152),
0

so that U§4) + % is asymptotically equivalent to (k — z)%as/(o3t?) as o¢ tends to zero. Since a; does not

depend either on oy or on (k,z), the only way to prevent this explosive behaviour is to consider oj as a

function of (k,z) such that (k — z)?/0§ converges to a constant (possibly zero).
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4.2 Smoothing with the SVI parameterisation

Option data is often noisy and limited by the number of strikes at which options are liquidly traded. In [I4],

Jim Gatheral introduces the following Stochastic Volatility Inspired (SVI) parameterisation:

a b

oSVI(k) = {t +- (p(k —z—m)+(k—z—m)?2+ gz) }1/2, (18)

for any maturity ¢ > 0, where a,b > 0,£ > 0, m € R, p € [-1, 1]. By fitting the SVI parameterisation to noisy
option data, one is able to create a smooth implied volatility smile, which then can be used to interpolate
implied volatility between strikes and extrapolate implied volatility to strikes which are not traded. The
density p° (¢, z) corresponding to a given implied volatility parameterisation o (¢, k) can be computed via the

Breeden-Litzenberger formula [8]: p?(t, k) = 0%uP5(t, 2, 0(t,log K);log K .- An implied volatility smile

) |K:e
k — o(t, k) is said to be free of butterfly arbitrage if the corresponding density is non-negative: p(¢,-) > 0.

Let pPV!

(k) be the implied volatility smile corresponding to a given SVI parameterisation (IR). In general,
SVI parameterisation (I[¥) is not guaranteed to be free of butterfly arbitrage. However, for a given set of SVI
parameters (a, b, p,m, o), one can easily verify that the corresponding density is non-negative, and therefore
free of butterfly arbitrage. This and recent arbitrage-free SVI parameterisations have recently been studied
in [I6] and [[8], and we refer the interested reader to these papers for more details.

As we shall see in the examples considered in Section H, for finite (n,m), the approximate implied
volatility o(™™) derived in Section EZ2 has a tendency to oscillate around the true implied volatility (see
Figures M, B and @). Taking o(™™) to be the true implied volatility could lead to arbitrage opportunities.
In order to prevent this, we propose to smooth the implied volatility approximation o) by fitting the
SVI parameterisation to it. That is, given a model for the underlying X and a time to maturity ¢, we first
compute the approximate implied volatility (™) as a function of log-strike &, and then fit an arbitrage-free
SVI parameterisation o5 V! to o(™™) oyer some range of strikes, usually chosen to be a symmetric interval

around k£ = .

4.3 Exponential Lévy models

Suppose that X is a Lévy process with Lévy triplet (u,a?,v). Then its characteristic function reads

1 .
H(t,\) =t <iuA + Ea2(i/\)2 + /R v(dz) (et —1 - 1{|Z|<1}i)\z)) :

where the drift y is constrained by the martingale condition ¢(t,—i) = 0: p = —1a® — [y v(dz)(e* — 1 —

1

1{./<1}2). From the expansion (e*** — 1) = D1l

(iAz)™ we can write

1 1
d1(t, \;00) = o(t,\) —tdo(N;00) =t (u + I + %0’8) i\ + it(a2 — org)(i)\)2 4+t Z ELL(i/\)”7
n=2
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where I := 2>1 v(dz)z and I, := [, v(dz)z", for any n > 2. The existence of I, is equivalent to the
finiteness of the nth moment of X by [B1, Theorem 25.3], which is clearly satisfied under Assumption .

Hence, the coefficients ay,(t;0¢) in (8) are given by
t
as(t;o0) = 5( 2 0f + 1), an(t) = ;In, n>3. (19)

We examine two exponential Lévy models in detail—the Merton model [80] and the Variance Gamma

model [B]—whose Lévy measures are given by:

N2
Merton : v(dz) = \/20;7 exp ( (2282771) ) dz,
Gz e—Mz
Variance Gamma, : v(dz) =« ( — Iicoy + 2 1{z>0}) dz,

where a,s,G,M > 0, m € R. The Merton model is a finite-activity Lévy process (v(R) < oo), whereas
the Variance Gamma model has infinite activity (¥(R) = oo0). For infinite activity Lévy processes, one
typically takes the diffusion component to be zero, namely a = 0. We now examine the accuracy of the
implied volatility expansion above in these models: the Merton model in Figure Il and the Variance Gamma
in Figure B. For each of these two sets of plots, we fix some parameters, and draw the implied volatility
approximations o™ with m = 7 for the Merton model and m = 8 for the Variance-Gamma one, and
n € {1,2,3}. We also plot the SVI smoothing of o3™) as well as the true implied volatility. The true option
price is computed by a quadrature of the inverse Fourier transform representation (), and the true implied
volatility is computed by numerical inversion of the Black-Scholes formula (we use a simple Newton-Raphson
algorithm). We also plot the total errors between each approximation (and o) with SVI smoothing) and
the true implied volatility. As discussed above, the implied volatility approximation oscillates around the
true implied volatility o. However, the relative error corresponding to o(®™) is less than one percent for
nearly all log-moneyness to maturity ratios (LMMRs) satisfying |k — x|/t < 1.4 for both models, which is well
within the implied volatility bid-ask spread of S&P 500 options. Furthermore, the relative error of o)
with SVI smoothing is about one half percent for all |k — x|/t < 1.0. As a no-arbitrage consistency check,
we also plot the density corresponding to the SVI fit. The parameters for each model are
Merton model: 09 =0.55,a =0.25,m =—-0.15,s =0.3,a = 1.5,t =1, =0,
Variance Gamma model: 00=055,a=0M=7G=6,a=4.5,t=1,z=0.

In Figure B we examine the effect of oy on the approximation proved in Proposition I2 by plotting o)

(in the Variance Gamma model) for different values of op. We observe here that choosing oy below the

true implied volatility results in strong oscillations of the implied volatility expansion. Furthermore, the
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larger one chooses og, the more these oscillations are dampened. This behaviour is not unexpected. Indeed,

from Proposition 2 we see that each U,(Cm) contains a term u,(cm)(t,x, 00)/0,uBS(t, x,00) and from (IA) we

see that u](fm) (t,z,00) can be expressed an integral with respect to A, which contains a Gaussian factor
et?o(Xio0) ~ =t390N and a factor h(\) (ngm)(t,A;ao)) e which grows in absolute value as A\, — +oo.
The growth of the non-Gaussian factor depends strongly on [. Choosing a larger o results in the Gaussian

factor decaying more quickly, thus dampening the large |A,.| behaviour of the non-Gaussian factor. As a

result, for large values of og, oscillations in the implied volatility approximation are reduced.

4.4 The Heston model

In the Heston model [Z1], the risk-neutral dynamics of (X,Y") are given by
1
AX; = =5 Yidt + /YW, Y, = #(0 — Y)dt + 6y/Y,dB,, AW, BY, = pdt,

with (Xo,Yp) = (x,y) € R x (0,00), k,0,6 > 0, and where W and B are two standard Brownian motions

with correlation p € [—1,1]. Its characteristic function reads ¢(t, A,y) = C(¢,\) + yD(¢, \), where

K _ e—dN)t

C(t,\) = 5*2 ((H —ipd\ —d(\))t — 2log [%D ,d(N) = (PN + 1) + (k— pi)\5)2)1/2 ,
 k—ipdA—d()) 1—e V!  k—1ipdA—d(N)

bt A) = 52 1 —y(AN)e-dt’ Y = k—1ipdA+d(\)’

Unlike the exponential Lévy setting, there is no simple general formula for the coefficients a,, (t,0¢) (n > 2).

However, from (H), one can compute

2lti o0) = 166;3 (467 [206 — ) + 2y + yrt — 02+ 5t))kpd + (6 + (6 — y)t)o?] — (2y — 0)6°)
M (8“2(9 + (Kt — 1)0) — 8(y + 0(rt — 2))rpd — ((5 — 2kt)0 — 2y)52) - %’t

Higher order terms (3 < n < 6) are easily computed using any mathematical software, and are omitted here
for clarity. In Figure @, we plot the function k +— aflm)(k) with m = 6 and n € {1,2,3}, a calibrated SVI
to aéﬁ) and the true implied volatility (computed exactly as for the Lévy models above). We also plot the
relative errors between each approximation (and the SVI smoothing of o(3%)) and the true implied volatility.
Again the approximation o™ oscillates around the true implied volatility, but the relative error of o(*%) is
less than two percent for nearly all LMMRs satisfying |k — 2|/t < 2.0, and that of ¢(3%) with SVI smoothing
is roughly one percent for all |k — x|/t < 2.0. As before, we also plot the density corresponding to the

calibrated SVI parameterisation as a no-arbitrage consistency check. We use the following set of parameters:

00=0.95k=10=03,6=07 p=—-03t=1,2=0,y=0.5.
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For the forward implied volatility in the Heston model, we can compute

D\, m)ye ™™t 2k0
(t) . _ _ _
¢ (Ta )‘73/) _C()‘vT)+ 1 —2BtD(A,T) 62 log (1 2525D(>‘a7-))7

with g, := % (1 — e "*). Explicit expressions for aly (t;00) (2 < n < 6) can be computed easily, and we
omit their lengthy representations here, and the set of plots in Figure B are the analogues of those for the
Heston model, but applied to the forward case. We use here the following values for the parameters: y = 0.5,

00=08Kk=160=030=03p=-03,t=17=1.

4.5 Model-free calibration

As noted previously, the model-specific dependence of the approximate implied volatility expansion o)
is entirely captured by the a;(t,00) (2 < ¢ < m). This simple structure allows for a model-free calibra-
tion of the implied volatility surface. Assume one observes implied volatilities for maturities ¢(;)i=1,... ny
and (kj)j=1,...nx, where ny and ng are two integers. We shall assume for simplicity that the number of

available strikes is the same for each maturity. We suggest the following procedure:
(i) Let 0, := o(t;, kj) be the quoted implied volatility for an option with maturity ¢; and log strike k;.

(i) Let O’i?m) := (™™ (t;, kj;00) be the approximate implied volatility for an option with maturity ¢;
and log strike k; computed using the approximation (I3).

(iii) At each maturity t;, leave oo and a,(t;;00) (2 < ¢ < m) as free parameters. Fit o(™™)(t;,-) to the

2
market’s ¢;-maturity implied volatility smile o(t;, -) by minimising 3 o) (4, ky) — ai(;-lM) .

(iv) As an initial guess, use the largest quoted implied volatility at each maturity for o, and a4(t;, 09) = 0.

Remark 15. With n = 3 and m = 8, step (iii) is instantaneous using Mathematica’s FitTo or Matlab’s

lsqnonlin for instance.

We test this procedure on SPX index options from January 4, 2010 with n = 3 and m = 8. The results
for three separate maturities (¢t = 0.033, t = 0.70, t = 1.45 years) are given on Figure B. The calibrated

parameters are (a; is a shorthand notation for a;(¢; 0¢)):

g0 az as a4 as ae ar as

t=0.033 | 0.382 -1.64E-3 -1.00E-6 1.64E-6 1.89E-8 8.62E-10 5.22E-12 1.40E-13
t=0.70 | 0.659 -1.31E-1 -5.00E-3 2.40E-3 4.24E-4 6.96E-5 2.88E-6 4.83E-7
t=145 | 0.436 -8.35E-2 -1.22E-2 1.68E-3 -6.26E-5 3.42E-5 -1.77E-6 3.96E-7
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Remark 16. If the stock price is an exponential Lévy model, then (I¥) implies that $03 + Laa(t;,00) =
+(a® + I) and %aq(ti) = %Iq (3 < ¢ < m) should be constant. If this is not so, then exponential Lévy
models are probably not the best dynamics to describe the underlying.
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Figure 1: Numerics for the Merton model detailed in Section BZ3. In the top graphs, the solid line corre-

sponds to the true implied volatility, whereas the others are the different approximations: o7 dots, o7

dots-dashed, and the SVI smoothing of ¢(>7) dashed. The two plots below are the density (and its tails)

corresponding to the SVI smoothing.
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Figure 2: Numerics for the Variance Gamma model detailed in Section E=3. In the top graphs, the solid
line corresponds to the true implied volatility, whereas the others are the approximations o(2® dots, o(3:®)

dots-dashed, and the SVI smoothing of ¢(>®) dashed. The two plots below are the density (and its tails)

corresponding to the SVI smoothing.
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Figure 3: Effect of oy (dotted) on the implied volatility approximation ¢(*® (dashed) in the Variance
Gamma model. The true implied volatility corresponds to the solid line. The parameters used for the plots

are the same as those used in figure B: ¢ = 0.0, M = 7.00, G = 6.00, a = 4.50, ¢t = 1.00, = = 0.00.
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Figure 4: Numerics for the Variance Gamma model detailed in Section EZ3. In the top graphs, the solid
line corresponds to the true implied volatility, whereas the others are the approximations o(26) dots, o(3:6)

dots-dashed, and the SVI smoothing of ¢(3%) dashed. The two plots below are the density (and its tails)

corresponding to the SVI smoothing.
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Figure 5: Numerics for the Variance Gamma model detailed in Section EZ3. In the top graphs, the solid
line corresponds to the true implied volatility, whereas the others are the approximations o(26) dots, o(3:6)

dots-dashed, and the SVI smoothing of ¢(3%) dashed. The two plots below are the density (and its tails)
corresponding to the SVI smoothing.
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Figure 6: Model-free fit to SPX options from Jan 4, 2010 as explained in Section BZ3. The horizontal axis

represents the log-moneyness (k — x).
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