THE SMALL-MATURITY HESTON FORWARD SMILE

ANTOINE JACQUIER AND PATRICK ROOME

ABSTRACT. In this paper we investigate the asymptotics of forward-start options and the forward implied
volatility smile in the Heston model as the maturity approaches zero. We prove that the forward smile for out-of-
the-money options explodes and compute a closed-form high-order expansion detailing the rate of the explosion.
Furthermore the result shows that the square-root behaviour of the variance process induces a singularity
such that for certain parameter configurations one cannot obtain high-order out-of-the-money forward smile
asymptotics. In the at-the-money case a separate model-independent analysis shows that the small-maturity
limit is well defined for any It6 diffusion. The proofs rely on the theory of sharp large deviations (and refinements)

and incidentally we provide an example of degenerate large deviations behaviour.

1. INTRODUCTION

Consider an asset price process (eXt) with Xg = 0, paying no dividend, defined on a complete filtered

t>0
probability space (£, F, (F¢)e>0,P) with a given risk-neutral measure P, and assume that interest rates are
zero. In the Black-Scholes-Merton (BSM) model, the dynamics of the logarithm of the asset price are given by
dX; = —%U2dt + odW;, where o > 0 represents the instantaneous volatility and W is a standard Brownian
motion. The no-arbitrage price of the call option at time zero is then given by the famous BSM formula [I0, &1
Cps(t,k,0) :=E (eX — ek)+ =N (dy)—e"N (d-), with dy := ——E_+16./7, where NV is the standard normal

O/ T
distribution function. For a given market price C°"(7, k) of the option at strike e* and maturity 7, the spot

implied volatility o, (k) is the unique solution to the equation C°"*(7, k) = Cps(7, k, o (k)).

For any t,7 > 0 and k € R, we define as in [0, 0] a forward-start option with forward-start date ¢, maturity 7
and strike e* as a European option with payoff (eXii) - ek)+ where we define Xﬁt) = Xi4r — X, pathwise. By
the stationary increment property, its value is simply Cpg(7, k, o) in the BSM model. For a given market price
C°bs(t,7,k) of the option at strike e¥, forward-start date ¢ and maturity 7, the forward implied volatility smile
o1+ (k) is then defined (see also [0, B0]) as the unique solution to C°*(¢, 7, k) = Cps(7, k, 01+ (k)). The forward
smile is a generalisation of the spot implied volatility smile, and the two are equal when t = 0.

Asymptotics of the spot implied volatility surface have received a large amount of attention over the past
decade. These results have helped shape calibration methodologies based on arbitrage-free approximation of
the spot smile in a large variety of models. Small-maturity asymptotics have been studied by Berestycki-
Busca-Florent [R] using PDE methods for continuous time diffusions and by Henry-Labordére [28] using heat
kernel expansions. Forde et al. [IR] and Jacquier et al. [32] derived small and large-maturity asymptotics in

the Heston model and affine stochastic volatility models with jumps using large deviations and saddlepoint
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methods. Wing asymptotics (as |k|  oo) have been studied by Lee [39] and further extended by Benaim
and Friz [8, 6] and in [I3, 21, 24]. Fouque et al. [20] have used perturbation techniques in order to study slow
and fast mean-reverting stochastic volatility models. Small-noise expansions have been studied by Osajima [d4]
and Takahashi [B6] using Watanabe expansions and in Deuschel et al. [I3] using Laplace method on Wiener
space. See [78, O8] for a general overview of implied volatility asymptotics in stochastic volatility models. In
exponential Lévy models implied volatilities of out-of-the-money options explode as the maturity tends to zero,
while the implied volatility for at-the-money options converges to the volatility of the diffusion component as
the maturity tends to zero. Small-maturity asymptotics for models with jumps (including Lévy processes) have
been investigated in [2, B, &6, 43, 47, [6].

However, these asymptotics do not provide any information on the forward smile or forward-start-based
payoffs, such as cliquets and forward-start options and the literature on this topic is sparse. Glasserman and
Wu [74] introduced different notions of forward volatilities for forecasting purposes, Keller-Ressel [35] studies
a very specific type of asymptotic (when the forward-start date ¢ becomes large), and empirical results have
been carried out in [9, 23, [1]. In [05] the authors empirically studied the forward smile in Sato models and
ran comparisons with a suite of models including Heston and local volatility models for forward smile sensitive
products such as cliquets. Recently, small and large-maturity forward smile asymptotics were derived in [31)
for a general class of models including the Heston model. However, the results in [31] only apply to the so-
called diagonal small-maturity regime, i.e. the behaviour (as € tends to zero) of the process (Xs(f-t))gzo. The
conjecture, stated there, is that for fixed ¢ > 0 the Heston forward smile (corresponding to Xﬁt)) explodes to
infinity (except at-the-money) as 7 tends to zero.

In this paper we confirm this conjecture and give a high-order expansion for the forward smile. The main
result (Theorem E) is that the small-maturity Heston forward smile explodes according to the following
asymptotic: o7 (k) = vo(k,t)7~ Y2 + vy (k,t)7~/* + o (r7/4) for k € R* and t > 0 as 7 tends to zero. Here
vo(-,t) and v1(+,t) are even continuous functions (over R) with vo(0,t) = v1(0,¢) = 0 and independent of the
Heston correlation. In the at-the-money case (k = 0) a separate model-independent analysis (Lemma B=3 and
Theorem E4) shows that the small-maturity limit is well defined and lim, o o ,(0) = E(y/V;) holds for any
well-behaved diffusion where V; is the instantaneous variance at time ¢. This exploding nature is consistent
with empirical observations in [I] and the diagonal small-maturity asymptotic from [3].

The paper is structured as follows. In Section B we introduce the notion of a forward time-scale and charac-
terise it in the Heston model. In Section B we state the main result on small-maturity asymptotics of forward-
start options in the Heston model. Section B tackles the forward implied volatility asymptotics: Section BT
translates the results of Section B into out-of-the-money forward smile asymptotics, and Section B2 presents a
model-independent result for the at-the-money forward implied volatility. Section B provides numerical evidence
supporting the asymptotics derived in the paper and the main proofs are gathered in Section B.

Notations: E shall always denote expectation under a risk-neutral measure P given a priori. We shall refer
to the standard (as opposed to the forward) implied volatility as the spot smile and denote it o,. The forward
implied volatility will be denoted o, » as above. In this paper we will always assume that forward-start date is

greater than zero (¢ > 0) unless otherwise stated.
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2. FORWARD TIME-SCALES

In this section we introduce the notion of a forward time-scale and characterise it in the Heston model. In
the BSM model the time-scale is given by h(t) = t, which is related to the quadratic variation of the driving
Brownian motion. For diffusions (such as Heston) the (spot) time-scale is the same, which implies that the spot
smile has a finite (non-zero) small-maturity limit. In the forward case, this however no longer remains true.
Stochastic volatility models (eg. Heston) exhibit different time-scales to the BSM model leading to different
asymptotic regimes for the forward smile relative to the spot smile. As we will show below (Lemma 23), all
re-scalings of the Heston model lead to limiting mgf’s that are all zero on their domains of definition. But the
forward time-scale is the only choice that leads to the limiting mgf being zero on a bounded domain. This is
one of the key properties that allows us to derive sharp large deviation results even though at first sight this

zero limit appears trivial and non-consequential. We define the forward moment generating function by
(2.1) AW (u,a) := alogE (e“Xiﬁ)/“> , forallueDy,,

where D; , :={u e R: |A(Tt) (u,a)| < co}. With this definition the domain D, , will depend on a, but it will be

clear from the context which choice of a we are using.

Definition 2.1. We define a (small-maturity) forward time-scale as a continuous function h : Ry — Ry such
that lim,~ o h(7) = 0 and A(u) := lim.\o AW (u, h(T)) produces a non-trivial pointwise limit. We shall say that

a (pointwise) limit is trivial if it is null on R or null at the origin and infinite on R*.

Remark 2.2.

(i) In the BSM model the forward time-scale is h(7) = 7.

(ii) A forward time-scale may not exist for a model. For example, consider exponential Lévy models with
bounded domain for the Lévy exponent. The only non-trivial limit occurs when A = 1, which does not
satisfy Definition EX0 and so a forward-time scale does not exist.

(iii) If (X@)TZO satisfies a large deviations principle (see for instance [I7]) with speed h then h is the forward
time-scale for the model.

(iv) Diffusion models have the same spot time-scale (t = 0) as the BSM model, namely h(7) = 7 (see for

example [R]). This is not necessarily true in the forward case as we will shortly see.
In the Heston model, the (log) stock price process is the unique strong solution to the following SDEs:

1
dX; = _§tht + / Vi, dW4, X9 =0,
(2.2) AV, =k(0 -V dt+&VVidZ,,  Vo=v>0,
d(W,2), = pdt,

with kK >0, > 0,60 > 0 and |p| < 1. The Feller SDE for the variance process has a unique strong solution by
the Yamada-Watanabe conditions [33, Proposition 2.13, page 291]). The X process is a stochastic integral of the
V process and is therefore well defined. The Feller condition, 2«6 > £2, ensures that the origin is unattainable.
Otherwise the origin is regular (hence attainable) and strongly reflecting (see [84, Chapter 15]). We do not
require the Feller condition in our analysis since we work with the forward mgf of X which is always well defined.

In order to characterise the Heston forward time-scale we require the following lemma, proved in Section Gl.
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Lemma 2.3. Let h: Ry — R be a continuous function such that lim~ o h(7) =0 and a € R%.. The following
limits hold for the Heston forward mgf as T tends to zero with By defined in (B3):

(1) If h(T) = a\/T then lim A(Tt)(u, h()) =0, for all |u] < a/\/B: and is infinite otherwise;

(1t) if /T/h(T) /* 00 then lim o A(Tt)(u, h(7)) =0, for u=0 and is infinite otherwise;
(iii) if /T/h(T) \ 0 then lim o Ag)(u7 (7)) =0, for all u € R.

As it turns out all limits are zero on their domains of definition, but using h(7) = /7 produces the only
(up to a constant multiplicative factor) non-trivial zero limit. It follows that 7 — /7 is the Heston forward
time-scale. Let now A : Dy = (=1/v/Bt,1/v/B:) — R be the pointwise limit (f; in (623)) from Lemma B3, i.e.
satisfying A(u) = 0 for u € Dp and infinity otherwise. Further we define the function A* : R — Ry as the
Fenchel-Legendre transform of A:

(2.3) A* (k) := sup {uk — A(u)}, for all k € R.
u€EDA

Lemma 2.4. The function A* defined in (223) is characterised explicitly as N*(k) = |k|/\/Bt for all k € R.

Proof. Clearly A*(0) = 0. Now suppose that k& > 0. Then A*(k) = sup,ep, {uk} = k/+/B;. A similar result
holds for k£ < 0 and the result follows. O

3. SMALL-MATURITY FORWARD-START OPTION ASYMPTOTICS

In this section we state the main result on small-maturity forward-start option asymptotics. First we need to
define a number of functions. All functions below are real-valued and defined on R*. We recall that sgn(u) =1
if w > 0 and -1 otherwise and S; is defined in (63).

. sgn(k) ai (k) — _ag(k)y/vert/2 AL Bi(ao(k))
(3.1) ao(k) T \/,52 ) l(k) = 2\/@53/4 ’ Q(k) T k&2 ao(k) ’ .
as(k) = %gj;g“) {g%ﬁteﬁt (|k|g25§§1 (ao(k)) — k€2 B, (ao(k)) — /@9) + (2608 — ’512 :
where
(3.2) El(u) = %(52 (2p2 +1) u® + 6péu® — 6u(k + p€&) — 12);
(3.3) q(k) = ai(k) (Pve™™" — 8x05;),
‘ as(k) = €2ve™™" (az(k) + B (ao(k)) ) — sgn(k)4r65;* (3a3(k) + 2B1 (a0 (k))) — 8K68,a(k),

eo(k) = 72&1([47)/&0(]{3),
(5.4 erll) = S et (1),

alh) = e eolh) (sen(1€ a0 — i) V/Fre)

2\/ve™"t/2 a3(k) K0

(3.5) o(k) := ()T r(k) := RN
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t

vo(k) = %(e%(l@) + ao (k) [Bar (k)eo (k) — 2a0(R)er (k)] ),
0
P1(k) = 7420£k)v6te*“t/eé(k)
(3.6) ba(k) = %(4&0(@543(10(1@61(16) — day (k)eo (k)] — 5e§(k>),
Y3(k) = SuBe” " /ej(k),
wemrt (ef(k) — eg(k)ea(k) 5
wath) = e (T ZLO g kyea(ires () + 2650 ).

1 408, 20 + €2 4k k k
o5(k) = wg(k)—§w8(k)_ ’th :%(k“)‘é B I‘zft ao(eo)(io)( )’

3.7 ) = valk) = a ) () ~ “O(fo)gf;)(k),
o5(k) = —yi(k)/2,

RU €1 % g 5
(3.8) 21(k) := a(k) — az(k)k — 252960837 1(k) = eo(k) + f283 + 3ﬂ(%) + 1(5;?(]5;];)’
o B AR B
(39) Co(k) - — 2| 1(k)k|a 1(k) : eo(k) ( O(k) 1(k) 2Bt60(1€)> Q(k)k’

ca(k) = eo(k)2E cy(k) = 2 (k) + pa (k).

We now state the main result of the section, i.e. an asymptotic expansion formula for forward-start option

prices as the remaining maturity tends to zero. The proof is given in Section 6.
Theorem 3.1. The following expansion holds for forward-start option prices for all k € R* as T tends to zero:

E [(eXS) — ek)j = (1 — ek) <oy

4 exp (_A\*/(;ﬂ) n CTOI(Z) +en(k) —|—k;> ﬁtr(”i—(‘:)/\(;;:)cz(k) (1 +es(k)r 4o (7_1/4))’

where A* is characterised in Lemma 24, co,...,cs in (B9), o in (B3) and By in (E3).

Remark 3.2.
(i) We have A*(k) > 0 and co(k) > 0 for all k£ € R*. Also note that A* is linear as opposed to being strictly

convex in the BSM model, see Lemma B2 below.

(ii) The forward time-scale /7 results in out-of-the-money forward-start options decaying as 7 tends to zero
at leading order with a rate of exp (—1/4/7) as opposed to a rate of exp (—1/7) in the BSM model.

(iii) The fact that the limiting forward mgf is non-steep (trivially zero on a bounded interval) results in a
different asymptotic regime for higher order terms compared to the BSM model. In particular we have a
71/4 dependence as opposed to a 7 dependence in the BSM model and the introduction of the parameter
dependent term 7(7/8-0x/ (2¢%), The implications of this parameter dependent term for forward-smile
asymptotics will be discussed further in Remark B72(iv).

(iv) The asymptotic expansion is given in closed-form and can in principle be extended to arbitrary order using

the methods given in the proof.
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As an immediate consequence of Theorem BTl we have the following corollary, which provides an example of
a family of random variables for which the limiting moment generating function is zero (on its effective domain)
but a large deviation principle still holds. This is to be compared to the Gértner-Ellis theorem [I2, Theorem
2.3.6] which requires the limiting mgf to be at least steep at the boundaries of its effective domain for an LDP
to hold.

Corollary 3.3. (X@) N satisfies an LDP with speed /T and good rate function A* as T tends to zero.
7>0

Proof. The proof of Theorem B holds with only minor modifications for digital options, which are equivalent to
probabilities of the form P (Xit) < k;) or P (Xit) > k:) One can then show that lim,\ o V/TlogP (Xﬁt) < k;) =
—inf{A*(z),z < k}. Note that of course this infimum is null whenever & > 0. Consider now an open interval
of the real line of the form (a,b). Since (a,b) = (—00,b) \ (—o0,al, then by continuity of the function A* and

its properties given in Lemma 24, we immediately obtain that

. (t) - _ . *
ll{‘% VTlogP (XT € (a,b)) xel&fb)A ().

Since any Borel set of the real line can be written as a (countable) union / intersection of open intervals, the

corollary follows from the definition of the large deviations principle, see [[2, Section 1.2]. O

In order to translate the forward-start option results into forward smile asymptotics we require a similar
expansion for the BSM model. The following lemma is a direct consequence of [31, Corollary 2.9] and the proof

is therefore omitted.

Lemma 3.4. In the BSM model the following expansion holds for all k € R* as T tends to zero:

. + ok/2—k*/(20°7) ( ;2. 3/2 3 1
E |:(6X7(') —ek> :| = (1—ek)1{k<0}+ k2\/277r( ) |:].— (k2+8> J2T+O(7'):| .

4. SMALL-MATURITY FORWARD SMILE ASYMPTOTICS

4.1. Out-of-the-money forward implied volatility. We now translate the small-maturity forward-start

option asymptotics into forward smile asymptotics. Define the functions v; : R* x RY — R (i =0,1,2,3) by

k? ¢ |k 2e0(k)02(k,t) e "2, fulk
Uo(k‘,t) = 2A*(k) = \/ﬁ;| |, Ul(k,t) = O( )]{:20( ) = ﬁ2 | |,
 203(k, 1) o e F) ey (k) Bek? v3(k,t)  vi(k,t)
(4.1) valkt) = = los ( o (k)2 (k, 1) ) A" vo(k,t)’
_vo(k,t) v1(k,t) vi(k,t)
valk,t) = 0k2 (203(k)v0(k’t) B 3vl(k’t)) * U(l)(k,t) <2U2(k7t) - ’U(l)(k,t)> 7

with A* characterised in Lemma P4, co,...,c3 in (B9), ¢ in (83) and 8 in (63). On R*, A*(k) > 0 and so
vo(k,t) > 0. Further c¢o(k) > 0 and so v1(k,t) > 0. Also c2(k) > 0 and o(k) > 0 so that vy is a well-defined

real-valued function. The following theorem—proved in Section E2—is the main result of the section.

Theorem 4.1. The following expansion holds for the forward smile for all k € R* as 7 tends to zero:
Vo (k, t) (%1 (k, t) 1 . 9
172 + ~1/4 +o 14 ) if 40 # €7,

2
op (k)=
T volk,t)  wvi(k,t .

07(1/2) + 17(1/4) +va(k, t) +U3(k7t)7'1/4 +o0 (T1/4> ., if 4k = €2

Remark 4.2.
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(i) Note that vo(k,t) and vy (k,t) are strictly positive for all k € R*, so that the Heston forward smile blows
up to infinity (except ATM) as 7 tends to zero.

(ii) Both wvg(-,t) and v (-,t) are even functions and correlation-independent quantities so that for small matu-
rities the Heston forward smile becomes symmetric (in log-strikes) around the ATM point. Consequently,
if one believes that the small-maturity forward smile should be downward sloping (similar to the spot
smile) then the Heston model should not be chosen. This small-maturity 'U-shaped’ effect for the Heston
forward smile has been mentioned qualitatively by practitioners; see [I1].

(iii) We use the notation f ~ g to mean f/g =1 as 7 — 0. Then in Heston we have o7 . ~ v/B|k|/(2\/7) and
in exponential Lévy models with Lévy measure v satisfying supp v = R we have o7 . ~ —k?/(27log ) [48,
Page 21]. We therefore see that the small-maturity exponential Lévy smile blows up at a much quicker
rate than the Heston forward smile.

(iv) We have limy_,ovo(k,t) = v9(0,t) = 0 and limy_ovi(k,t) = v1(0,¢) = 0. Higher-order terms are not
necessarily continuous at k& = 0. For example (when 4k = £2) we have limy_,o v2(k,t) = +o0.

(v) The at-the-money forward implied volatility (kK = 0) asymptotic is not covered by Theorem BT and a
separate analysis is needed for this case (see Section B2). In particular the proof fails since in this case the
key function u¥(0) (defined through equation (B13)) does not converge to a boundary point, but rather
to zero as T tends to zero (see the proof of Lemma B3).

(vi) It does not make sense to consider the limit of our asymptotic result for fixed k£ € R* as ¢ tends to zero
since for t = 0 using the forward time-scale h(7) = /7 will produce a trivial limiting mgf and hence none
of the results will carry over. The time scale in the spot case is h(7) = 7; see [[7]. Our result is only valid
in the forward (not spot) smile case.

(vii) As seen in the proof, due to the term 77/8=01/(2€) ip the forward-start option asymptotics in Theorem B,
one can only specify the small-maturity forward smile to arbitrary order if 4xf = £2. If this is not the case
then we can only specify the forward smile to order O(1/7'/4). Now the dynamics of the Heston volatility
o, i= \/V, is given by do; = (% - %) dt + §dW,, with op = /0. If we set 4560 = €2 the volatility
becomes Gaussian, which corresponds to a specific case of the Schébel-Zhu stochastic volatility model [A5].
So as the Heston volatility dynamics deviate from Gaussian volatility dynamics a certain degeneracy occurs
such that one cannot specify high order forward smile asymptotics in the small-maturity case. Interestingly,
a similar degenerary occurs when studying the tail probability of the stock price. As proved in [I3], the
square-root behaviour of the variance process induces some singularity and hence a fundamentally different
behaviour when 4k # £2.

4.2. At-the-money forward implied volatility. The analysis above excluded the at-the-money case k = 0.
We show below that this case has a very different behaviour and can be studied with a much simpler machinery.
In this section, we shall denote the future implied volatility o.(k,7) as the implied volatility corresponding to
a European call/put option with strike e®, maturity 7, observed at time ¢t. We first start with the following
model-independent lemma, bridging the gap between the at-the-money future implied volatility o+(0, 7) and the

forward implied volatility o, ,(0). Note that a similar result—albeit less general—was derived in [37].

Lemma 4.3. Lett > 0. Assume that there exists n € N* such that the expansion 04(0,7) = Z?:o o;(t)ri+o (™)
holds and that Eq (cj(t)) < oo for j = 0,....,n. Then the at-the-money forward implied volatility satisfies

01,7(0) = 325 Eo (0 (1)) 77 + 0 (7").
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Proof. In the Black-Scholes model, we know that for any ¢ > 0, 7 > 0, the price at time ¢ of a (re-normalised)
European call option with maturity ¢ +7 is worth C25(k, 7,0) := E [(SHT /St —e¥), |]-"t} , and its at-the-money

expansion as the maturity 7 tends to zero reads (see [IR, Corollary 3.5])

1 o373/2
CPS(O,T,O') = Nor (0\/F— 51 +o0 <0373/2)> .

For a given model, we shall denote by Cy(k,7) the price at time ¢ of a European call option with pay-

off (St+T/St —ek)+ at time ¢ + 7. The future implied volatility o;(k,7) is then the unique solution to

CPBS(k,7,0¢(k,7)) = Ci(k, 7). At the money k = 0, we obtain the following expansion for short maturity 7:

o3(0,7)73/?

\/% (Ut(O,T)ﬁ - 2RI (03(0,7)73/2» .

Now, the forward-start European call option (at inception) in the Black-Scholes model reads

(St+7' _ ek) _ ]EO E
S, .

where d(0,7) := (=k £ 027/2)/(c/T). For a given model, let us denote by C(k,t,7) the price of a forward-
start European call option. By definition of the forward implied volatility o, ,(k), we have C(k,t,7) =
CBS(k,7,04.,(k)). For at-the-money k = 0, it follows that

(4.2) Ci(0,7) =

C(?S(k‘, 7,0) :=Eq

(%), 'Ft] } Ny (0,7)) = N (o 7)),

t

C(0,t,7) = CES(0, T, 01,7(0)) = N(d4(0+,+(0),7)) — N(d—(0¢,+(0),7)).

s

Using the expansion (E22), we obtain

(4.3) C0,t,7) = — (Q’T (0)v/7 — o0 (07 +0(at377(0)73/2)>7

Nz
=E, {E (S,tsjj _ek)Jr]:t] } =Eo (Cy(k, 7))

(5-<)
S, .

Under the assumptions of the lemma, with n = 1, suppose as an ansatz that the corresponding forward smile
satisfies o, - (0) = Z;:o 7j(t)77 + 0 (7). Combining this with (A2) and (E23), we find that 7;(t) = Eq (c;(t)) for

7 =0,1. The higher-order terms for the expansion can be proved analogously and the lemma follows. O

Recall now that

(4.4) C(k,t, ) :=Eg

We now apply this to the Heston model. Recall the definition of the Kummer (confluent hypergeometric)
function M : C? — R:

M(%Maz) = Z (a)’ﬂi" /1'7&07_1>~-~7

7>0 (1)n n!

where the Pochhammer symbol is defined by («), :=a(a+1)---(a+n—1) for n > 1 and («)g = 1. For any
p > —2k0/€? and t > 0 we define

ve "\ T (2k60/€2 + p) 20 N 2k0 ve ™
26, > I (266/€%) ( g e, ) ’

with (; defined in (633). This function is related to the moments of the Feller diffusion (see [I4, Theorem
2.4]): for any t > 0, E[VP] = A(t,p) if p > —2k0/&? and is infinite otherwise. Note in particular that
limgy 0 A(t,p) = v (see [0, 13.1.4 page 504]). The Heston forward at-the-money volatility asymptotic is given

(4.5) Aft,p) = 276} exp (

in the following theorem.
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Theorem 4.4. The following expansion holds for the forward at-the-money volatility as T tends to zero:

A(t,1/2) +0(1), if 4k6 < €2,
01,7(0) = A(t,—1/2) < & At,1/2)

A(t,1/2) + — 1 KO + 271(p2 - 4)) T+ T(pf —28)T +o(T), if 4k0 > £2.

Remark 4.5.

(i) As opposed to the out-of-the-money case, the small-maturity limit here is well defined.
(ii) Combining Lemma B3 and [§], lim o o,-(0) = E(v/V;) holds for any well-behaved stochastic volatility
model (S, V).
(iii) The proof does not allow one to conclude any information about higher order terms in Heston for the case

4k0 < £2. A different method would need to be used to compute higher order asymptotics in this case.

Proof of Theorem [4. In Heston we recall ([IR8, Corollary 4.3] or [81, Corollary 3.3]) the asymptotic o7(0,7) =
Vi+ (%9 + % (P* —4) + % (o€ - 2:‘@)) T+ 0(7), and so for small 7 we have 0+(0,7) = o¢(t) + 01(t)T + o(7), with

oo(t) := VV; and oy (t) := ﬁ (/{9 + %(p2 — 4)) + @(pé’—%@). Lemma B3 and (E3) conclude the proof. 0

5. NUMERICS

We first compare the true Heston forward smile and the asymptotics developed in the paper. We first
calculate forward-start option prices using the inverse Fourier transform representation in [38, Theorem 5.1]
and a global adaptive Gauss-Kronrod quadrature scheme. We then compute the forward smile oy, with a
simple root-finding algorithm. The Heston model parameters are given by p = —0.8, £ = 0.52, k = 1 and
v = 0 = 0.07 unless otherwise stated in the figures. In Figures I and B we compare the true forward smile
using Fourier inversion and the asymptotic in Theorem BT. It is clear that the small-maturity asymptotic has
very different features relative to ”smoother” asymptotics derived in [81]. This is due to the introduction of the
forward time-scale and to the fact that the limiting mgf is not steep. Note also from Remark BE2(iv) that the
asymptotics in Theorem BZl can approach zero or infinity as the strike approaches at-the-money. This appears
to be a fundamental feature of non-steep asymptotics; numerically this implies that the asymptotic may break
down for strikes in a region around the at-the-money point. In Figure B we compare the true at-the-money
forward volatility using Fourier inversion and the asymptotic in Lemma B=3. Results are in line with expectations
and the at-the-money asymptotic is more accurate than the out-of-the-money asymptotic. This is because the
at-the-money forward volatility (unlike the out-of-the-money case) has a well defined limit as 7 tends to zero.
In Figure @ we use these results to gain intuition on how the Heston forward smile explodes for small maturities.
In [31] the authors derived a diagonal small-maturity asymptotic expansion for the Heston forward smile valid
for small forward start-dates and small maturities. In order for the small-maturity asymptotic in this paper to
be useful, there needs to be a sufficient amount of variance of variance at the forward-start date. Practically
this means that the asymptotic performs better as one increases the forward-start date. On the other hand
the diagonal-small maturity asymptotic expansion is valid for small forward-start dates. In this sense these
asymptotics complement each other. Figure B shows the consistency of these two results for small forward-start

date and maturity.
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(a) Asymptotic vs Fourier inversion. (b) Errors.

FIGURE 1. Here t = 1 and 7 = 1/24. In (a) circles, squares, diamonds and triangles repre-
sent the zeroth, first, second and third-order asymptotics respectively and backwards triangles

represent the true forward smile using Fourier inversion. In (b) we plot the errors.
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(a) Asymptotic vs Fourier inversion. (b) Errors.

FIGURE 2. Here t = 1 and 7 = 1/12. In (a) circles, squares, diamonds and triangles repre-
sent the zeroth, first, second and third-order asymptotics respectively and backwards triangles

represent the true forward smile using Fourier inversion. In (b) we plot the errors.
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FIGURE 3. Plot of the forward ATM volatility (7 = 1/12) as a function of the forward-start
date t. The Heston parameters are p = —0.6, k = 1, £ = 0.4 and v = 6 = 0.07. In (a) circles,

squares and diamonds are the zeroth-order, the first-order and the true forward ATM volatility.
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(a) t =1, 7 = 1/100. (b) t =1, 7 = 1/1000.

FicURE 4. Circles, squares, diamonds and triangles represent the zeroth, first, second and

third-order asymptotics respectively.
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FIGURE 5. Here we compare the small-maturity third-order asymptotic (circles) to the diagonal
small-maturity second-order asymptotic of [B1] (squares) for t = 1/12 and 7 = 1/1000.
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6. PROOF OF THEOREMS Bl AND BTl

We split the proof of Theorems Bl and B into several parts, from Section B to Section B4 below. In
Section B0 we develop the necessary tools to characterise the small-maturity Heston forward mgf domain and
derive the Heston forward time-scale (Lemma 23). In Section B2 we use the forward time-scale to define a
time-dependent asymptotic measure-change and derive expansions for fundamental auxiliary functions needed
in the analysis. In Section B3 we derive the asymptotics of the characteristic function of a re-scaled version
of the forward price process (Xg)) under the asymptotic measure-change defined in Section G2. This section
also uses Fourier transform methods to derive asymptotics of important expectations using this characteristic

function expansion. Section B4 finally puts all the pieces together and proves Theorems Bl and Bl

6.1. Heston forward time-scale. A straightforward application of the tower property for expectations (see

also [30]) yields the Heston forward moment generating function:

6.1) AD(u,1):=E (e“Xﬁt)) =A(u,7)+ %ve_“ - 25%9 log (1 —28,B(u, 7)), forallueD,.,,
where

LN O _ 1 — 7y(u) exp (—d(u)7)
62) Au,7) = e ((H péu —d(u)) T — 2log ( = (0) )) ,

K — péu—d(u) 1 —exp(—d(u)7)

Bl = e T S wesp (—d(w)r)

o~ pu — d(u and [ := ﬁ (1 — e*"t) .

Kk — p&u+d(u)’ 4K

The first step is to characterise the forward time-scale in the Heston model. In order to achieve this we first

63 dw) = (= pew? +u1-we) ", ) =

need to understand the limiting behaviour of the re-scaled B function in (E22) that plays a fundamental role
in the analysis below. The following lemma shows that using h(7) = /7 as a time scale produces the only
non-trivial limit for the re-scaled B function. We then immediately prove Lemma PZ3 which characterises the

forward time-scale in the Heston model.

Lemma 6.1. Let h: Ry — R be a continuous function such that lim~ o h(7) = 0 and a € R%.. The following
limit then holds for B in (B32) for all u € R*:

undefined, if T/h(1) /oo,
+00, if h(r)=ar,
}ii% B(u/h(T),T) =} o0, if T/h(T) Soo and T/h(T)\/0,
0, if VT/h(T) 0,
u?/(2a?), if h(T) = ar'/2.

Proof. As 7 tends to zero we have the following asymptotic behaviours for the functions d and v defined in (633):

1 /2 iu

d(u/h(r)) = w(r) (K?h(7)? + uh(T) (€ — 2Kp) — p?E*u?) '~ = Wdo +di + O(h(7)),
(6'4) ke — pEu — iudy — d1h(T T)2 ih(7T
e et k. Rk L e Ul R L O PRI/ O

ke — p€u + iudy + dih(7) + O (h(7)?)
where we have set

(65) do o= pesgn(u),  dy = i(26p — &) sgn(u) _ ip—psgn(u) _ (25— pg) sgn(u)

— ) go ‘= - — g1 = .
2p ip+ psgn(u) £p(p+ipsgn(u))®
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First let 7/h(7) — oco. Then exp (—d (u/h(7)) 7) = exp (—iTp&|u|/h(T) + O (7)), and so the limit is undefined
(complex infinity). Next let 7/h(7) = 1/a. Using (64) we see that

&) ) T=goosermira

where ¢(u) == u (p€ cot (u&p/2) — p€) ™", which is strictly positive for u € R* and ¢(0) = 0. It follows that the

limit in this case is infinite. Next let 7/h(7) — 0. Here we can write

(2t om) ((35-o0) (82 00) 0 (7))

(528) (5 oo

Blu/h(r),7) = — ( O (1) = a(u/a)/h(r) + O (1),

B(u/h(r),T)

3 o—1
AN
6.6 = — O(r/h .
(6. s (45) +otmm)
If \/7/h(7) tends to infinity, so does B(u/h(7),7). When /7/h(7) tends to zero then B(u/h(7),7) does as well.
If \/7/h(T) converges to a constant a, then B(u/h(7),) converges to u?/(2a?), and the lemma follows. O

Proof of Lemma 223. For any t > 0, the random variable V; in (E32) is distributed as (; times a non-central chi-
square random variable with ¢ = 4k6/£2 > 0 degrees of freedom and non-centrality parameter A = ve ™" /3; > 0.
It follows that the corresponding moment generating function is given by

ABru
1—26u

The re-normalised Heston forward moment generating function is then computed as

(6.7) AY (u) ==E (e""*) = exp < ) (1—2B,u)" "2, for all u < =

28

A (u, h(r))/h(r) = E {eu<xt+ffxt>/h<r>} -E {]E (eu<xt+rfxt>/h<r>| ;t)}

)

—E (eA<u/h<r>,r>+B<u/h<r>,r>w) — AWRDDAY (B (u/h(r), 7))

which agrees with (6). This is only valid in some effective domain D, , C R. The mgf for V; is well defined in
DY :={u € R: B(u/h(1),7) < 1/(2B:)}, and hence D, , = D} N D,, where D, is the effective domain of the
(spot) re-normalised Heston mgf. Consider first D, for small 7. From [4, Proposition 3.1] if £€2(u/h(7) — 1)u >
(k — p&u/h(7))? then the explosion time 7*(u) := sup{t > 0 : E(e*Xt) < 0o} of the Heston mgf is

2
i (u/h(7)) = T u T)—Kk<
i M) = T DR~ a0
wetan [ VE/RE) ~Du/h(r) — (s — peufh()P
arct ( pEu/h(T) — K >}

Recall the following Taylor series expansions, for x close to zero:
1 2 p
arctan (\/52 (E — 1) “_ (m - fpg) ) = sgn(u) arctan ('0) + 0O (), if p#£0,
plujr — K x x x p
1
arctan (—\/52 (B—l) u—/#) :—E—FO(I), if p=0.
K z z 2
As 7 tends to zero £2(u/h(7) — 1)u/h(T) > (k — p€u/h(7))? is satisfied since p? < 1 and hence

h(t 2 p
v (u/h(r)) = §Tu) <7T].{p_0} + 5 <7r1{,,u§0} + sgn(u) arctan <Z)> 1pz0y + O (h(T))> , ifu#0,

0, if u=0.
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Therefore, for 7 small enough, we have 77; (u/h(7)) > 7 for all w € R if 7/h (7) tends to zero and 777 (u/h(7)) > T
for all u € (u_,uy) if h (1) = a7, where

2 p
u_ := —— arctan 1 ]l + — (arctan <> — 77) 1 ,
pET ( ) {p<0} ™ r {p=0} pET P {p>0}

2 P
uy = — | arctan +7)1 + ]l + — arctan ( ) 1
T per ( <p> ) lo<0} T g He=0} 5 p) =0

If |7/h(7)| tends to infinity, then 73 (u/h(7)) < 7 for all u € R*. We are also required to find D} for small 7.
Using Lemma B we see that if h(7) = a7'/2 then lim,~ D} = {u € R : |u| < |a|/V/Bi}. If |71/2/h(7)]| tends
to infinity then lim, 0D} = {0} and if it tends to zero, then lim~,D; = R. The limiting domains in the
lemma follow after taking the appropriate intersections. Next we move on to the limits. We only consider the
cases where h(7) = ar'/? and where 7/2 /h(7) tends to zero since these are the only cases for which the forward

moment generating function is defined. Using (E8) we see as 7 tends to zero

B(u/h(t),T)ve™" | O(1), if h(r)=ar'/?,
1—28B(u/h(7),7) | O(r/h(r)), if 7/h(r)\/0

The lemma follows from this and the fact that the function A in (62) satisfies A(u/h(7),7) = O ((7/h(7))?). O

(6.8) log (1 —28:B (u/h(r),7)) =

6.2. Asymptotic time-dependent measure-change. In this section we define the fundamental asymptotic
time-dependent measure-change in (618) and derive expansions for critical functions related to this measure-
change. In order to proceed with this program we first need to prove some technical lemmas. We use our

forward time-scale and define the following rescaled quantities:
(6.9) AD(u) == AO (u, /1),  A(u) := A(u/\/7,7), B(u):= B(u/\/7,7),

with Ag)7 A and B defined in (631) and (E2) respectively. The following lemma gives the asymptotics of the

re-scaled quantities E, B as 7 tends to zero:

Lemma 6.2. The following expansions hold for allu € Dy as 7 tends to zero (By was defined in (832)):

3] s -~ ukfT
(6.10) Bu) = 5 + Bi(wvT+0(7),  Alw) = Te +0(r%/?2).

Proof. From the definition of A in (E3) and the asymptotics in (64) with h(7) = /7 we obtain

011 Aw)i= A (u/v7r) =5 <</~€ - (})) -~ 2log (1 - V(U/lﬁ_)j?g/(\/%(u/ﬁ)ﬂ))
K60 i
-z

LB ar o) -
—2log (1 — (90 — ivVTg1/u+ O(7)) exp (—iudo/T — di7 + 0(73/2))>>

=

VT VT
1— (g0 —ivTg1/u+ O(7))
= ufrT /2 + O(1%/?).

Substituting the asymptotics for d and 7 in (62) we further obtain

1 — exp (—d(u/y/7)T) _ 1 — exp (—iudyy/T — di7 + O(7%/2))
—y(u/y/T)exp (—d(u//T)T) 1 — (g0 — iy/Tg1/u+ O(T)) exp (—iudo/T — diT + O(73/2))’
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and therefore using the definition of B in (EX) we obtain

(K= pgu/F—d(u/yA) 1= exp(=d(u/y7)7)
612)  Blw:=5 (ﬁ’ > @ =7 (/) oxp (—d (/7))
_pfu—i— iudy iudy

- T 1o + Bi(u)T + O(7) = - + By (u)v/T + O().

O

It is still not clear what benefit the forward time-scale has given us since the limiting mgf is still degenerate.
Firstly, even though the limiting mgf is zero on a bounded interval, the re-scaled forward mgf for fixed 7 > 0 is

still steep on the domain of definition which implies the existence of a unique solution u*(k) to the equation
(6.13) DAY (ur (k) = k.

Further as 7 tends to zero, u* (k) converges to 1/1/B; when k > 0 and to —1/+/B; when k < 0 (see Lemma B3
below). The key observation is that the forward time-scale ensures finite boundary points for the effective
domain, which in turn implies finite limits for w} (k). This is critical to the asymptotic analysis that follows and
it will become clear that if any other time-scale were to be used the analysis would break down. The following
lemma shows that our definition (E13) of uX(k) is exactly what we need to conduct an asymptotic analysis in

this degenerate case.

Lemma 6.3. For any k € R, the equation (EI3) admits a unique solution uk(k) which converges as T tends to
zero to 1/v/Be (—1/+/Bt) when k >0 (k < 0) and to zero when k = 0. Further u:(k) € DY for T small enough.

Proof. From Lemmas B33 and B2, for u € Dy := (—1/+/B;,1/+/B¢) and 7 small enough, we have
(6.14) DAY (1) = Ao (u)v/T + O(7),

where we set
Ao(a) dku (0e® (4 — E2u?) 4 2e (062u? — 2k0 + 2kv) — 0E%u?)
u) = .
’ (et (45 — £2u2) + €2u2)?

The following statements are straightforward (Figure B provides a visual help):

(i) Ag is a strictly increasing map from (—1/v/B:, 1/v/Bt) to R;
(i) Ao(0) = 0.

Consider the case k > 0 (the case k < 0 follows by symmetry). For sufficiently small 7, u*(k) € DY, since the

expansion in (61d) holds on DY, and (i) implies that a unique solution to (EI3) exists. For small enough 7,

*
T

*

u}(0) = 0 from (ii), i.e. the origin is a fixed point. The function Ay is strictly positive on R*, and hence for
small enough 7, u?(k) is strictly increasing and bounded above by 1/4/B;, and therefore converges to a limit
L e€0,1//B). If L € [0,1/+/By), then the continuity of Ay implies that lim,~ o Ag(uk(k))\/T = 0 # k, which is

a contradiction. It follows that L = 1/1/3; and the lemma follows. O

For sufficiently small 7 we introduce a time-dependent change of measure by

T = b (0 X0/ = AL )/ V7).

(6.15)

By Lemma B3, u? (k) € DY for 7 small enough and so |Ag) (u¥)] is finite since Dy = lim;\ o{u € R : |A(Tt)(u)| <
oo}. Also dQy, . /dP is almost surely strictly positive and by definition E[dQy, ,/dP] = 1. Therefore (E13) is a
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FIGURE 6. Plot of u — Ag(u)/7 for different values of 7. Circles, squares and diamonds
represent 7 = 1/2,1/12,1/50. The forward-start date is ¢ = 1 and the Heston model parameters
are v =0 = 0.07, £ = 0.4, p = —0.6. The limiting domain is (—1/v/B¢, 1/v/B;) ~ (—6.29,6.29).

valid measure change for all ¥ € R* and sufficiently small 7. Equation (E13) can be written explicitly as

N

(6.16)

~ ~ 2 . ~ ~ 2
26t A (u) (1 - QB(uj),é’t) + B (uh) (4ﬁegte“t(1 —2B(ut)B) + g%) } - (1 - zB(u:)ﬁt) ,
with A and B defined in (B). We now use this to derive an asymptotic expansion for u} as 7 tends to zero.

Lemma 6.4. The expansion u® (k) = ao(k) + a1 (k)7/* + aa (k)72 + az(k)73/4 + O(7) holds for all k € R* as

T tends to zero, with ag, a1, as and a3 defined in (B).

Proof. Existence and uniqueness was proved in Lemma B33 and so we assume the result as an ansatz. Consider
k > 0. From Lemma B3 it is clear that ag(k) = 1/+/B:. The ansatz and Lemma G2 then imply the following

asymptotics as 7 tends to zero (we drop here the k-dependence):

~ 1 2 ~
B(uy) = ﬁ + agar T/t + <(121 + apag + B1(a0)> T2 (’)(7'3/4)7
t
(6.17) B'(u) = ap+ar/* + (az+ Bi(ao)T'/? + O(-),

~ 1
Al(ur) = 5/@'07’ + (9(7’3/2).

T

We substitute these asymptotics into (EI8) and solve at each order. At the 7'/ order we have two solutions,
ai(k) = :tﬁe*“t/z/(Q\/EﬂfM) and we choose the negative root so that u> € D{ for 7 small enough. In a
straightforward, yet tedious, manner we continue the procedure and iteratively solve at each order (the next
two equations are linear in as and a3) to derive the asymptotic expansions in the lemma. An analogous treatment

holds in the case k < 0, and the lemma follows. 0

In the forthcoming analysis we will be interested in the asymptotics of
(6.18) er (k) == (1 - 2§(uj(k))5t) U4

as 7 tends to zero. Since (1—2§ (uk(k))pB:) converges to zero, it is not immediately clear that e, has a well-defined
limit. But we can use (6I8) and the fact that (1 — 2B(u*(k))B;) > 0 for 7 small enough to write

R R 2 R R 1/2
€24 (us (k) (1= 2B(us (R)B1) + e~ B (w3 (k)) (40k 80"t (1 = 2B(us (k))Br) + €%0)

(6.19) e, (k) = o :
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from which we deduce the following lemma:

Lemma 6.5. The expansion e, (k) = eg(k) + e1(k)7Y/* + ea (k)72 + O(13/4) holds for all k € R* as T tends

to zero, where eg, e1 and ey are defined in (B3)

Proof. Let k > 0. We substitute the asymptotics in (B2) into the representation for e, in (E19) to find that

Kt 1/2
(620)  er(k) = \/%5 (52% L)+ gk 1 0(73/4))

k)v/Beeteo(k VBie"teg (k) (4€2q2(k)v — 3 (k)+/Brert
= eo(k) + a1(k) 25;; ol )T1/4+ k) { 2241]2 A

with ¢; and ¢o defined in (833). An analogous argument is used for £ < 0 and the lemma follows. g

)7_1/2 + (9(7_3/4)7

6.3. Characteristic function asymptotics. We now define the random variable Z, ; := (X(t )/7’1/S

and the characteristic function ®, : R — C of Z, ;, in the Qf ,-measure in (E1H) as
(6:21) B, (1) = EOr (e770r).

Define now the functions ¢, ¢ : R* x R — C by
4a0(k)0/<cﬂt>

eo(k)&?
with v, 1, defined in (B8), ag, e in (B1), (B2), and ¢, ¢4 and ¢ in (B22). The following lemma provides
the asymptotics of @ j:

b1(k,u) == iu (%(k) + + iudyy (k), and ba(k,u) == u?g%(k) + utdl(k) + uSos(k),

Lemma 6.6. The following expansion holds for all k € R* as T tends to zero (with o given in (B3H)):
B p(u) = o7 (W02 (1 + o1 (k, )75 + Gk, u)T/t + O (7'3/8)) :

Remark 6.7. For any k € R*, Lévy’s Convergence Theorem [27, Page 185, Theorem 18.1] implies that Z; j

converges weakly to a normal random variable with zero mean and variance o2(k) as 7 tends to zero.

Proof. From the change of measure (613) and the forward moment generating function given in (G) we

compute (we drop the k-dependence throughout) for small 7:
* (t) (&) ¢, * X (0 ]
_ p(AQkr suz.. | _ P wr(k)Xe" A (ug) iuX.” iuk
log @y, - (u) = logE ( P C > =logE" [exp ( r NG P | /s L1/8

1 iuk (t)
—\—EA(T” (ur) — 1/8 +1log EF |exp 1uT3/8 )

(6.22) = —%’Z + % (A@ (iuT3/8 ) A® ( )

Using the asymptotics in (BI7) we have that as 7 tends to zero (we drop the k-dependence)

2
(6.23) B (ui + iu7'3/8) = % +agar ™t + iagr? 8u + r7t/? + (9(75/8),

N 2
B(ul) = % + agar T 1?2 4 O34,

~ ~ = 1
B (ui + iu¢3/8) —B(ul) = iagur®/® + iagur®/® — Fu w3t o(r 7/8),
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where 7 = r(k) := agas + Bi(ao) + a2/2 = a2/2 — 10/ (|k|£2+/B;) is defined in (BH). Similarly for small T,

-~ 0 0 i k0
(6.24) A (ui + iu73/8) = % aoT + % a; ot + 71'; wrlil/8 (’)(73/2),
—~ 0 0
Aul) = % aoT + % a7/t + (’)(7’3/2)7

ik6

A (ui + iurg/g) - g(ui) = 7’&7'11/8 + (’)(73/2).
We now use e, defined in (6I8) to re-write the term

B (ur + iur®/®) vert ve rtr—1/4p (uz + iur®/®)

1-28,B (ux 4 iur3/8) B er — 2B, 1/4 (§ (ut + iur3/3) — B (ui)) ’

and then use the asymptotics in (E23) and Lemma B3 to find that for small 7

ve rtr—1/4p (ur 4 iurd/8)

(6.25) — —
er — 20y 1/4 (B (uz 4 iur3/®) — B (uj))

ve ftr—1/4 (ag/Q + agar TV + iagT3/Bu 4+ /2 + (’)(7’5/8))
o+ e1Tl/4 + eorl/2 + O(73/4) — 28,71/ (1agur3/® + iaur5/8 — Lu273/4 + O(77/8))

—kt 2 —kts o3 2
ve g _1ja ve iadufy US| pent (aoal a061>

2eq e? €o 2e2

o?u?

+ (Huth + 1ul) T8 + (g 4 hou? + P3ut) T4 + O(73/8),
with o and vy, ..., 14 defined in (B3H) and (BW). From the definition of ag, g and §; we note the simplification

ive *tad(k)ufy  iuk
(6.26) 2(k)yri/s Ts

Similarly we find that as 7 tends to zero

B (ur)ve=nt ve Ftr—1/4p (uk) ve rtr—1/4 (a%/2 + agar T4 + /2 4 (9(7'3/4))

6.27 = = =
020 1—2B,B (uy) er eo + e/ earl/2 4 O(73/4)
_ agve_"tT_l/4 L ge—nt (0% a%ezl F VA O,
2eg ) 2ef

Again we use e, defined in (BI8) to re-write the term

N ~ —2r0/€”
2650 1- 26,8 (u?) 26 (B (u; + 1ur®/*) = B (u3))
exp | 5 lo = z =|1- 71 ;
§ 1—28,B (u* + iur?/8) e T/
and then use the asymptotics in (E22Z3) and Lemma B3 to find that for small 7
- - -2y
234 (B (ui + iu7’3/8) - B (uj)) N 93 da2u2 B2 2k0/&>
1— — _ <1 I laoﬁtUTl/g B a(ﬂg ﬂt 7_1/4 + 0(73/8))
erT €0 €0
4ikb 4kBadfiu? (260 + €2
(6.28) _ oy AbanBiuyy  AROGEOP 260+ ) o ags)

eo§? leg
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Using (6222) with definition (EX0), property (E228) and the asymptotics in (B224), (B23), (B22) and (B28) we
finally calculate the characteristic function for small 7 as

2'LL2

P,r(u) = exp (—

(a4 300007+ (a? + i+ O

eoé? leg

with g, ..., 93 defined in (B3H), (BM), and so the lemma follows from the following decomposition

Oy 7 (u) = exp ( ) {1+1 ( ( 4“9a°ﬂt> +u3w1> T8

<¢2 U8 Anbagpiu® (260 +€2)  4wbaof, ¢0> u? + (1/’3 —Yo1 — 1 4/-@9@0/53) ut — U62w%

2 ¢led eoé? eo&?

+ i+ov%}

O

The following technical lemma will be needed in Section 64 where it will be used to give the leading order

exponential decay of out-of-the-money forward-start options as 7 tends to zero.

Lemma 6.8. The following expansion holds for all k € R* as T tends to zero:

o RUL/VFHADWD/VE =N (0)/V/Tealk) 7/ 4er (0) =m0/ (26%) 0, (1o (1 b (k)Y 4 @(71/2)) ’
where ¢y, ¢1 and ¢y are defined in (B9), A* is characterised explicitly in Lemma and zy is given in (BR).

Proof. We use the asymptotics in Lemma B2 and the characterisation of A* in Lemma P2 to write for small 7

(we drop the k-dependence)
(6.29) exp (—kul/v/T) = exp (faok/ﬁ —ark/T* — agk) (1 — agkr/* + 0(71/2))

= exp (fA*(k:)/ﬁ —ark/T* — a2k> (1 — agkr/* + 0(71/2)) .
Using the Heston forward mgf definition in (6) we can write

B(ul)ve™™® 2k0 ))>

ex () (g* ) =exp [ A(u* — og(l — 28
(6.30) b (A0 () /) p<A< Dt S e loell ~ 2Bl

Using the definition of e, in (EI8) and the asymptotics in Lemma B3 we find that for small 7

2k0 ~ —2r0/&*
(6.31) exp (—;2 log(1 — 2@3@;))) — T*HG/(2§2)6;2F¢0/§2 _ 7_—/{9/(252) (60 " 617_1/4 + 0(7_1/2))

r*“"/@g)eg?”o/g? 1— 2’flg"31T1/4 + 0(7_1/2) _
§2en
The the lemma follows after using (6229) and (6230), the asymptotics in (BZ3), (E2ZA) and (E224) and the
simplification co(k) = ve™"t/(2e0(k)Bt) — a1(k)k = 2|ay (k)k|. O

We now use the characteristic function expansion in Lemma B@ and Fourier transform methods to derive
the asymptotics for the expectation (under the measure (EI3)) of the modified payoff on the re-scaled forward

price process. This lemma will be critical for the analysis in Section 6.
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Lemma 6.9. The following expansion holds for all k € R* as T tends to zero:

. ' ) + 7/8
EQ-x [e“TZ“’“/TS/S (eZ*v’“T . 1) ] = (1 — ek) Loy + T b
o

7(k)\/ﬂ (1 +p1(k)7-1/4 + o0 <71/4)> ,

where o is defined in (BH), p1 in (BR) and B; in (E3).

Proof. We first consider £ > 0 and drop the k-dependence for the functions below. We denote the Fourier
transform F by (Ff)(u) := [~ e'“f(x)dx, for all f € L? u € R. The Fourier transform of the payoff

(S
— 00
efu:ZT,k/Tg/s (eZT,k‘Tl/s —1

o0 3/8
/ efu,,_z/‘r
0

+
is given by

o~ —

(1w — uz/73/8 + 71/8)
1 B 1
(iu—uz/73/8)  (iu— uz/73/8 + r1/8)

7/8

Srl/8 1) uzg ez(iu—u;‘_/7-3/8+7—1/8) o0 ez(iufuf./‘l's/s) 0o
(§] — e = _
’ (iu — u:/73/8)

-
o (ur — 17380 (up — /T — iT3/8u)’

/2 which holds for 7 small enough since u* converges to ag > 0 by Lemma E4. Due

if u* > max(71/2,0) =7
to Remark 624 Z. converges weakly to a Gaussian random variable and since the Gaussian density and the

modified payoff are in L? we can use Parseval’s Theorem [25, Page 48, Theorem 13E] for small enough 7 to write

ekl T N_1 ™ R )
6.32 e G CEmy > = — / - du,
(032 <e ° 21 J_oo (wr 4 i73/8u) (ur — /7 + i73/34) u

where we have used that

L7/8 +7/8
(ur — im3/8u) (ur — /7 — im3/8u)  (uf + i73/8u) (ut — /T + i73/84)’

with @ denoting the complex conjugate for a € C. Using the asymptotics of u} given in Lemma B4 we can

Taylor expand for small 7 to find that

7/8

7/8 7/8 9
(6.33) T = — T _T (-0 (7_3/8> .
(ur +1i73/8u) (uf — /7T +173/8u)  af + 2000174+ O(73/8)  af ao

Finally combining (6233) and the asymptotics of the characteristic function derived in Lemma BB with (6232)
we find that for small 7

=/ T (u)
21 J_oo (ur + i73/8u) (ur — /T + i73/8u)

T8 [ 2,2 o1(u, k) 2a1\ ;
_ — ) _ a1 /4 3/8
= / e <1+ Y7y (cﬁg(u,k) . >r +(9(r ))du

a%27r 0

du

7/8 [e's) 2,2 9
= TT/ e 2 (1 + <u2¢3 4t 4 ube — al) F/4 40 (7_3/8)> du,
ag2m J oo @

where in the last line we have used that ffooo e” 2 ¢1(u,k)du = 0, since ¢; is an odd power of u. The result

then follows by using simple moment formulae of the normal distribution. Fix now k& < 0. The Fourier transform
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. +
of the payoff ey Zra /T (1 - eZT~“1/8) is given by

0

(iu —ux/T3/8 iu —ur /T3/8 + 7.1/8)
1 3 1
(iu—ur/m3/8)  (iu—ur/r3/8 4 71/8)

7/8

— 00

0 . ) z(iufu:/‘rg/s) 0 Z(iufu:/‘rs/er‘rl/g)
/ e—uTz/Ts/8 (1 _ ezrl/g) ettrdy = [ € ) _ (e

-
N (ur — ir3/8u) (ut — /7 — i73/8u)’

if u* < min(7'/2,0) = 0, which holds for 7 small enough since u* converges to ap < 0 by Lemma E4. The
rest of the proof is analogous to k < 0 above and we omit it for brevity. The final result is obtained by using

put-call parity and that in the Heston model (eX*);>¢ is a true martingale [4, Proposition 2.5]. O

Remark 6.10. We have chosen to specify the remainder in the form o(1/7'/%) instead of O(1/7%/8) since it
can actually be shown that the term O(1/73/8) is zero by extending the results in Lemma EB and the next

non-trivial term is O(1/7'/2). For brevity we omit this analysis.

6.4. Option price and forward smile asymptotics. In this section we finally put all the pieces together
from Sections B - E23 and prove Theorems Bl and £

Proof of Theorem B1. We use the time-dependent change of measure defined in (BIH) to write forward-start

option prices for all £ € R* as

E [(exi“ _ ek)+] _ AWV [e—uiXﬁ”/ﬁ (X - ek)*}
ur Al (ux ut
_ efL\F()EQ’W [eﬁ(xit)k) (exgt) B ek)-f—]
kAl (uy) _vrZok 1/8 +
= e VT eFEQk.r [e 378 (eZ*”“T — 1) } )
with Z; ;, defined on page 4. The theorem then follows by applying Lemma B8 and Lemma E9. O

Proof of Theorem 1. The general machinery to translate option price asymptotics into implied volatility
asymptotics has been fully developed by Gao and Lee [22]. We simply outline the main steps here. Assume the

following ansatz for the forward implied volatility as 7 tends to zero:

_ UO(kat) Ul(k7t)
\/7- 7-1/4

Substituting this ansatz into the BSM asymptotics in Lemma B3 we then obtain

+ v (k, t) + vs(k, t)7/4 + o(r1/4).

exp | — k2 N k2y1 B k2 (U% — UO'UQ) E 7'3/41)8/2 . k2 ('Ui)’ — 2090102 + U%Ug) n 3& 1/4 n 0(71/4)
2yTvg  271/%0E 203 2] ork? 2ud 2 ’

Equating orders with Theorem BTl we solve for vg and vy, but we can only solve for higher order terms if
73/4 = 7(7/8=0k/(2€") o 44f = £, O
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