COUPLING AND TRACKING OF REGIME-SWITCHING MARTINGALES

SAUL D. JACKA AND ALEKSANDAR MIJATOVIC

ABSTRACT. This paper describes two explicit couplings of standard Brownian motions B and V', which
naturally extend the mirror coupling and the synchronous coupling and respectively maximise and min-
imise (uniformly over all time horizons) the coupling time and the tracking error of two regime-switching
martingales. The generalised mirror coupling minimises the coupling time of the two martingales while
simultaneously maximising the tracking error for all time horizons. The generalised synchronous cou-
pling maximises the coupling time and minimises the tracking error over all co-adapted couplings. The
proofs are based on the Bellman principle. We give counterexamples to the conjectured optimality of

the two couplings amongst a wider classes of stochastic integrals.

1. INTRODUCTION

Let (€2, (Ft)e>0, F, P) be a filtered probability space that supports a standard (F;)-Brownian motion
B = (Bt)>0 and let

V:={V = (W)i>0 : V is an (F;)-Brownian motion with Vp = 0}

be the set of all (F;)-Brownian motions on this probability space. It is well-known that for any time
horizon T' > 0 the Brownian motion in V which minimises the probability that the processes X = z+ B
and Y(V) = y + V couple after time T (for any starting points z,y € R), i.e. the Brownian motion
that solves the problem

minimise P [7o(X — Y (V)) > T over V €V,

where 70(X =Y (V)) :=inf{t > 0: X; = Yi(V)}, is given by the mirror coupling V= —B (see e.g. [3]).
Furthermore it is easy to see that the Brownian motion which minimises the tracking error of Y (V')

with respect to the target X at time 7', i.e. solves
minimise E | (X7 — Y7 (V))? over V €V,

is given by the synchronous coupling V' = B. This paper investigates the following generalisations of

these questions.
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1.1. Problems. Let Z = (Z;)1>0 be an (F;)-Feller process, i.e. a Feller process on our probability
space, which is (F;)-Markov. Let the state space E of Z be a subset of a Euclidean space R? for
some d € N. For real Borel measurable functions o; : E — R, ¢ = 1,2, define the stochastic integrals
X = (Xi)iz0 and Y(V) = (Yi(V))=0 by

t t
(1.1) X ==z +/ 01(Zs)dBs and Y (V):=y+ / o9(Zs) dVs,
0 0

where x,y € R and V € V. Throughout the paper we assume that for each starting point the process

Z is a semimartingale (in particular, it is non-explosive and has cadldg paths) and
t
(1.2) E/ 02(Zs)ds < oo forall t>0,i=1,2.
0

This implies that the processes X and Y (V) in (1)) are well-defined true martingales (e.g. see [11,
Cor IV.1.25]). In the case the state space E of Z is embedded in a multidimensional space, a natural
choice for the volatility functions ¢; and og are the projections resulting in 01(Z) and 02(Z) being
coordinate processes of Z in R?. Furthermore, to avoid degenerate situations, we assume throughout
the paper that (|o1]| 4 |o2])(2) > 0 for all z € E. The class of stochastic integrals in (LII), with the
integrand Z typically a jump-diffusion (i.e. a Feller process), arises frequently and is of interest in the
theory and practice of mathematical finance in the guise of stochastic volatility models (see e.g. [3]).

We are interested in the “distance” between the two processes X and Y (V') for any V' € V. In other

words we seek to understand how large and small the following quantities can be

(1.3) Elp(Xr =Yr(V))]  and  P[n(X -Y(V))>T],

for T' > 0 a fixed time horizon,

(14) ¢:R — R a convex function satisfying |¢(z)| < a|z|P + b for some a,b > 0, p > 2 and Vz € R,

and 70(X —Y(V)) :=inf{t > 0: Xy = Yi(V)} the coupling time of the processes X and Y (V). Since
V is an arbitrary (F;)-Brownian motion, the law of the difference X — Y (V) is in general not easy to
describe. Therefore we cannot expect to be able to identify the quantities in (IL3]) explicitly. Our goal
is to establish sharp upper and lower bounds for the expectations in (I.3]), which hold for any choice
of Brownian motion V' € V and are based on a natural generalisations of the mirror and synchronous
couplings of Brownian motions described in Section More precisely, we are looking for Brownian
motions VM V¥ € V such that the following inequalities hold for all V € V:

(T)  E[o(Xr—vr(VS)] < E[(Xr-Yr(V)] < E[6(Xr - yr(VM))],
(C) PlrX-Y(WVM)>T] < PlpX-Y(V)>T] < P[TO(X -Y(V5)) > T},

where the generalised mirror (resp. synchronous) coupling holds for B and VM (resp. V).

In Problems (T) and (C), the goal is not merely to prove the existence in an abstract sense of
the integrators VM, VS € V, but primarily to understand for which classes of (F;)-Feller processes Z
are the generalised mirror and synchronous couplings of Brownian motions, described in Section [I.2],
extremal in the inequalities of Problems (T) and (C). In particular, for the volatility processes Z
with the property that the generalised mirror and synchronous couplings satisfy the inequalities above

for all Brownian motions V' € V, the following holds: maximising the coupling time of the stochastic
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integrals minimises the “convex distance” of the two processes and vice versa uniformly over all time

horizons T > 0.

1.2. Results. In the setting of processes (1), it is natural to define generalised synchronous and
mirror couplings of Brownian motions in the following way. Let the functions é7, ¢r7 : E — R be given

by the formulae
¢r(z) == sgn(o1(z)o2(2)), ¢rr(2) == —sgn(o1(2)oz(2))

for any z € E, and define the Brownian motions V! = (V;!);>g and VI = (V;/1);>0 in V by
t t

(1.5) vi.= / ¢r(Z)dB,  and V[T .= / ¢rr(Zs) dB,.
0 0

Note that ¢;; = —ér and hence VI = —VI. Tt is clear from (CH) that B and v generalise the
synchronous coupling of Brownian motions, while the pair B and V! extends the notion of the mirror
coupling. A natural conjecture, based on the case where X and Y (V') are Brownian motions, goes as
follows.

Congecture. For any (F;)-Feller process Z and V' € V, the inequalities in (T) and (C) are satisfied
by VS =VIand VM =yl = VT,

1.2.1. The conjecture fails in the class of general (Fy)-Feller processes. Let the Feller process Z, with
state space E := (0, 00), be defined as

(1.6) Zy = zo My, where M, := exp(B; — t/2) and 2y > 0,

and the volatility functions 01,00 : E — R given by o;(z) := —iz for any z € E and i = 1,2.
The corresponding candidate extremal Brownian motions V! and V!! defined in (LF), are in this
case given by the classical synchronous V! = B and mirror V! = —B couplings. The fact that
M, =1+ fg MydB; yields fot 0i(Zs)dBs = —izg(My — 1), for i = 1,2, which in particular implies the
following for all £ > O:

(1.7) X =YV =z —y+2(M;—1) and X; —Y;(V) =2 —y—3z2(M; —1).
Fix a time horizon 7' > 0 and note that, since (7)) implies the supports of the random variables
Xr —Yr(VE) and X — Yp(VH) are given by
supp (X7 — Yr(V)) = (z —y — 20,00) and supp (X7 — Yp(V)) = (—o0,z — y + 3z),

any non-negative non-zero convex function ¢ : R — R that satisfies the assumptions in (4], with

support (i.e. the closure of ¢~1(0,00)) contained in the half-line (z — y + 329, 00), clearly yields
0=E[¢(Xr—Yr(V')] <El¢ (Xr—Yr(V"))].

Hence the tracking part of the conjecture fails for Z = zgM.

Assume that the starting points in (LLI)) satisfy z — y < —3zp and define the stopping time
7 :=inf{t > 0 : By —t/2 = log(1 — (z — y)/20)}. Note that the representations in (LT imply
Plro(X —Y(VIT)) =oc] =1 and P[ro(X —Y(V!))>T] = P[r>T] < 1 for any time horizon
T > 0. Therefore the coupling part of the conjecture also fails:

Plro(X -Y(V))>T] <P[r(X -YV1)>T]=1.



4 SAUL D. JACKA AND ALEKSANDAR MIJATOVIC

1.2.2. The generalised mirror and synchronous couplings are optimal if Z is a continuous-time Markov
chain. Unless otherwise stated, in the rest of the paper Z denotes an (F;)-Markov semimartingale with

a countable state space. More precisely, we assume that
(1.8)  Z is a non-explosive, irreducible, cadldg (F;)-Markov process on a discrete space E C R

Assumption (L&) makes E a countable set (i.e. the cardinality of E is at most that of N) and Z
a continuous-time (F;)-Markov chain on E. The following assumptions on the semigroup P of the

volatility chain Z implies that the expectations in the inequalities of (T are finite (see Section [3):
(1.9) VzeE: (Pr(loiff + |o2fP))(z) < oc.
Theorem 1.1. Let a Markov chain Z satisfy (L2)), (L8)) and (LI) and ¢ be as in (L4). Then
E[¢(Xr —Yr(V)] < E[p(Xr—Yr(V))] < E[p(Xp—Yr(V)] for any V e V.
The integrability condition in (L) is not necessary for the solution of Problem (C).

Theorem 1.2. Let an (F;)-Markov chain Z satisfy (L2) and (L8). Then
PlroX-Y(WV")>T] < Pl(X-Y(V)>T] < P[nX-Y(V))>T] foranyV eV.

Remarks. (i) The function ¢; = —¢j7, and hence the Brownian motions VI = VI that feature
in the solution of Problems (T) and (C) depend neither on the maturity 7" nor on the precise
form of the convex cost function ¢. No local regularity (e.g. differentiability) of ¢ is required for
Theorem [Tl to hold. Note also that essentially no restriction on the volatility functions o1 and
o9 in the stochastic integrals in ([LT]) is necessary, for the two theorems to hold. Furthermore, the
assumptions in Theorems [T and place no restrictions on the filtration (F;):>0; in particular
(Ft)t>0 need not be generated by the processes B and Z.

(ii) Brownian motion V! (resp. V!) is chosen to minimise (resp. maximise) at each moment in time
the Radon-Nikodym derivative of the quadratic variation of the process X — Y (V') over the set
V. Tt is clear that V! and V!! can also be defined for much more general integrands than the
ones considered in (IT]) and that the generalisations will still be locally extremal.

(iii) Section 3.2 shows that local maximisation/minimisation of the Radon-Nikodym derivative men-
tioned in item (@) is also globally optimal in a non-Markovian setting in the special case of
the quadratic tracking (i.e. where the cost function is ¢(z) = x2). Section establishes a
coupling result, analogous to Theorem [[L2] in the case where the volatility processes are time-
inhomogeneous but deterministic. However, Sections [[.L2.1] and [5.3] show that the generalisations
of Theorems [[T] and do not hold for general (F;)-Feller processes.

(iv) The key fact, established in Lemma 23] that enables us to prove Theorems [[.T]and is that the
chain Z is in fact independent of the driving Brownian motion B (see Section [2.3]). It is therefore
natural to ask whether the results in the theorems above hold for a general (F;)-Feller process
Z, which is independent of B. The example in Section [£.3] shows that Theorem [.1] cannot be
generalised even if such independence is assumed.

(v) The results in Theorems [[.1] and are likely to remain valid in the generalised setting given by
the filtered space (Q, (Ft)t>0, F, P) supporting an additional filtration (G¢)¢>0, such that F; C Gy
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for t > 0, with properties that every Brownian motion in V' € V is also a (G;)-Brownian motion

and the continuous (G;)-Feller process Z is independent of any V' € V. These conditions are

satisfied for example by G; := F; ® H;, where the filtration (H);>0 is independent of (F)i>0

and supports a continuous (H;)-Feller (and hence (G;)-Feller) process Z, e.g. Z is a stochastic

volatility process (i.e. a solution of an SDE) driven by an (#;)-Brownian motion. The reason

why such a generalisation is likely to remain true lies in the fact that the representation in (2.3])

still holds in this setting and the continuity of the paths of the process Z could be used to perform

the necessary localisations in the proofs of Theorems [[LT] and Note that by Lemma 23] the
setting of the paper is given by G; := F; and Z a continuous-time (F;)-Markov chainﬂ

(vi) The volatility functions o} and o9 are typically distinct, which makes the maximal coupling time

70(X — Y (V1)) finite. Hence the upper bound in Theorem [[.2]is non-trivial (i.e. smaller than 1).

(vii) Recall that sgn(x)is1if x > 0 and —1 if x < 0. In the setting of Theorems [[.Tland [[.2] the choice

of sgn(0) in {1, —1} can be arbitrary, since by [11, Prop IV.1.13] it influences neither the laws of

the processes ¢(X —Y (V1)), ¢(X —Y (V1)) nor of the variables 7o(X — Y (V)), 7o(X =Y (VI1)).

(viii) In [I] the authors establish an inequality, analogous to the first inequality of Theorem [}, in

the case X and Y (V) are solutions of driftless SDEs. A related inverse question to the tracking
problem is studied in [9]. A general reference on the theory of coupling is given in [§].

(ix) The seminal paper [4] introduced regime-switching models to economics and finance. Since then,

regime-switching models have found a plethora of applications in areas as diverse as macroeco-

nomics, term-structure modelling and option pricing (see e.g. [7] and the references therein).

1.3. Structure of the paper. Sections 2] and state two well-known lemmas that allow us to
relate the coupling inequalities above to problems in stochastic control. Section proves that the
(Ft)-Markov chain Z and the Brownian motion B are independent. Sections [ and Bl prove Theo-
rem [Tl SectionB.2ldiscusses Problem (T) in a non-Markovian setting and establishes a generalisation
of Theorem [[T] in the case of a quadratic cost function. In Sections [ 1] and 2], we establish The-
orem Section .3] proves an analogue of Theorem in the case the volatility processes are
time-inhomogeneous but deterministic. Section [l discusses four counterexamples to the Conjecture
above in the case where certain assumptions of Theorems [L.1] and are violated. Appendix [Al
contains the proofs of Lemmas 2.1l and of Section 2

2. PRELIMINARIES

2.1. The set of Brownian motions on a probability space. Without loss of generality we may
assume that the probability space (2, (F;)t>0, F, P), where the (F;)-Brownian motion B and the chain
Z in (L1)) are defined, supports a further (F;)-Brownian motion B+ € V, which is independent of B.
If this were not the case, we could enlarge the probability space and note that this only increases the
set V of all (F;)-Brownian motions. Since the extremal Brownian motions V!, V! in Problems (T)
and (C) are constructed from B and Z alone, they must also be extremal in the original problem.
We shall henceforth assume that B+ € V exists. Any V € V and the process X — Y (V), which plays

a key role in all that follows, therefore possess the following representation.

§#%e thank one of the referees for this remark.
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Lemma 2.1. For any V € V there exist (F;)-Brownian motion W € V and C = (Cy)t>0, such that
W and B are independent, C is progressively measurable with —1 < Cy <1 for all t > 0 P-a.s., and

the following representations hold:

t t
(2.1) vt:/ CsstJr/ (1—CHY2aw,,
0 0

and X =Y (V)= R(V), where R(V) = (R¢(V))t>0 is given by Ro(V) =r:=x —y and
(2.2) Rt(V) =1r+ /t(U ( ) C 02 dB / CQ 1/202(2 )dWs.
0

Remarks. (i) Equality (2] in Lemma 2.1 is a well-known representation for a Brownian motion
V € V in terms of B (see e.g. [I] and the references therein). For completeness and because
of the importance of the representation in (2.2), which follows directly from (2.1]), the proof of
Lemma 211 is given in the appendix (see Section [A]); it is this proof that requires the existence
of Bt € V independent of B.

(ii) Note that W and B in Lemma [2.]] are independent, but the process C' may depend on either (or
both) Brownian motions B, W.

2.2. @-matrices, related operators and martingales. Let () denote the (@-matrix of the
continuous-time (F;)-Markov chain Z. We define the action of @ on the space of bounded functions

on [ in the standard way: for a bounded ¢ : E — R, let

Qg:E—-R be given by the formula (Qg)(z) := Z Q(z,2")g(
z'eE

since the series converges absolutely for every z € E.
Let the function H : E x R — R satisfy the assumptions: H(-,2) € C}(R) and H(r,-) : E — R is
bounded for any r € R. Then, for any ¢ € [—1,1], we define L°H : E x R — R by the formula:

2
(2.3) (L°H)(r,z) = % (a% — 20109 + a%) (z)%il(r, 2)+ (QH(r,-))(2).

The operator L is closely related to a generator of the process (R(V), Z) and will play an important
role in the solution of the stochastic control problems.

The next lemma describes a class of martingales related to the chain Z.

Lemma 2.2. Let F: Ry XRXE — R be a bounded function, such that for any z € E the restriction to
the first two coordinates F(-,-,z) : Ry x R — R is continuous. Assume that the generator Q satisfies

(2.4) sup{—Q(z,2) : z € E} < c0.

Let U = (Ut)t>0 be any continuous semimartingale, adapted to the filtration (Ft)i>0. Then the process
MU = (MtU)tzo; given by

MY = S (F(s,Us Z0) - F(s,Us, 7)) - /0 (QF(5,Us,))(Zs_) ds,

0<s<t

is a true (Fi, P,)-martingale for any starting point z € E.
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Remarks. (i) The key point in Lemma is that we do not assume that the process (U, Z) is
Markov, since all that is required of U is that it has continuous paths and is adapted to the
underlying filtration on the original probability space. This fact plays a crucial role in the solution
of our optimisation problems, as it allows us to eliminate all the (suboptimal) non-Markovian
couplings of the Brownian motions V and B, the laws of which are not tractable.

(ii) Assumption (2.4) on @ is equivalent to stipulating that @ is a bounded linear operator. This is
clearly satisfied when the state space [ is finite.

(iii) The result in Lemma is well-known but a precise reference appears difficult to find. For
this reason, and because of its importance in the proofs of Theorems [[L1] and [[L2, a proof of
Lemma 2.2 is given in Appendix

2.3. (F)-Brownian motion and continuous-time (F;)-Markov chain are independent. Intu-
itively, the independence of the chain Z and a Brownian motion W € V follows from the fact that any
(F¢)-martingale of the form (¢(Z;,t))¢>0, where 9 is a real function defined on the product E x R, is
equal to the sum of its jumps minus an absolutely continuous compensator and therefore has constant
covariation with any continuous semimartingale adapted to (F;):>0. The key fact underpinning this
argument is that Z is a Markov process on the filtration (F;);>0 (see Section [5.2] for counterexamples
to Theorems [[LT] and [L2 when this assumption is relaxed).

Lemma 2.3. An (F;)-Markov chain Z is independent of any (F:)-Brownian motion W in V.

Proof. We first show that the random variables W and Zr are independent for any T > 0. Let
the functions f : R — R and g : E — R be bounded and measurable with f suitably smooth.
We need to establish the equality E[f(W7)g(Z7)] = E[f(Wr)]E[g(Z7)]. Define the (F;)-martingales
MI = (Mtf)tE[O,T] and N9 = (N{)yeqo,r) by

M{ =E[f(Wr)|F] and N/ :=E[g(Zr)|F.

Note that it is sufficient to prove that the product M/ N9 = (Mtf N} )ielo,7] 18 a martingale since in

that case we have
(2.5) E[f (Wr)Elg(Zr)] = M{ N§ = E[M{N7] = E[f(Wr)g(Zr)].

Now Mtf = (P ,f)(Wy), where PV is the Brownian semigroup, and hence M/ is a continuous
martingale. Similarly we have N} = (Pr_g)(Z;), where P denotes the semigroup for Z, and hence
It6’s lemma for general semimartingales [10, Sec I1.7, Thm. 33] and the Kolmogorov backward equation
imply AN} = (Pr—:9)(Zi) — (Pr—19)(Zi—) — (Q(Pr—:9))(Z)dt (Q denotes the generator matrix for 7).
In particular, the quadratic variation of NY is equal to the sum of its jumps, i.e. the continuous part
of the process [N9, N9] is almost surely zero. Hence the continuity of M/ and [I0, Sec I1.6, Thm. 28]
imply that the covariation satisfies d[M7, N9]; = 0. Therefore, by the product rule, the infinitesimal

increment of the process M/ N9 equals
d(M{ Nf) = N{_dM] + M{_dN¢ + d[M7, N9), = NfdM] + M]dN}

(the subscripts t— can be change to ¢ since M7 is continuous), making M7 N9 a martingale, since both

M7 and N9 are bounded martingales, and equality (2.5)) follows. By an approximation argument and
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the Dominated Convergence Theorem we conclude that (2.5]) holds for arbitrary bounded measurable

functions f and g and the independence of W and Zr follows.

To prove independence of random vectors (W4, ..., Wy, ) and (Zy,,...,Z;,) for any n € N and a
sequence of times 0 =ty < t; < --- < t,, pick any bounded measurable functions f : R® — R and
g : E" — R and define recursively the functions f : R¥Y! — R and g5 : EFV! — R for k = n,...,0,

which are again bounded and measurable, by f, := f, g, := g and

fk—l(thu .. 7Wtk,1) = E[fk(thv ... 7Wtk)|ftk,1]) gk—l(Ztla DRI Ztk,1) = E{gk(th ey Ztk)’ftk,l]-

Note that fy and go are constant functions. Equality (2.5) applied to the bounded measurable func-
tions x — f(Wi,...,Ws, ,,x) and z — ¢(Z,,..., 2, ,,%) shows that the following conditional

expectation factorises:

E[f(th, ey th)g(ZtU ey Ztn)|ftn71] = fn_l(th, ey th71)gn—1(Zt17 eey Ztnfl)'

Therefore, by iteration and the tower property, we see that the following holds

E[f(th’ ] th)g(Ztu ) Ztn)] = fOQO = E[f(thv st 7th)]E[g(Ztl’ Tt Ztn)]'
Since f and g were arbitrary, the processes W and Z are independent. (|

It follows from Lemma that an (F;)-adapted volatility process, given by a strong solution of an

SDE, cannot be approximated pathwise by a continuous-time (F;)-Markov chain.

Corollary 2.4. Let Z' be an (F;)-adapted Feller semimartingale, which solves a scalar SDE with
Lipschitz drift and diffusion coefficients p, o such that ¢ > ¢ > 0. Then there exists no sequence of

continuous-time (Fi)-Markov chains that converges to Z' almost surely on compacts.

Proof. The process W = (W;)¢>0, where W, := fg(ng—,u(Z;)dt)/a(Z;), is an (F;)-adapted continuous
local martingale with [W, W], = t. W is therefore an (F;)-Brownian motion (by Lévy’s characterisation
theorem) and Z’ is a strong solution of the SDE dZ; = u(Zj)dt + o(Z])dW;. By Lemma 2.3 any
sequence of continuous-time (F;)-Markov chains is independent of W and therefore also independent
of Z'. Therefore, since Z' is non-deterministic, the sequence cannot converge to Z’ almost surely on

compacts. O

3. TRACKING

In this section we consider the problem of tracking X by the process Y (V'), defined in (IIl), where
the control is being exercised solely by choosing the driving Brownian motion V. Recall that the
tracking criterion, stated for a convex function ¢ in (L4]) and a time horizon 7" > 0, can be equivalently

expressed in terms of the following problems:

minimise E[¢p(X7p —Yp(V))] over VeV,
maximise E[¢p(X7 —Yp(V))] over V eV.
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Theorem 3.1. Let the Brownian motions VI and V1! be as in (LH). Assume Z satisfies (L), (L)
and (L) and that the function ¢ is as in (LA). Then for any positive T we have

(3.1) inf E[o(Xr —Yr(V))] = E[¢(Xr —Yr(V!)],
(32) sup E[p(Xr —¥r(V))] = E[o(Xr —¥r(V'))].

In this section we prove Theorem [3.I], which clearly implies Theorem [[.I] and hence solves Prob-
lem (T). The proof of Theorem B]is based on Bellman’s principle, a martingale verification argument
and an approximation scheme. The first stage consists of “approximating” Problems (3])-([3.2). More
precisely, we proceed in two steps: we first introduce a stopped chain Z™ and, in the second step, the
stopped process R (V).

To this end let U, € R% n € N, be a family of compact subsets such that U,enU, = R? and
U, C U2,4, for all n € N, where U, denotes the interior of Uy,41 in R%. For each n € N, define a
stopping time 7,, and the stopped (F;)-Markov chain Z™ by

(3.3) Z{" = Zips,,  where T i=inf{t >0 : Z, e E\U,} (inf @ = 00).
Hence, Z™ is an (F;)-Markov chain with the state space E and a Q-matrix @, given by

(3.4) Qn(z,2") = Iy, (2)Q(z,72), 2,7 €,
where I denotes the indicator function. In particular, since Uy, is compact and hence U, N E must

be finite by (L)), @, satisfies assumption (2.4 in Lemma Since the chain Z has cadlag paths,

the sequence of positive random variables (7, )nen is non-decreasing and the following holds

Too := lim 7, = 00 P,-a.s. for any z € E.
n—oo

Hence, we can extend the definition in (B3] in a natural way to the case n = co by Z*° := Z.

Fix a large K > 0 and define, for any V € V), the stopping time
E(V) :=inf{t >0:|R(V)| > K} (inf @ = c0),

where R(V) is given in (Z2). The stopped process of interest RE(V) = (R (V)0 can now be
defined by

(3.5) R{™M(V) i= Riprnric (1) (V):

For given ¢ satisfying (L)), T > 0 and any K € (0,00) and n € NU {oo}, consider the problems
(3.6) minimise E [qﬁ(RIIf"(V))} over V €V,
(3.7) maximise E [qf)(RZ,{("(V))} over V eV.

By Lemma 3] the processes (R(V?!),Z) and (R(V!),Z) are Markov. Therefore we can define the
candidate value functions ¢g?n, 1/)%173 :R x E x [0,7] — R4 for Problems (3.6]) and [3.1) by

(88) Ui (2 0) =B 0ROV and w20 = B [0(BE (V)]

respectively. Note that by definition we have wg?n(r, z,t) = 1,/1%2 (r,z,t) =¢(r)if r e R\ (—K, K) or
z € R\ Up.
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Lemma 3.2. Assume that ¢, given in (L4), is bounded from below and ¢ € C*(R). For any K € (0, c0)

and n € NU {oc}, the functions wg) and w%lw defined in [B.8]), have the following properties.

(i) For allr € R, z € E and t € [0,T), there exists a constant ¢ € R, such that

0< o) (r,2,8), ¢(” (r, 2,t) < max{¢(max{K,r}), p(min{—K,r})}.

(ii) For each z € E we have wg)n(  Zy0), wKn( ,z,+) € CHL(R x (0,T)).
(iii) For anyr € R, z € E and t € (0,T], the derivatives satisfy the following inequalities:

e oD

wK,n 1/} / / .

(3.9) gy | (h&t), |—5 = (nzt) < max{¢'(max{K, r}), —¢'(min{—K,r})},
52 (I) 92 (1)

(3.10) ;g’”(r,z,t), gb:;’n(r,z,t) > 0.

Proof. Part () follows from (B.8) and the properties of ¢. To prove that 1#%)” is differentiable in 7,
define S := Rf( V) — R?’"(VI ) and note that its distribution does not depend on the starting point
of RE™(VT). Since ¢ € C?(R), Lagrange’s mean value theorem implies that, for any small h > 0,

there exists a random variable g j, such that
(3.11) Gr+h+89) —o(r+8)=hd'(r+Esp)  and s € (S,h+ ).

Since |S| < K almost surely and r is fixed, the continuity of ¢’ yields that the random variable
|¢' (7 + &s,1)| is bounded above by a constant. Equation (BI1), almost sure convergence of £gj, to S,
as h — 0, and the Dominated Convergence Theorem imply that wg)n(-, z,t) is differentiable in 7 and

(3.12) (r,z,t) = E.. | ¢/ (R (V).

Furthermore, the convexity of ¢ and (B.12)) yield the first inequality in (3.9). An identical argument
applied to the function wgﬁ(-, z,t) implies its differentiability in r and yields (39]).

Since ¢” is continuous by assumption, we can apply an analogous argument to the one above, now
using formula (B12]) instead of ([B.8), to conclude that the functions wg?n(-, z,t) and 1/1%2(, z,t) are
in C2(R) with

02y K i, s
ez t) = B [REWV)] L B () = B [0 (RE(VI)]

The convexity of ¢ now implies part (i) of the lemma. Differentiability of ¢g)n(7”727 -) in t follows

from the smoothness of ¢ and the standard properties of It integrals. O

Pick a function F': R x E x [0,T) — R such that F(-,z,-) € C*Y(R x [0,T)) for each z € E, and for
each r € R, t € [0,T) the restriction to the second coordinate F(r,-,t) : E — R is bounded. Then for
any constant ¢ € [—1, 1] we define the function K°F : R x E x [0,7) — R by the formula:

(KCF)(r,z,t) = (ECF(-,~,t))(7",z)—|—%}t?(r,z,t),

where the operator £€ is as defined in (23)).
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Lemma 3.3 (HJB equation). Let ¢ in (L4) be bounded from below and satisfy ¢ € C2(R). Letn € N
and K € (0,00). Then the functions

F(I)(r,z,t) = d)g}n(r,z,T —t) and F(H)(r, z,t) == @bggn)(r,z,T —t),

see for the definition of ¢(1) and w(H) satisfy the HJB equations:
Kn Kn
for any triplet (r,z,t) € (=K, K) x (ENU,) x [0,T) (see B.3]) for the role of the set Uy, ) we have

. cr(I) _
(3.13) CEE?U <IC F ) (r,z,t) 0,
3.14 sup jeepUn r,z,t) = 0.
(3.14) (
ce[—-1,1]

Furthermore, if at least one of the conditions |r| > K or z € E\ Uy, ort =T is satisfied, it holds
(3.15) FO(r,z,8) = FUD(r,2,1) = 6(r).

Remark. Unlike Lemma [B.2] the proof of Lemma [B.3] depends on Lemma and so requires the

assumption n < co.

Proof. Note first that the definitions in (B.8]) imply the boundary behaviour stated in (3.15]).
We now focus on the proof of (8:I3]). Recall that for any starting point z € E and ¢ € [0,7), on the
event {7, > t} we have Z' = Z;. The Markov property of the process (R(V!),Z) and the equality

in (B.I5) now imply
E[o(REMVIIF] = E[o(RE" (VI I,y 7]+ E [S(RE" (V) (5,201 7]
= (RE" (V) I, <y + 04 (RN (VD) 20T = D), 5
= ) (RN, 20T 1),

The following observations are key:

e the quadratic covariation [R¥"(V1), Z™]; vanishes for all t > 0 and i = 1,...,d, where Z™!
is the i-th component of Z" (recall that we are assuming E C R%);
e the chain Z" satisfies the assumptions of Lemma 22 and hence the process MU = (MtU)tE[O,T]v

given by
MY = 3 [ (RENV), 22T — 5) = w0 (RE™(VT), 22T — )
0<s<t
t
- /0 (QuiD (REN(VT), . T - 5))(Z2) ds,

where @, is the generator of the chain Z™ given in ([8.4), is a true (F¢, P,)-martingale for any
starting point z € E.

By Lemma B.2] the function wg)n possesses the necessary smoothness so that 1t6’s lemma for general

semimartingales [10, Sec I1.7, Thm. 33] can be applied to the process (w%)n(Rf(’"(VI), Z{, T—1) )rejo,
which is itself a bounded martingale. Since Q,(z,2") = Q(z,2’) for any 2 € ENU,, 2’ € E and on the
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event {t < 7,} we have Z;, = Z}' € U,,, the pathwise representation of this bounded martingale implies

that the following process N = (Nt)ic(o,1),

t/\Tn/\TK(V) 1 82,‘/](1)”
Moo= | S (1] = o2l (Z) 5 52 (RN (VT), 2, — 5)
0 T
+ (QwK,n<R§7n<VI)’ ‘7T - 5))<ZS) - 8t7 (R::(,nafl)’ ZSvT - S) ds?

is a continuous martingale. The quadratic variation of IV is clearly equal to zero and hence N; = 0 for
all t € [0, 7] and starting points (r, z). Since by (L)) the process (R (V1), Z) visits a neighbourhood
of any point in the product (—K, K) x (ENU,) on the stochastic interval [0, A 7, A 7 (V)] with
positive probability, for all (r, z,t) € (=K, K) x (ENU,) x [0,T) we must have:
( (I)
1 Oy I My
(316) (01|~ 02])*(2) i (2, T — 1) + QUi (1, T~ 1)() — o
To prove (BI3), observe that (Jo1|—|o2|)? = inf.c(_11)(0F —2co102403). Then (BI0) of Lemma 3.2
implies that

(ryz, T —t)=0.

321[)(1) aQw(I)
(oF —2cq100 + 03)(2) 5 5" (2 T 1) 2 (|on| = |oa])*(2)— 5" (r.2. T — 1)
for any ¢ € [-1,1] and each (r,2,t) € (=K, K) x (ENU,) x [0,T). This inequality and identity (B3.16))
imply (BI3). The proof of ([B.14) is analogous and therefore left to the reader. O

3.1. Proof of Theorem 3.1l Assume that ¢ satisfies condition (L)) as well as

(3.17) (<p(x)VreR, L€R, and ¢ € C*(R).

Pick V € V and, for any ¢ € [0,7], define Brownian motions V! = (V') € V and VIt =
(Vi")sz0 €V by

Vs if s <t, Vs if s <t,
(3.18) VIt.= B and VIt .= ne
Vi+ VIV ifs>t, Vi+ VI VI if s>t

where VI, V! are given in (L5)). In other words, for each ¢t > 0, the Brownian motions V! and
VIt are arbitrary (but fixed) up to time ¢ and have increments equal to those of the candidate
optimal Brownian motions after this time. We now consider two Bellman processes (B} (V))tepo,r) and
(BtH(V))te[QT], associated to Problems (B.6)-(3.7), given by

(3.19)  BI(V) =) (RIM(V), 22T —t) and BI(V) = o) (RE"(V), 20,T — ).

The definitions in (LH) of V!, VI together with Lemma B3] imply that the processes (R(VT'), Z)
and (R(V!!), Z) are Markov. The definition of the Brownian motion V! in (3.I8)) and the properties
of the function wg)n therefore imply

E[o(RE"(VINIF] = E[S(RE" (VI <\ Fe] +E [S(RE" (V) (7,20 |7
n I T n
= O(RE" (V)i <oy + Vien (BRI (V). 20T = D)o
= U (RE(V). 20T~ 1),
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This equality, together with a similar argument based on the definitions of V!t and 1/}%2, yields the

following representations for the Bellman processes
B(V) =E [o(RE"(VI))|F] and BIT(V) = E [o(RE" (V)| 7] .

By Lemma we can apply Itd’s formula for general semimartingales (see [10, Sec II.7, Thm. 33])
to BI(V) and B (V). Lemma and inequalities (B.9]) imply that the local martingale parts of
these path decompositions of processes B!(V) and B!/ (V) are true martingales. Therefore, the fact
that the quadratic covariation [R'"(V1t), 2™, vanishes for all ¢ > 0 for each component Z™' of
Z", together with Lemma B3] implies that, for any V' € V, B/(V) is a submartingale and B/ (V)
a supermartingale. Furthermore it follows from the discussion above and Lemma that BY(V1)
and BYI(V!T) are martingales. This establishes the Bellman principle and solves the optimisation
problems in [.0) and (3.7). Put differently, we have established the following inequalities for any
starting points r € R, z € E, any K € (0,00), n € N and all Brownian motions V' € V:

(3200 E:[o(RETOVD)] < E[sREMV)] < B [e(RENVI))]

The next step in the proof of Theorem 3.1l requires two limiting arguments. First, note that for any

Brownian motion V' € V the definition of the process Rf (V) in (35) implies

RE®(V) = lim RE™(V) P,.-as.

ntoo
for any starting points r € R and z € E. Furthermore, by Lemma (@), the random variables
d)(Rij’n(V)) are bounded in modulus by a constant uniformly in n € N. Therefore, the Dominated
Convergence Theorem implies that the inequalities in (3.20]) hold for n = oco.

For the second limiting argument, note that assumption (L9)) and the semigroup property imply
Pif(z) < oo for all t € [0,T], z € E, where f := |o1[P 4 |02/ : E — [0,00) and p € [2,00). The
Kolmogorov backward equation implies

T T
Pri)E) - 1) = [ QG NENE = Y Q) [ (RHE)E for 2 < E,
0 2eE 2'eE 0
where the second equality follows from the following facts: Q(z,2’) € [0,00) for all 2/ € E\ {z},

Pif(z) € [0,00) for all ¢t € [0,T], z € E, and Fubini’s theorem for non-negative functions. This,
together with assumption (L9) and another application of Fubini’s theorem, yields

T
(3.21) Ez/ (o1 + |oalP) (Z0) dt < 00 for = € E.
0

Furthermore, it is clear from the definition of R¥:>°(V), for any V € V, that

lim ¢(RE®(V)) = ¢(Rr(V)) P,.-as.

K—o0

The following almost sure inequality is a direct consequence of the definition in (3.3])

(3.22) ~S<RE™WV)<S  forall K >0, where § := u |R,(V)].
te|0,

By assumptions ([L4]) and (BI7) the following inequalities hold for some constants a,b > 0 and ¢ € R:

[G(Ry (V)| < max{[£], |$(S)], |¢(—S)[} < max{|¢], alS[" + b} < alS|” + b+ |¢].



14 SAUL D. JACKA AND ALEKSANDAR MIJATOVIC

The Burkholder-Davis-Gundy inequality [11, Thm IV.4.1] applied to the martingale R(V') at time T,
together with inequality (3.21)), implies that |S|P is an integrable random variable. The Dominated
Convergence Theorem therefore yields the L!-convergence for qb(lef (V) = d(Rp(V)) as K — .
By ([B20) for n = oo, we obtain the following inequalities for any V € V:

Er-[o(Rr(VI)] = Jim E[o(Rp™(VID)] > lim E.-[o(Rp™ (V)] = Ere[o(Rr(V))]

K—oo K—o0

(3.23) > lim EL[p(RY®(V)] = E:lo(Rr(V!))),

- K—oo

implying Theorem Il under the additional assumption in (B.I7).
In order to relax the assumption ¢ € C2(R), fix a non-negative g € C>(R) with support in [M, 0],
for some M € (—c0,0), satisfying fBOO g(y)dy = 1. For each n € N, define the convolution

0
On(x) ;:/ é(x+y/n)g(y)dy, z€R.

Note that ¢, : R — R is a convex function, which satisfies both (I4) and (BI7) (here we still assume
that ¢ is bounded from below), and the sequence gn)neN converges point-wise to ¢ as n T oo (see
e.g. [11], proof of Theorem VI.1.1 and Appendix 3) Since ¢ satisfies (IL4]), for any x € R and n € N

we have
0 < ¢p(x) <max{p(x + M/n),p(x)} < amax{|z + M/n|P, |z} + b < Alz|P + B,

where the constants A, B > 0 are independent of both n and z. Since the random variable |S|? is
integrable (see previous paragraph), where S is defined in ([8.22)), so is |Rp (V)P for any V € V. The

inequality above and the Dominated Convergence Theorem imply
lim E[¢n(Rr(V))] = E[¢(Rr(V))]  forany V €V,

which together with the inequalities in ([B.:23)), establishes Theorem Bl for ¢ that are bounded from
below and satisfy (L4]).

Since for any V € V the processes X and Y (V') are true martingales by (L2)), we may substitute
¢ with a function ¢¢(x) := ¢(x) + cx, x € R, for any constant ¢ € R, without altering the solution of
Problems (3.1)-(B.2). For any ¢ satisfying (L4 there exists some ¢ € R such that ¢¢ is bounded from
below and hence Theorem [3.1] follows. O

3.2. Non-Markovian Tracking. The Markovian structure of Z does not feature explicitly in the
conclusion of Theorem Bl but only in its assumptions. It is therefore natural to ask whether, under
some additional hypothesis, Theorem B.1l can be generalised to a non-Markov volatility process Z. In
this section we argue intuitively that, for such a generalisation to hold for a large class of convex cost
functions ¢, an underlying Markovian structure is in fact necessary but show that it is possible in
the special case ¢(x) = 22 (see Section [.2.1] for an explicit example of a process Z, with a countable

discrete state space E in R, which is not (F;)-Markov and the conclusion of Theorem B.] fails).

2VVe thank one of the referees for observing that Theorems [[LT] and [3.1] require neither smoothness nor boundedness

from below of the function ¢ and suggesting the argument presented here.
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Assume (in this section only) that the stochastic integrals X and Y (V') are given by
t t
(3.24) X :CL‘+/ H,dB;, and Yi(V) :y+/ JsdVs,
0 0

for some progressively measurable integrands H = (Hy)i>0 and J = (J¢)>0 on (€, (Fi)t>0, F, P)
and any V € V. As usual, we denote the difference of X and Y(V) by R(V) = X — Y (V). The
extremal Brownian motions V! and V!, defined in (L3)), can be generalised naturally by V! =
f(f sen(HsJs) dBs and Vi!T = —V,I. Hence, for any fixed V' € V, we can define the Brownian motions
VIt and VI as in (B.I8). If the generalisation of Theorem [3.1l were to hold in this setting, the Bellman
processes B! (V) and B'/(V), defined in ([BI9), would be a submartingale and a supermartingale,
respectively, for any V € V. We will focus on B(V), as the issues with B!/(V) are completely
analogous. Representation (Z]) of V' in Lemma [Z1] and It6’s formula yield

¢ (Rr(V')) = ¢ (Ro(V')) + Mf + % /t ¢" (Rs(V)) (H? — 2CsHyJs + J?) ds
0

T
+ ;/t o (Rs(V!) = Ri(V!) + Ru(V)) (| Hs| = |:])? ds,

where M7 is a local martingale, which we assume to be a true martingale. The process B (V) =
E [¢(Rr(V'"))| 7] is a submartingale if and only if the conditional expectation E[B}, (V) — B{ (V)| F],

proportional to
E[Jy [¢" (R(V') = Re(V!) + Ry (V) = ¢ (Ro(V!) = Ru(V!) + Ri(V))] (|Hs| = | Js])* ds
+ftt/ ¢ (Rs(V)) (H52 —20,HJ, + JSQ) — " (RS(VI) — Ry(V1) + Rt(V)) (|Hs| — ’JsDQdS‘}—t}

by the formula above, is non-negative for all 0 < ¢ < ¢’ < T. Hence B!(V) is a submartingale for
general integrands J and H if ¢” does not depend on the state, i.e. when the cost criterion ¢ is

quadratic, and we obtain:

Proposition 3.4. Let R(V) = X =Y (V), where X,Y (V) are as in B24), and T > 0. Then we have
E[(Xr—Yr(VN))?] < E[Xr—Yr(V)’] < E[(Xr—Yr(V))?] foranyV eV,

This proposition is consistent with an argument based on It0’s isometry: the variance of a stochas-
tic integral is equal to the expectation of its quadratic variation and hence minimising/maximising
its variance is equivalent to locally minimising/maximising the Radon-Nikodym derivative of its qua-
dratic variation. Furthermore, it is also clear from the representation above that in the absence of an
underlying Markovian structure, for a general convex ¢, the process B! (V) may fail to be a submartin-
gale and hence the strategy in Theorem [3I]is not optimal for general non-Markovian integrands (see

Section 0.2l for an explicit example demonstrating this phenomenon).

4. COUPLING

In this section we consider the problems of minimising and maximising the coupling time of the
processes X and Y (V') defined in (LT]), where the controller is free to choose the driving Brownian
motion V in the integral Y (V) and the volatility is driven by a continuous-time (F;)-Markov chain

Z. Put differently, we seek sharp upper and lower bounds for the probability of the event that the
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coupling of X and Y (V') occurs after a fixed time T. The couplings are characterised by the stochastic
extrema of the stopping time 70(X — Y (V)) := inf{t > 0: X; = Y;(V)} (with convention inf () = c0).
More precisely, for any fixed T" > 0, we consider the following problems:

minimise P [r(X —Y(V)) >T] over VeV,

maximise P[r(X —-Y(V))>T] over VeV.

Theorem 4.1. Let VI and VI be as given by (LD) and Z satisfy (L2) and (LF). Then for any
T > 0 we have

(4.1) inf Plro(X —Y(V))>T] = P [o(X —Y(VIT)) > 1],
(4.2) sup Plro(X —Y(V)>T] = P[r(X-Y{V)>T].

In this section we prove Theorem A1l which clearly implies Theorem [[L2] and hence solves Prob-
lem (C) for a continuous-time (F;)-Markov chain Z. The aim is to minimise and maximise the
coupling time of the martingales X and Y (V') given in (ILT)). Due to the symmetry in Problem (C),
we may therefore assume without loss of generality that the starting points of the processes Xg = =

and Yy (V) = y satisfy the inequality
(4.3) r <y

The candidate value functions in Problems (4 and (42) will be functionals of the law of the
Markov processes (R(V!!),Z) and (R(V!),Z), respectively, where R(V) is given in ([2.2) and the
Brownian motions V! and V! are defined in (I5). The first step in the proof of Theorem HE. is
to localise Problems (1)) and (£2)). With this in mind, for any n € N recall definition (B3] of the
stopping time 7, and the stopped chain Z™. Unlike in Section[3] in the case of coupling it is important
to localise the process R(V) by stopping only the integrand. The process R™(V) := (R} (V))i>0 is
therefore given by

t t
(4.4) RIV) =1+ / 01(Z7)dB, — / oo(Z0) Vs, 1<,
0 0

where B is the fixed Brownian motion and V' € ¥V any Brownian motion on our probability space. As
in the previous section, in this circumstance it is also natural to identify the limit (R*°(V'), Z*°) with
the process (R(V'),Z). For n € NU {oco}, we define the first entry time of the process R™(V') into the
positive half-line by

(4.5) 1o (R™(V)) = inf{t>0: R}(V)>0}  (withinf( = o00).

The localisation procedure will allow us to reduce the problem to the case where the generator of
the volatility chain Z is bounded, which will in turn make it possible to establish sufficient regularity
of the candidate value functions and conclude that certain processes are true martingales (see Sec-
tion E1)). The two Markov processes (R!I", Z") and (R!™, Z™), which play a key role in the solution
of Problems (1)) and (£2), are defined by

t t
(4.6) Rl ::r+/ Y(Z%dB,  and  RI™ ::r+/ >7(Z") dBs,
0 0
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for any r < 0, where B and Z" are as above and the functions X7, Y7 : E — R are given by
(4.7) Yr(z) = o1(z) +sgn(o1(2)o2(2))o2(z) Vz €E,
(4.8) Y1(2) = o01(2) —sgn(o1(z)o2(z))o2(z) Vz € E.

Note that, according to our definitions, we have R*(VI!) # R!™ and R*(VT) # RI™ for any n € N,
since the Brownian motions V! and V!, defined in (ICH)), are given in terms of Z and not Z". However,
if we define the Brownian motions V™ and V" by (LH) with Z replaced by Z™, then the equalities
R (VI = RHM and R™(VI™) = RI™ hold.

The proof of Theorem ] can now be carried out in three steps. First, we formulate a pair of
“approximate” coupling problems (for each n € N):
(4.9) minimise P, .
T,z

7§ (R*(V))>T] over VeV,
(4.10) maximise P, [7;"(R"

(76 (R*(V))>T] over VeV,

for a fixed T' > 0 and any starting points r < 0, z € E. The following probabilistic representations for
the candidate value functions of Problems (4.9) and (£I0) play an important role in their solutions:

(411) Q(III) (T,Z,t) = PT»Z [T(;r (Rlln) > t} ’
(4.12) (D zt) = Pos[rf (B™) > ]

The second step, described in Section [4.1] solves Problems (4.9) and (£I0). Lemmas and
establish the necessary analytical properties of the candidate value functions QgH) and Q(LI), which
enable us to prove (see Lemma B4) the optimality of the Brownian motions V//™ and V. More
precisely, the representations in (AII)-(4I2) are used to establish the required differentiability of
the functions Q(f” and C,(LI), which allows us to study the pathwise evolution of the corresponding
Bellman processes. The optimality of V™ and V", established in Lemma A4] is a consequence of
8257%[) 3;%” proved in Lemma

The third step in the proof of Theorem 1], given in Section 4.2 applies approximation arguments,
which establish the Brownian motions /! and V! as the solutions of Problems (&I]) and (Z.2).

Finally, Section discusses the issues that arise with a direct approach, based on the Dambis,

Dubins-Schwarz theorem (see e.g. [IT, Thm V.1.6]), to the coupling problems in (LIl and (Z2).

and

the non-positivity of the second derivatives

4.1. The stochastic time-change. Throughout this section we fix n € N. Let ;7 : E — R be as
in (7)) and note that our standing assumption (|o1] + |o2])(2) > 0 implies ¥2,(z) > 0 for all z € E.
Therefore, the stochastic time-change A/l = (A!1);>q, given by

t
(4.13) Al :_/O »2,(Z") ds,

is a differentiable, strictly increasing process. Furthermore, the definition of Z" and ([A.I3) imply that
the almost sure limit limsoo Af1 = oo holds. Hence, the inverse E/f = (EIT) >, defined as the unique
solution of

Agy =s, s=>0, also satisfies Eff{] = for all t > 0,
and is a strictly increasing process with differentiable trajectories. Since Z" is an (F;)-Markov chain,
it is by Lemma independent of the (F:)-Brownian motion B in (L0). Therefore the laws of
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the processes (R!™ Z™) and (r + B, Z") coincide, where B ,rr denotes the Brownian motion B
time-changed by the increasing process AL,

Let X7 : E — R be as in (4.8) and assume further that |o1|(z) # |o2|(2) for all z € E. This implies
the inequality %%(z) > 0 for all z € E. Define, in an analogous way to (ZI3J), the strictly increasing
continuous time-change Al = (Al);>¢ and its inverse B! = (El)s>0, and note that the processes
(R™, Z™) and (r + Byr, Z™) have the same law. We can now state and prove Lemma

Lemma 4.2. Fizn € N and pick any r < 0. Define the stopping time 7.2 := inf{s : By = —r} (with
inf 0 = 00) and recall that the function G(r,t) :== P [7F > t], for any t > 0, takes the form

G(r,t) = 2N <—\2> 1,

where N(-) denotes the standard normal cdf.
(a) For any z € E the following representation holds:

(H)(r z,t) = E, [G(r, A{I)] .

‘ o (H) 520D aciD ,
Hence the partial derivatives 2 — (1, 2,1), “5— (1, 2, 1), g (1, 2, ) ewist forr < 0,t > 0.

(b) Assume further that |o1|(2") # \02\( " for all 2/ € E. Then for any z € E we have

CT(LI) (T7 2y t) =E, [G(Ta Ai{)]

(1) (1) (I)
and the partial derivatives 88’; (r,z,t), 82873 (r,z,1), 8%’; (r,z,t) exist for any r < 0,t > 0.

Proof. We first establish (@). Recall the definition of the time-change process A’/ and its inverse E!/
introduced above and note that the following equalities hold almost surely by the definition of the

stopping time 7.5:

Bl =inf{E!: By = —r} = inf{¢t: By = —r} (with inf ) = o0).

Therefore, since the processes (R, Z") and (r + By, Z") are equal in law, so are the random

variables 7, (R!") and E] L. Since B! is a strictly increasing continuous inverse of A/, we have
P [t<my (R™)] = P.[A]" <7]]

(4.14) = E. [G(r,Al")].

This, together with definition (£11]), implies the representation of Q(ll in part (@) of the lemma.

The required differentiability of C,SH) in r follows from (4I4]), along the same lines as in the proof

of Lemma[3.21 An application of the Dominated Convergence Theorem, the mean value theorem and

the smoothness and boundedness of the functions %—f and 6 5,2 on a rectangle (r — &, + 6) (O, 00)

for any fixed r < 0 and small € > 0, such that ¢ +r < 0, together imply the existence of C" (7“ z,t)
(H)
(r,z,1).

The dlfferentiability of (,SH) in t is more delicate as it is intimately related to the integrability of

and 2

the chain Z™ and the unboundedness of the function X;;. We start with the following observation.

Claim. The stopping time 7, defined in ([B.3]), is a continuous random variable and

(4.15) E. [I{TnSS}E%I (Z-,)] <oo  for any z € E and s > 0.
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Since P, [1, > t] = P, [Z]' € U, N E], the continuity of 7, follows (the definition of the sets U, is given
above equation ([B3))). To prove (£IH), note first that the assumption in (LZ), the irreducibility
of the chain Z assumed in (L8) and definition (7)) imply E, fot ¥2,(Zs)ds < oo for all z € E and
t > 0. If E,X%,(Z;,) = oo for some ty > 0 and z € E, then the Markov property, the irreducibility
of the chain Z and the positivity of X%, > 0 together imply the following equalities for any u > 0:
E. [23,(Ziy+u)] = E: [E[S3(Zty+a)|Fu]] = E. [E[Z2,(Zig+u)|Zu]] = 0o Hence E. [} ¥2,(Z)ds = oo

for any t > to, which contradicts assumption (L.2). This contradiction implies
(4.16) E. [E}(Z)] < o0 for any z € E and ¢t > 0.

Since X%, > 0, by definition we must have (QX%;)(z) € (—o0o, 0] for all z € E. Recall that P denotes

the semigroup of Z. The backward Kolmogorov equation implies the equality
2 2 2 2 ! 2
E- [EH(Zt)] - X7(2) = (PE7)(2) — Z74(2) :/0 (PuQ)X77)(2) du
t
= / E. [(QX}))(Z,)] du,  forall z € Eand t >0,
0

which, together with ([I6]) and the irreducibility of the chain Z, yields |(Q¥?,)(z)| < oo for all z € E.
We therefore get

(4.17) QS lloc = Sup (@nZ71)(2)] < oo,

since, by definition (3.4)), there are only finitely many states z € E, such that (Q,X%;)(2) # 0, and for
each of those states we have (Q,%7,)(z) = (QX%,)(2).
Definition (3.3]) implies the following inequalities

I{Tn<s}211 (Zr,) <531 (Zopry,) = S3 (Z7) for any s > 0.

Hence, to prove ([fL.I5), we need to show E., X%, (Z7) < oo for all states z € E and times s > 0. Recall,
from the definition of @, in ([B.4)), that @Q,, is a bounded operator on the Banach space ¢ (E) of bounded
real functions mapping E into R. Let ||Qn|/cc < 0o denote its norm and recall that the norm satisfies
1QF lo < ||Qnl%, for all & € N. We can therefore use the exponential series to define a bounded
operator exp(sQy) and express the semigroup of Z" as follows: E;¥%,(Z1) = (exp (sQn)X3;) (2).
Hence, by ([@IT), we find

o0

n 5|@nlloo)"
E. [E%I (Z, )] Z (k+1)! HQnE%I”oo < 00,
k=

for all z € E and s > 0. This implies (£I5]) and proves the claim.
In order to prove that Q(LH) is differentiable in time, fix t > 0, r < 0, z € E and, for any At > 0,

define the random variable
Dp¢(r, z,t) := [G( At+At) G(r, A{I)] / (At+At AtH)'

Since t > 0 (resp. At > 0), we have A/ > 0 (resp. (A/L,, — Al') > 0) P.-a.s. Note also that the

random variable |Da¢(r, z,t)| is bounded by a constant uniformly in A¢ > 0. This follows from the
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existence of a uniform bound on at G (1. .) in the second variable for any fixed 7 < 0 and the mean value

theorem. Furthermore the following limits hold:

8G( ATy P,-as. lim 7At+m A

o dim N =%2.(Z") P.-as..

4.1 lim D
( 8) A)lfI—r>10 At (Tv 2, t)
The quotient (Q(LH)(T, z,t+ At) — C,(lH)(r, z,t))/At now takes the form

(4.19) E; [Dac(r, 2, t) (Afia — AfY) JAE] = E. [Dae(r,z,t) I <y (Alia, — AT) /At
+ E [D i(r, 2 )I{Tn>t+At} (At+At A{I) /At]
+ E; [D ( )I{t<rn<t+At} (At+At A{I) /At] .

Since It <y (Affa, — AFY) /A = I <333,(Z5,), inequality (@.I5) in the claim above, the Dom-
inated Convergence Theorem, boundedness of Da¢(r, z,t) and (ZI8) imply that the first expectation
on the right-hand side of (AI9]) converges to E, [SG (r, AII)I{THSt}E%[(ZTn)] as At — 0.

The random variable Iy, >y An (At YA Al ) /At is bounded by a constant for all At, since, on
the event {7, > t + At}, the chain Z has not left the finite state space U, N E by the time ¢ + At.
Therefore, by the Dominated Convergence Theorem, the second expectation on the right-hand side
of (£I9) converges to E, [aG (r, AH)I{Tn>t}E%I(Zt)] as At — 0.

We will now prove that the third expectation on the right-hand side of ([AI9]) converges to 0 as
At — 0. By decomposing the path of Z™ at 7, on the event {t < 7, < t + At} and applying the
arguments used in the previous two paragraphs to each of the two parts of the trajectory of Z", there
exists a constant C > 0 such that

‘DAt (7’, Zs t)‘ At+At AII

E. O+ {t<Tn<t+At} At

Tn — 1
< E. |:nAtI{t<Tn<t+At}:|

t+ At —
" E{*

At E (an)f{t<‘rn<t+At}}

< Pt <7 <t+ A+ E; [S7(Zr) fi<n<ti )] -

The probability P, [t < 7, < t + At] tends to zero as At — 0 by the claim and X7, (Z7, ) 1< r, <t+ a1}
is, for At € (0,1), bounded above by the random variable ¥2,(Z;

n

M {7, <t+1}, which is integrable
by (4£I5). Therefore, another application of the Dominated Convergence Theorem implies that the
function (,SH) is right-differentiable in time. In the case At < 0, analogous arguments to the ones
described above yield the left-differentiability of CT(IH). The limits in (£I8)) and their counterparts for
At < 0 imply that the left- and right-derivatives in ¢ of Q(f coincide and part (@) follows.

For the proof of part (b)), note that, under the assumption |o1|(z) # |o2|(z) for all z € E, we have
¥2(2) = (|o1] — |o2])?(2) > 0 for all z € E. Therefore, a completely analogous argument to the one
that established the equality in (EI4), based on the stochastic time-change A’ and the fact that the
laws of the processes (R!™, Z") and (r + B4r, Z") coincide, where B, denotes the Brownian motion
B time-changed by the increasing process A!, implies the representation of Q(lj) given in part (b)) of
the lemma. The differentiability of Q(z follows along the same lines as in part (@). The details of the

arguments are now straightforward and are left to the reader. O
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Lemma [£3] shows that the functions Q(LH) and C,(f) solve the HJB equations that correspond to the

Problems (4.9]) and (4.10).

Lemma 4.3. Let Q(lH) and Q(LI) be given by ([AII)-(EI12).

(0
(a) The modulus of the partial derivative |8ch | is bounded on the set (—oo, —¢) X E x (0,00) for any

e > 0 and the second derivative in space of Q(LH) satisfies

(4.20) ———(r,z,t) < 0 for all (r,z,t) € (—00,0) x E x (0, 00).

If |o1|(2) # |o2|(2) for all z € E, then the modulus |8%;I>| is bounded on (—oo, —¢) x E x (0, 00),

for any € > 0, and we have

06"
or?

(4.21) (r,z,t) < 0 for all (r,z,t) € (—00,0) x E x (0, 00).

(b) For any T > 0 the following holds for allr < 0,t € [0,T) and z € E
(IT)

(4.22) inf {[50(,g”)(-,-,T—t))](r,z)— - (r,z,T—t)} — 0,

ce[—1,1]

where the function L° ( T(LH)(', ST — t)> is defined in ([23)). Furthermore, we have

(2,00 = 1 forall (r,2) € (—00,0) x E,
UD©O,2,t) = 0  forall(zt) €Ex (0,00).

If |o1|(2) # |o2|(2) for all z € E, then for all r < 0,t € [0,T) and z € E we have

(1)
(4.23) 65[1_111)1]{[56 (€O¢ T =1)] (n2) - ag; (r,z,T—t)} =0
and
CT(LI)(r,z,O) =1 for all (r,z) € (—o00,0] X E,

¢D0,2,t) = 0 for all (z,t) € E x (0, 00).

Proof. (@) Let G(r,t) be as defined in Lemma Since n'(x) = —an(z), where n(-) is the standard

normal pdf, we have

(4.24) %(r, t) = —j%n <—\;£> ,
2 r T
(4.25) aarg(r, t) = QWWJ <_\/i) <0,

G
ort’
r < 0 and small enough £ > 0 and hence, as in the proof of Lemma [£.2] the Dominated Convergence

for all r < 0, ¢ > 0. The derivatives

i = 1,2, are bounded on (r —e,r 4+ ¢) x (0,00) for any

Theorem implies

acih le. 8¢S e
ar (T’,Z,t) = EZ |:87" (Ta Az{l):| and W(rvzat) =Lz |:81"2(r’ A{I):|
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for all r < 0, z € E, t > 0. Inequality (£20) now follows from the inequality in ([@25]) and the
o (I1)

boundedness of |ng7, | on the product (—oo, —¢) x E x (0,00) is a consequence of (£.24]). Under the

assumption that |o1|(z) # |o2|(z) for all z € E, the properties of the partial derivatives in space of C,(LI)

follow from Lemma 2] (Bl) and ([#24)-(#25) along the same lines.

(B) In order to prove that CT(lH) satisfies the HJB equation above, define a bounded martingale M’/ =

(M{")sej0,7), where
M =P, [x" (R >T|F], r<0,2€Etel0,T],

where the process R/™ started at RI In — ¢ is given in (&8) and the corresponding first-passage time
7o (RY™) is defined in (@X). The Markov property of the process (R/I™, Z™) and the definition of ¢, (D
in (4II) imply the equality

(4.26) G (R, 2P, T —t) = P [ (R > T\R] = M,

forallr <0,z € E,t €[0,T].

Note that, by ([@24]), the modulus ]%| is globally bounded on the set (—oo, —¢] x (0, 00) for any
e > 0. Let r <0, pick any ¢ € (0, —r) and consider the stopped martingale M* = (M;),c(o,1], defined
by

I IIn _
Mg == M} S where 71_:=inf{s > 0: R}'" = —¢}.
It6’s formula for general semimartingales [10, Sec I1.7, Thm. 33] applied to the representation in (Z.26))
of the martingale M*¢, Lemma [1.2] (@), Lemma applied for the process U = (Rﬁ;ﬂ )telo,r) and

the bounded function Cn , and the facts that the quadratic covariation [R!" Z™, = 0 vanishes

. (II)
for all times ¢ and coordinates Z™® of the chain Z" (recall that E C R%), % is bounded on
(—o0,—¢] x E x (0,00) and P, [Rﬁ? < —¢,Vt > 0| = 1 together yield that the process N¢ =

(N{)iejo,r)> where

AT+ 1 82
No= [2<|al|+|az|>2< DL,

or?
17
) plIn _ n _ac’f(l : IIn mn _
QUM (RI™, T — )(20) — (RN 70,7~ 5) | ds,

is a continuous martingale. Hence, since the quadratic variation of N® vanishes, we have N; = 0 for all
times t and starting points (r, z) with » < —e. Since € > 0 is arbitrarily small and, by assumption (L.§]),
the process (R, Z™) visits neighbourhoods of all points in its state space with positive probability,
this implies that for all r < 0, z € E and ¢t € [0,T'):

(1) (IT)
@2 ol + o260 Tt e T = )+ @ T () - 22z =0

To prove the first HIB equation above, note that for any ¢ € [—1, 1] the following inequality holds

92 1(111) 2 ~(I1)

(02 — 2co109 + 0%)(,2)W(r, z,T—t) > (lo1] + |O’2D2(Z)T:2(T,Z,T —t),
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(11)
for all » < 0 and z € E, since 82— (r, 2, T — ) < 0 by (@20). This inequality, the definition of £¢{""

in (23) and identity (£27) imply (#22]). The boundary behaviour of the function C,SLH), stated in the
lemma, at ¢ = 0 and at r = 0 follows directly from the representation of Q(LH) given in (4.17)).

In the case of the function C,(ZI), by (#2I) it follows that

1 2 G L s 202G
§(|01\—|02|) (Z)W(TaZaT—t) < 5(01—200102+U2)(2)W(T,2aT—t)

for any ¢ € [-1,1] and all » < 0, z € E, t € [0,T). An analogous argument to the one in the case of
D) establishes the HJIB equation in (£.23) and the required boundary behaviour. This concludes the

proof of the lemma. O

We can now prove that C,(LH) and Q(L]) are the value functions for Problems ([4.9]) and (£.10).

Lemma 4.4. Pick a time horizon T > 0 and, for any V € V, let R*(V)) and 7,7 (R™(V)) be as in (&)
and (X)) respectively.
(a) The function Q(LH), defined in ([AI1), satisfies the following:

D, 2,T) = ‘}ni;/ Pr: [0 (R"(V)) > T| for anyr <0,z € E.
€

(b) Assume that |o1|(z) # |o2|(2) for all z € E. Then the function Q(f), given in ([LI12), satisfies

Q(LI) (r,z,T) = sup P, . [TJ(R"(V)) > T] foranyr <0,z € E.
Vey

Proof. (@) Pick any Brownian motion V' € V and, for any ¢ € [0, T, define the corresponding Brownian
motion VI = (VIInt) o4 €V by

|2 if s <t
4.28 vint .= ¢ °° -
( ) W+Vglln_‘/;glln if8>t,

where V1" € V is given in (5] with Z substituted by the stopped chain Z". The Bellman process
St = (Sgrl)te[oj] takes the form

StH — D ( R™,

T oon To AL

V), 2% T — t) =P, [ (RM(VIM)) > TR,

T(;"_/\t7

for any r < 0,z € E,t € [0,7T], where the second equality follows from the Markov property and
definitions (4.I11)) and (£28])) of the candidate value function Q(IH) and of the Brownian motion V1",
Note that the stopping time T&r on the right-hand side of the second equality is given by Tg_ =
7o (R*(V)), and hence does depend on the choice of V. This is not explicitly stated in the formula
for brevity of notation.

To establish that the Bellman principle applies, it is sufficient to prove that the process S/ is
a submartingale for any starting point (r,z) of the process (R™(V),Z"). By Lemma @) and

It6’s formula for general semimartingales [10, Sec I1.7, Thm. 33] we obtain the following pathwise
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representation of the process S'/:

t‘ro
(429) S = (UD(r2T)+ / 06 ), 70T — 5) ARV
0

87‘
N 0
/
0

+ Y [N REV), 22T - ) = (IDREV), 2T~ 5)]

0<s<t/\’r0+

aC(H

5 ds

(£C¢D) (RE(V), 22T = 8) = e (R(V), 22T = )

- /0 Qe (R (V). T — )22 ) ds,

where C' = (C})¢>0 is the stochastic correlation process from Lemma [2Z1] which corresponds to the
Brownian motion V', and £ D is defined in (23) for any constant ¢ € [—1,1]. This representation
of ST relies on the fact that the continuous part of the quadratic covariation [R™(V), Z™]; vanishes
for all times t and coordinates Z™* of the chain Z". Since C; € [—1,1] for all ¢ > 0, equality (Z.22))

implies that the first integral on the right-hand side is almost surely non-negative and hence we have:

I (II) i 847(111) n n n
(4.30) ST > (D2 T) + o (RI(V), 22T — 5) dR(V)
0 T
Y [ RIv), 22T = ) = (IDRLV), 20, T — )
0<S<t/\TS_

- /0 QDR (V). T — )22 ) ds.

Apply Lemma 22, with F(s,r, 2) := (5D (r,2,T — ), U := R*(V) and the chain Z” (with bounded
generator Q,), to conclude that the process given by the second and third lines of the last display is
a martingale.

The first integral on the right-hand side of (430 is clearly a local martingale since the integrator
R™(V) is a martingale. Define a stopping time 77, := inf{t > 0 : R%(V) = —&} for any small € > 0

and note that 7. < 7‘0 The quadratic variation of the local martingale

t/\T L. aC II)
( / (RM(V), 20T — s) dRZJ(V)>
0 87"

is, by LemmaA3] (@) and assumption (L2, bounded above by an integrable random variable. Therefore

t€[0,T)

this stochastic integral is a martingale and, by taking expectations on both sides of inequality (£30),

we obtain
E,- [ST/\ +] > ¢UD(r, 2, T) for all € > 0.
Since the paths of R™(V) are continuous we have lim. o 7', = 7'0+ P, .-a.s. Hence the definition of

ST and its representations in ([#29) imply the following limit:

II _olI _
bm Syprt = Stans = L (Roeryy>1y-

Indeed, on the complement of the event {r,” = T} the limit holds by the definition of S*/. On
{Tgr = T}, the limit is implied by representations (4.29) because the integrals on the right-hand side

of ([A29)) are continuous in the upper bound of the integration (recall that R™(V) is a continuous
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martingale) and 7%, 1 77 = T, while the sum in (#29) is P, ,-a.s. constant in ¢ as the chain Z"
does not jump P, .-a.s. at time 7. Since ST is a bounded process, this almost sure limit and the

Dominated Convergence Theorem imply the inequality

P, [ (R*(V)) > T] > ¢\ (r,2,T)  for any V € V.

This inequality and the definition of (,(ZH) in (@I1]) imply part @) of the lemma.

([@) For any Brownian motion V € V and t € [0, 7], define V" = (VI") o € V by

Int Vs if s <t,
V=
° Vi+ VI —vin if s>t

where VI € V is given in ([L5]) with Z" in the place of Z. The Bellman process S = (S} Jeelo,) is given
by Sf = ¢ (R:W(V), o T t) =P, [ (RM(VI")) > T|F] , for any r < 0,z € E,t € [0, T),
where again 7;" :0: o (R”(OV)) and the second equality holds by the Markov property and (4.I12).
Analogous arguments to the ones used in the proof of part (@) can now be applied to conclude that
the process S!, appropriately stopped is a supermartingale. Then the optimality of the Brownian
motion V" € V follows by a limiting argument as in part (@). This concludes the proof of the

lemma. O

4.2. Proof of Theorem [4.3l We establish Theorem [£.1] in two steps. The first step consists of
generalising the result of Lemma 4] (B),

(4.31) ¢\D(r,z,T) = sup P, (75 (R*(V)) > T] for any r <0,z € E and n € N,
Vey

to the case where the assumption |o1|(z) # |o2|(2) for all z € E is not satisfied. The function C,(LI) in
this expression is given in (II2) and R™(V) and 7 (R"(V)) are defined in (@) and (Z5) respectively.
The second step in the proof of Theorem BT consists of a limiting argument that generalises Lemma 4]
to volatility chains with possibly unbounded generator matrices.

Consider the case of general volatility functions 01,09 : E — R, which are only assumed to satisfy
integrability condition (I.2)). Then, for any € > 0, there exists a function o§ : E — R that satisfies ([.2]),

coincides with o1 on the set where the moduli of the original volatility functions are already distinct,
{zeE:01(2) =01(2)} = {z€E:l|ol(z) # |o2[(2)}

and has the following properties:

01l(2) # lo2l(2),  loi(2) —o1(2)] <€, sgn(oi(2)o2(2)) = sgn(o1(2)oa(2))  forall z € E.

Note that, in order to define of, we used the fact that |o1| + |o2| > 0, which implies that if |o1](z) =
|oa|(z) for some z € E, then |oq[(z) > 0.
Define the process R™¢(V) by (£4), but with o1 replaced by of, and note that for any ¢ > 0 we

have
(4.32) RV = B(V) = [ fot(22) — o1(22)] 4B,

The chain Z has cadldg paths in a state space with discrete topology by assumption (.8]) and hence Z",
defined in (33), has only finitely many jumps, say Np(Z") € NU {0}, during the time interval [0, T].
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Therefore identity ([#.32)) implies the inequality |R}"(V) — R{(V)| < e(1 + N7 (Z"))(sup,epo, 1) Bs —
infy o By) for all t € [0,7]. Since the right-hand side of this inequality does not depend on
t € [0, 7], the random variables S5.(V) := supyejo ) By (V) and S7(V) := supyejo 1) RiY (V) satisfy

1S7(V) = Sr(V)| < e(1+Np(Z")( sup By~ inf By | and limS7(V) = Sp(V) Py .-as.
s€[0,T] s'€[0,T] 0

This implies Iy, (v)<oy < liminfe o Ifge(v)<o}- Fatou’s lemma and the fact that {Sp(V) < 0} =
{r (R™(V))) > T} therefore imply

P [TSF(R”(V)) > T} < liminfP, . [S7(V) < 0] = liminf P, , [TJ(R"‘(V)) > T}
e—0 e—0

(4.33) < liminf Py [rg (R™™) > 1],

where the process RI™€ is defined in (6] with oy substituted by of and the last inequality follows
by Lemma 4] ().

Define a strictly increasing process Al = (AtI “‘Vy>0 and a non-decreasing process Al = (A]);>o,
analogous to (£13), by

t t
A ::/0(|a§|—|az|)2(zg)ds, A} ::/0 (lo1] = lo2])*(Z3) ds.

The properties of of imply that A{’e > Al P,-a.s. for all + > 0. As in the proof of Lemma [£2] the
independence of B and Z (by Lemma 23] implies that the processes (R!™¢, Z") and (r+ B 1., Z") are
equal in law, where B 41.c denotes the Brownian motion B time-changed by the precess A€, Similarly,
we have that the laws of (RI™, Z") and (r + Byr, Z™) coincide, where R!™ is given in (&B). These
observations imply the almost sure inequality, inf{t > 0 : B Ale = —r} <inf{t >0 : B Al = —r},
and the fact that the random variable on the left-hand side of this inequality has the same law as
7o (R™€(V)) while the one on the right-hand side is distributed as 7 (R"(V)). This therefore implies
the inequality

P..[m (R"™)>T] < P[0y (R"™) >T]

which, together with (Z33) and the definition of () in [@I2), yields @31) and hence concludes step
one of the proof of Theorem 1]

In the second step of the proof we assume that the volatility process Z is a general (F;)-Markov
chain with state space E C R?, defined in Section [[l For any n € N, in ([8:3) we defined a stopping
time 7, and a chain Z", which is equal to Z up to the time 7,,. Lemma 4] (@), equality (£31)) and
the definitions of the functions Q(LH) and C,(LI) in (I0)-(412) imply the following inequalities for any

Brownian motion V €V,
(4.34) P, [rf (RM"™) > T <P, [rf (R"(V)) >T] <P, [rg (R"™) >T],

where R™(V) is given in (&) and R™ R!!™ are defined in (&B). Furthermore, for any ¢ in the

stochastic interval [0, 7;,] the following equalities hold:

Ri(V)=R(V),  R{M=R(V'),  R"=R(V),
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where the process R(V) is defined in (2.2]) and the Brownian motions V! and V! are given in (I5).
Therefore, we have that, on the event {7, > T}, the random variables I{TJ(R"(V))>T} and I{TJF(R(V))>T}
coincide. The same holds true for the pairs I o (RITn)>T} and I{¢J(R(V”))>T}7 and I{TSL(RI")>T} and
1 (7 (ROVT))>T} Since (7p)nen is a non-decreasing sequence of stopping times, such that 7, ' oo

P.-a.s. as n — oo, we obtain the following almost sure limits:

nli};o I{TS'(R”")>T} = I{TS'(R(V”))>T}’ lim [ r(RIM)>TY — I rH(R(VI))>TY

n—00 {
Jm T g vy sty = L (rvy)>Ty-

These equalities, a final application of the Dominated Convergence Theorem and the inequalities
in (4£34) imply (@I)-(#2). This concludes the proof. O

4.3. Time-varying extremal couplings. It is tempting to try to prove/generalise the result in
Theorem [A.1] via a direct argument based on the Dambis, Dubins-Schwartz (DDS)-Brownian mo-
tion [II, Thm V.1.6], avoiding the Bellman principle. Let %(1) = (Egl))tzo and £ = (21%2))1520
be two progressively measurable processes on (€2, (Ft)t>0,F, P), such that fg E (2@)2@15 < oo for
i=1,2 and any ¢ > 0. As usual, for any V' € V, define the difference process R(V') = (R:(V))t>0 by
Ry(V) =1+ fot 2&1) dB — f(f 29) dVi, » <0, t > 0. Let the candidate extremal Brownian motions

VI = (V)50 and VI = (V;!);>0 be given by
t t

(4.35) Vi = - / sgn (z@z@) dB, and V= / sgn (2929) dB..
0 0

Under these assumptions the process R(V') is a martingale for each V' € V. Hence, by [11l
Thm V.1.6], there exists a (DDS)-Brownian motion WV, adapted to the filtration (Fg, (y))uz0, where
the processes A(V) = (A:(V))i>0 and E(V) = (Ey(V))u>0 are defined by

t
A(V) = /O (@gw)z_zcszgnzgm(zgm)z) ds and  E,(V):=inf{s : A(V) > u}

and C' = (Cyp)>0 is the stochastic correlation between the Brownian motions B and V from (2.1)) in

Lemma 2.1l and the following representation holds
Ry(V) = r+ Wy foralt>0.

It is clear from these definitions that the following inequalities hold almost surely for all times ¢ > 0:
t 2 t 2
(4.36) Al = / (101 = 2@]) " ds < 4,(v) < / (=01 +2])" ds = Af".
0 0

Let 7" (R(V)), 7o (r+ WXI ;) and 75 (r+ WX,) denote the first-passage times over zero of the processes

R(V), r+ WX, ;and T+ WX,, respectively, and note that the inequalities in (£36]) imply

(4.37) 7o (r + W) < 15 (R(V)) < 7" (r + W)

on the entire probability space §2 for every Brownian motion V € V.

It is tempting to conclude from this that the processes r + WX, ; and R(V), where the Brownian
motion V7 is defined in ([@35) have the same law (ditto for the pair r + W); and R(V')), which
would together with (437, yield a generalisation or an alternative proof of Theorem Il However,

the counterexample in Section [[L2.]] demonstrates that the generalised mirror coupling in (£35]) can
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be suboptimal in this setting. The counterexamples to Theorem 1], based on the continuous-time
Markov chains in Section[5.2] which are adapted non-Markovian processes with respect to the filtration
(Ft)t>0, clearly show that this approach cannot be used as an alternative proof of Theorem[4.1] because
it only requires the volatility processes to be (F;)-adapted. We should stress here however, that in
the case of deterministic integrands (1) and £(?), Proposition can be established. H

Proposition 4.5. Let X1, 23 be deterministic processes (i.e. measurable functions of time) that
satisfy the integrability condition above, |Z‘gl)], \Eg2)| >0 for all s >0 and AIY, Al /o0 ast / .

Then for any time horizon T > 0 and Brownian motion V €V, the following inequalities hold:
P, [ (R(VI) > T] <P, [T;(R(V)) >T] <P, [rg (R(V!)) > T].

Proof. The integrability assumption fo st < 00, i = 1,2, from the beginning of Section 3]
implies that Al is a well-defined, finite, strlctly increasing differentiable function. Its inverse FE'!,
which is defined on [0, 00) since the limit A’/ tends to infinity with increasing time, is also strictly

increasing and differentiable and satisfies the following ODE:
u
(4.38) BT = / (|ES§I| - |E§§31\) ds.

Since the left-hand side of ([&38) is finite for all u > 0, for any V' € V the process WV = (W/TV),5,

v . Al -t Vv
(4.39) Wi /0 (10 +152,1) " awy

is well-defiend for all + > 0, where WV denotes the (DDS)-Brownian motion introduced above. The
quadratic variation of the continuous local martingale WV is by [@38)) equal to [W1V], = EI ! "= t,
making WV a Brownian motion by Lévy’s characterisation theorem By ([#£39]) we obtain dWI V=

EII -
AWy /(S50 + ZE) 1) and WY = [ (5] |+ S5 ) aw iy = 7 (12 |+|z(2>r> W”V,where

=
the last equality follows by [T, Prop V.1.4]. Hence we find WV, A = fo \ES | + \ES ) AWV for
all t > 0. Since ¥ and ¥ are non-zero everywhere by assumptlon, the process W = (W;)>0,
given by W, = fg sgn(Egl))dWSIW, is a Brownian motion and the equalities ]Zgl)\ = sgn(Egl))Egl)
and sgn(E(l)E(Q)) = sgn(E(l))sgn(E(z)) hold. Therefore, the processes R(V!), where V! is given
in [E35), and r+ W, i1 are equal in law and hence ([4.37) implies the first inequality in the proposition.

The second inequality follows along the same lines. O

Remarks. (i) It is important to note that the Brownian motion WV introduced in (@39, is not
an element of the set V as it is in general not adapted to the original filtration (F;):>0. In fact,
WV is an (F;)-Brownian motion only in the case V = V{7,

(ii) The final step in the proof of Proposition relies on the fact that the stochastic integrals

/0. (Egl) +sgn (Zgl)zg)) Z@) dB,, /0' (2(51) + sen (Egl)zg2)> 29)) sgn (2(51)) AWV,

where B is a fixed Brownian motion and WV is defined in (@39)), are equal in law, which holds
since M and ©@ are deterministic. Assume that both processes V), (2 non-deterministic,

but adapted to (F¢)i>0 and independent of the Brownian motion B. Then, it is not clear whether

3We would like to thank David Hobson for this observation.
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one can define the second stochastic integral, since WV is not (F¢)-Brownian motion. Even if
this were possible, the laws of the two integrals would in general not coincide since the integrand

and the integrator are independent in the former and dependent in the latter integral.

5. COUNTEREXAMPLES

5.1. The presence of drift. If either of the processes X and Y (V) in (1) can have drift, the
conclusion of Theorem fails as the following example demonstrates.
Let R(V) be the difference of X and Y (V') and assume that it takes the form

Rt(V) =r+ut+ By —dVi,

where B is the fixed (F;)-Brownian motion, V' € V an arbitrary (F;)-Brownian motion, & a volatility
parameter different from 1, r a strictly negative starting point and p a constant positive drift. Then
the candidate extremal Brownian motions in (L) are given by V! = B and V! = —B and the

following lemma holds.

Lemma 5.1. For any starting point r < 0, time horizon T > 0, wvolatility ¢ > 0 and positive drift
1> 0, the inequality P, (7" (R(VT)) > T| < P, [7f (R(V!T)) > T] holds.

Lemma [5.T] implies that Theorem cannot hold for processes with drift. An intuitive explanation
for this phenomenon is as follows: in the presence of a large drift upwards, it is better to reduce the
volatility as much as possible (in this case to the level |1 — 7]), instead of increasing it to its maximal

value (equal to (1 + 7)), since the drift makes the processes X and Y (V') couple before time 7.

Proof. Fix r <0, T >0, 5 > 0, u > 0 and define the function F' : (0,00) — [0, 1] by

r—l—,uT) our? ( r—,uT)
Fw)=N|{- v]—e MU N — v, v >0,
=N (- VT

and recall that P, [r" (R(V!)) > T| = F (1/]1 = &), P [7g (R(VI1)) > T| = F (1/(1 +5)) (seee.g. [2,
I1.2.1, Eq. 1.1.4]), where N(-) denotes the normal cdf. To establish the lemma it is sufficient to show
that F' is strictly decreasing on the bounded interval [1/(1 + ),1/|1 — &|]. Since the derivative takes

the form F’'(v) = —2uv/Thn %— TJ\F/’%TU) + dprve= 2o’ N (— r;’:ipTv) and clearly satisfies F'(v) < 0 for
O

all v > 0, the lemma follows

5.2. (F)-adapted non-(F;)-Markov processes on a discrete state space. In this section we
construct two continuous-time (F;)-adapted processes with a countable discrete state space, neither
of which are (F;)-Markov, and show that in both cases the strategies in Theorems [l and are
suboptimal. In the first (resp. second) example, Section [5.2.1] (resp. Section (5.2.2]), the constructed
process is semi-Markov (resp. Markov) with respect to its natural filtration. This demonstrates that
the assumption that the chain Z is an (F;)-Markov process, not just a Markov process with respect

to its “natural” filtration, is indeed necessary in Theorems [[.T] and

4We thank one of the referees for this simplification of our original argument.
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5.2.1. (F;)-semi-Markov process. Recall that B is (F;)-Brownian motion, fix € € (0,1) and then let
the random times 7T, n € NU {0}, be given by Tp := 0 and

T, :=inf{t >T,_1 : |B:— Bp, ,| =€} for n > 1.
Define the processes N = (Ni)i>0 and W = (W)= by
N; :=max{n e NU{0} : T,, <t} and Wi = Bry, .

For every ¢t > 0 we have {T;, < t} € F; for all n € N and hence the process W is (F;)-adapted.
Furthermore W is a continuous-time semi-Markov process (i.e. the pair (W, B) is (F;)-Markov) with
state space €Z and cadlag trajectories. In particular, W has only finitely many jumps on any compact

interval. Let

Z = zE(W), for a fixed z9 > 0,

where £ denotes the Doléans-Dade stochastic exponential [10, Sec I1.7, Thm. 37]. Therefore, by

definition, we have

t T,
Zt:zo+/0 ZSdWS:ZO+/0 Zs— AWy = Zry,
where the second equality follows from the facts that Ty, < ¢, and that there are no jumps of W
during the time interval (T;,,t]. The process Z has a countable state spaceE which can be expressed
as E = {20(1 —€)"(1+¢)™:m,n € N} C (0,00) and is a continuous-time semi-Markov process (as
before, (Z, B) is (F;)-Markov).
Consider the stochastic integral fo ZsdBs and note that the equality Wr, — W, = Br,, — B, _,

holds for all n € N. Hence the stochastic integral can be expresses as follows:

t Ty, t Ny
/ Z,dB, = / Z,dB, + / Z.dBs =Y Zr,_,(Br, — Br,_,) + Zry, (B — Bry,)
0 0

Tn, n=1

= (Zry, — 20) + Zry, (Bt — Bry,) = Zi(1+ (Bt — Bry,)) — #o.
Therefore, since by definition we have [B; — Bry | < € and Z; > 0, the following inequalities hold:
t
(5.1) —20<(1—€)Z—2 < / Z,dB, for all ¢ > 0.
0

As in Section [[L2.1] define o; : E — R by 0y(2) := —iz for any z € E and ¢ = 1,2, and note that
by (LH) we have V! = B and V!! = —B. Hence, for any starting points z,y € R, definition (LI]) and
inequality (&) yield the following almost sure inequalities:

t t
Xt—Yt(VI):x—y+/stBSZx—y—z(), Xt—Yt(VH):x—y—?)/ ZsdBs < x — y + 320.
0 0

For any time horizon T > 0, counterexamples to the Conjecture in Section[L.2] (for both Problems (T)

and (C)) can now be constructed in the same way as in Section [[L2.1]

5An additional bijection is needed to define a chain with a state space that is a discrete subspace of a Euclidean space.
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5.2.2. Non-(F;)-Markov Markov chain. In order to define a process Z, which is a time-homogeneous
Markov chain in its own filtration and has properties analogous to the ones in the previous section,
we sample the path of the Brownian motion B at a sequence of holding times of a Poisson process.

Fix a small € > 0 and let (e (€))nen be a sequence of independent exponential random variables on
the initial probability space with Ele, (¢)] = € for all n € N. Define a sequence of random times 77,
n € NU{-1,0}, and a Poisson process N’ = (N/);>0 by

T =T,:=0, T.:=T, {+en(e) forneN, and N{ :=max{n € NU{0} : T, <t}.
Let h(e) := exp(—1/€?) and define the function g. : R — R by

() max{y € h(e)Z:y <z} ifze (—1+h(e),1),

(x) ==

g 0 itz € R\ (=14 h(e), 1).

Note that ge(x) = h(e)|z/h(e)| for all x € (—1+ h(e), 1), where |y| denotes the integer part of y € R.

The function g, is supported in [—1, 1] and satisfies
(5.2) z—h(e) < ge(z) <z Vo e (=14 h(e),1).

The idea is to use g, in order to define a continuous-time random walk W€ with increments given by
Je (BTA — BTr/L—l)’ approximating those of the Brownian motion B. However, since these increments
can be zero if during a holding-time interval the Brownian motion B has either moved in the positive
direction by less than A(e) or in either direction by more than 1, we first need to “prune” the Poisson
process N’ in the following WayE We mark N’ at each time T, n € N, with 1 (resp. 0) if the event
{gE (BT,Q - BT£_1> > O} has (resp. has not) occurred. By the Marking Theorem in [0, Sec. 5.2], this
yields a Poisson process on (0,00) x {0,1}. The Restriction Theorem (see [0, Sec. 2.2]), applied to the

subset (0,00) x {1}, defines a Poisson process N on (0,00) with jump times 7}, n € N, satisfying

(5.3) T, — Tn—1, n € N, are exponential IID random variables with mean larger than e,

(5.4) Ny =max{n e NU{0} : T), <t}, Tn, <t<Tn,41 and lif{)l Ty, =t P-as.,

where as before we have T_1 := T := 0. Note that in the construction of the marked Poisson process
it is key that the marks at distinct Poisson points of the original process N’ are independent of
each other, which is the case in our setting since the Brownian increments over disjoint holding-time
intervals of N’ are independent.

We can now define the process W€ = (Wy);>o by

Nt
th = de (BTn - BTn71) .
n=0

Note that W€ has a countable discrete state space €Z and cadlag trajectories. It jumps only finitely
many times on any compact time interval, has the same holding times as the Poisson process N, the
jumps W — W = g. ( Bry, — BTNt_> are distributed as g (Br,) for all ¢ > 0 and do not depend on
the position of W€ when the jump occurs. Hence W€ is a continuous-time time-homogeneous random

6In the construction that follows, for brevity we do not distinguish between the notions of the Poisson point process,

corresponding to a Poisson process, and the Poisson process itself. We refer to both objects simply as the Poisson process

(see [6] for more details).
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walk, making its stochastic exponential Z¢ := zE(W€) (see [10, Sec I1.7, Thm. 37] for definition)
a time-homogeneous Markov chain with a countable state space and cadlag paths (footnote [l also
applies here). If for some 7" > 0 it holds

T
(5.5) lim | E [(Zf - Ztﬂ dt = 0,

e—0 0

where Z is defined in (I.6]), then, since the stochastic exponentials Z and Z¢ are square integrable on
compact intervals (see Lemma [5.2]), the Burkholder-Davis-Gundy inequality [10, Sec IV.4, Thm. 48]

implies the following almost sure convergence

(X7 =Yr (V) = o (Xr =Y (V)),  Irgxe—ve))>sTy = Lng(x=v(V))>T}>

as € — 0, for any Brownian motion V' € V), cost function ¢ and volatility functions o1, 09 given in
Section [L21] (the processes X€, Y¢(V) are defined in (1)) with Z replaced by Z¢ and the stopping
time 70(X¢ — Y¢(V)) is equal to inf{t > 0 : X§ = Y,5(V)}). The counterexamples from Section [[.2.1]
(with a bounded ¢ € C%(R)) show that the conjecture in Section fails (for both Problems (T)
and (C)) in the case of the process Z€ if € > 0 is small enough.

In order to complete our counterexample, we need to prove that the limit in (5.5]) holds. To this

end we establish the following lemma.

Lemma 5.2. Let Z¢ be as defined above and let Z be given by (LG). Then Z¢ and Z are square

integrable on compact intervals and there exists a constant Co > 0 such that the following holds:
¢
E [\Zt - Zﬂﬂ < CO/ E [\ZS — Z;\Q] ds + a(t,e), for all t > 0 and small e > 0,
0

where a(t,€) € [0,00) satisfies limejga(t,e) = 0 for any t > 0. Furthermore, on any interval [0,T],
T < 00, the function a(-,€) : [0,T] — R can be chosen to be bounded uniformly in all small € > 0.

Proof. Recall that the definition of the stochastic exponential (see e.g. [10, Sec II.7, Thm. 37]) implies

the following representations for Z¢:

t Nt Nt
Zi =z +/ Zi dWS =20+ Y Z%, 9c (Br, — Br,_,) and Zf =z | (1+ge (Br, — Br,_,)),
0 n=1 n=1

where the sum (resp. product) is taken to be zero (resp. one) if N; = 0. The second equality and the
definition of the function g. imply that 0 < Zf < 292™ (recall that zp > 0), which yields the stated
square integrability of Z€. The first equality and the fact Z;, = zg + fg ZsdBg imply the following:

TN t Ny
Zy— 7f = / (Zs — 7€) dB, + / Z,dB,+ > Z5,_ (Br, — Br,_, — 9. (Br, — Br,_,)).
0

Ty n=1

The definition of the Poisson process N, the definition of g, with the estimate in (5.2]), the elementary
fact (a + b+ c)? < 9(a® + b? + ¢?) for any positive a,b, ¢, and the triangle inequality yield

t
/ ZsdBg
Tn

t

2
+ By exp(ByNy)h(e)?,

2

TN,
(5.6) Ao |Zi — Z* < ‘/ (Zs — Z5)dBs| +
0
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for some constants Ao, By, B1 > 0. Since, by (5.3)), the random variable N; is Poisson distributed with
the rate less or equal to t/e and h(e) = exp(—1/¢€?), we have

(5.7) hﬁ)l E [exp(BoNt)h(e)Q] =0 for any ¢ > 0.

By (&4) we have T, <t and hence

2

< sup
UE[O,TNt]

2
< sup
u€(0,t]

)

Ty,
/ (2, — 7)dB,
0

/X&—ﬁﬂ&
0

/X&—&M&
0

which by the Burkholder-Davis-Gundy inequality [I1, Thm IV.4.1] implies the following bound

Ty, 2 t
(5.8) E / (Z,—29dB,| | < BQ/ E [|ZS —Z;ﬂ ds
0 0
for some positive constant Bs. An analogous argument yields
t 2 u 2
(5.9) / ZsdBs| < sup / ZydBs| <2 sup Z2.
Tn, u€l0,t] 1J0 u€[0,t]

The limit in (54)), estimate (5.9), Doob’s L?-martingale inequality and the Dominated Convergence

t
/ ZsdBg
Ty,

Theorem imply

2

5.10 lim E
(5.10) i

=0.

Define CO — BQ/AO and

; 2
/ ZsdBg
TN

t

aft,e) == fioE

+ iiE lexp(BoN¢)h(e)?] .

The inequality in the lemma now follows from (£.0), (5.7), (5-8) and (5I0). The last statement in the
lemma follows from the fact that Ny < Np for any ¢ € [0, 7], the bound in (59I), the right-hand side

of which is independent of ¢, and Doob’s L2-martingale inequality. 0

Coming back to the proof of (5.5, note first that Gronwall’s inequality and Lemma yield
t
E {\Zt - Zf|2} < aft,€) +/ exp(Co(t — s))a(s,e)ds for any t > 0.
0
Hence, for any T' € (0,00), we have

/OT E “Zt - Zfﬂ dt < /OT a(t,e)dt + /OT dt /Ot exp(Co(t — s))a(s, €) ds.

Since T is fixed and «f(+, €) is bounded uniformly in € on [0, 7], the Dominated Convergence Theorem
and Lemma imply that the right-hand side of this inequality tends to zero and (5.5 follows.
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5.3. (Fi)-Feller process Z independent of B. The final counterexample shows that the “tracking”
part of the conjecture in Section [[L.2] fails for general Feller processes even if Z and B are independent.

Assume that there exist an (F;)-Brownian motion B+ € V, independent of B, and define the (F)-
Feller process Z := zy + Bt with state space E := R for any starting point zy € R. Let o1(2) := 2z
and 09(z) := 2, for any z € R, and note that by (I5) we have V! = B. We will now show that, for
the cost function ¢(z) := z*, the first inequality in Problem (T) fails, i.e. there exists a Brownian
motion V € V such that for any 7" > 0 it holds

(511) Er,zo [(RT(V))4] < ET,ZO [(RT(VI))4] )

where R(V) = X —Y (V) (and X, Y(V) given in (L)) for any V € V) and Ro(V) =, Zy = 2o.
To construct such a process V, define the family V¢ = (V%);>0, ¢ € [—1,1], of (F;)-Brownian

motions by
Ve :=+/1~-c2B; + cByf,

and note that V0 = B = V. Therefore the difference process R(V°) takes the form

Ry(V®) =r+ /Ot (2Z,dB, — Z,dVE) = 1 + (2 - \/ﬁ) /Ot Z,dB, — c/ot Z,dBZ,
and hence we find d[R(V), R(V)]; = (5 — 4V/1 — ¢) Z}dt and d[R(V?), Z]; = —cZdt.
Lemma 5.3. Define 9°(r, z,t) := E, .[(Re(V¢))*] for any v,z € R and t > 0. Then we have

Vo(r,z,t) = 14 6k(c)r?2®t + 3k(c)(r® + k(c)z* — 4erz®)t?
+E(c)((Tk(c) 4 8¢%)2% — der)t® + (TE*(c) /4 + 2%k (c))t?,
where k(c) := 5 —4v/1 —c2 for any c € [-1,1].

Proof. The representation in the lemma for the expectation 9¢(r, z,t) follows from martingale ar-
guments and stochastic calculus. Alternatively to verify the lemma, one can easily check that the
function ¢, given by the formula above, satisfies the PDE

2P0 Pp  10%p Oy

lk( ) _ -
2N\ o T Fro: T 2022 ot

with boundary condition ¢(r,z,0) = r* and polynomial growth in r and z. An application of the

Feynman-Kac formula then yields ¢¢ = ¢. |

Note that £'(0) = 0 and hence the derivative in ¢ at ¢ = 0 of the value function ¥°(r, 29, T') equals
(&

%@i(r’ 20,7)| _ = —r(1223T + 4T°).

Since this quantity is non-zero for any r # 0, inequality (5.11) is satisfied (by Lemma [5.3) for some
V = V¢ with ¢ # 0 (recall that VY = B = V). An analogous argument can be used to show that the

second inequality in Problem (T) also fails in this setting.
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APPENDIX A. PROOFS OF LEMMAS [2.1] AND

A.1. Proof of Lemma 2T It is clear that Lemma 2T follows from (I1]) and the basic properties of
stochastic integrals if, for any V € V, we can find a progressively measurable process C' and W € V),
such that —1 < Cy <1 for all £ > 0 P-a.s., W and B independent and

t t
(A1) Vt:/ C’Sst+/ (1—CAHY2aw,.
0 0

By the Kunita-Watanabe inequality [10, Sec I1.6, Thm. 25|, the signed random measure d[V, B];
on the predictable o-field is absolutely continuous with respect to Lebesgue measure d[B, B]; = dt.
Hence, there exists a predictable process C' = (Cy)>0, such that d[V, B]; = Cidt, and for any s < t
we have |[V, B]; — [V, B]s| <t — s. Therefore, we may assume that |C;| < 1 and define the processes
Dy :=(1—CHV? and My := V; — [J C5dB,. Note that the equalities [M, B]; = 0, [M, M], = [3 D2ds
and fg Itp,>0yD;2d[M, M]s <t hold. Therefore the continuous local martingale W, given by

t t
W; .= / I{DS>O}D5_1dMS —I—/ I{DS:O}dBSL,
0 0
is well-defined, where B+ € V is a Brownian motion independent of B. Lévy’s characterisation theorem

applied to W now yields the representation in ([AJ]) and hence implies Lemma 211 O

A.2. Proof of Lemma The assumptions on @ and F imply that E[[MY|] < oo for all times
t > 0. The additive structure of the process MY implies that it is sufficient to prove the following

ft]7

for any 0 < t <t and z € E. The jump-chain holding-time description of the continuous-time chain

almost sure equality:

(A2) E.| Y [F(s,Us Zs) = F(s,Us, Zs-)]

t<s<t/

Fi| = E. [/tt (QF(s,Us,))(Zs-)ds

Z, the continuity of the process U and the continuity and boundedness of the function F' imply

(A3) E.| > [F(s,Us Zs) — F(s,Us, Zs-)]

u<s<u+Au

Fu| = Au(QF(u,Uy,+))(Zy) + o(Au),

for any v > 0 and small Au > 0. In this expression, for each Au, o(Au) represents an F,-measurable

random variable which is bounded in modulus by C'Au, for some constant C' > 0 independent of Au

(here we use assumption (2.4) and the boundedness of F'), and lima, o O(AA;‘) = 0 almost surely.

We now decompose the left-hand side of (A.2) into a sum over the time intervals of length At > 0,
where t/A;tt € N, and apply (A3) to each summand:

/
t/—t
At -1

E.| Y [F(s,Us Zs) = F(s,Us, Z)] | Fi | = E.| Y [F(s,Us Zs) = F(s,Us, Zo )| | i
t<s<t/ i=0 i<itl<itl
t’Afti
o( At i )
(A.4) (At) + At Z E. [(QF(t +iAt, Uprint, ) (Zivine) | Fe] -
i=0

The properties of the random variables o(At) listed in the paragraph above, the Dominated Con-
vergence Theorem applied to the right-hand side of (A4]) as At | 0, the definition of the Lebesgue
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integral and the fact that Z jumps only finitely many times during the time interval [t,t'] together

imply the equality in ((AZ2)). This concludes the proof of the lemma. O
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