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Abstract
Density expansions for hypoelliptic diffusions (X LoooX d) are revisited. In particular, we
are interested in density expansions of the projection (X%7 e Xé«), at time 7" > 0, with [ < d.

Global conditions are found which replace the well-known ”not-in-cutlocus” condition known
from heat-kernel asymptotics; c¢f. G. Ben Arous [§]. Our small noise expansion allows for a
”second order” exponential factor. Applications include tail and implied volatility asymptotics
in some correlated stochastic volatility models; in particular, we solve a problem left open by
A. Gulisashvili and E.M. Stein (2009).
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1 Introduction

Given a multi-dimensional hypoelliptic diffusion process X; = (th, XAt > O), started at
Xy = xp, we are interested in the behaviour of the probability density function f = f(y,t) of
the projected (in general non-Markovian) process

Y, =1L oX, = (X/},....X}), 1<I<d.

Both short time asymptotics and tail asymptotics, in presence of some scaling, can be derived from
the small noise problem

dXs =b(e,X5)dt + eo (X5)dW;, with X5 = x5 € R%

Our main technical result, based on the Laplace method on Wiener space following Ben Arous
[8,[9], is a density expansion for Y¢ := II; o X¢ of the form, for xg,y, T fixed,

ffly,T)= e/ gea/eg (co+0O(e)) ase | 0. (1)

Leaving definitions and precise statements to the main text below (cf theorem [) let us briefly
mention our key assumptions
(i) a strong Hormander condition at all points (or in fact, a weak Hérmander condition at xo and


http://arxiv.org/abs/1111.2462v1

an explicit controllability condition);

(ii) existence of at most finitely many minimizers in the control problem which govern the leader
order behaviour;

(iii) invertibility of the deterministic Malliavin covariance matrix along the minimizers;

(iv) a global condition on xg € R% y € R! which we call non-focality; motivated by geometric
terminology [46] [12].

Conditions (i)-(iii) will not surprise the reader familiar with the works [8 [, [11] [49]. However,
condition (iV which guarantees non-degeneracy of the minimizers (cf. proposition[7), appears to
be new in the context of density expansions, to the best of our knowledge, even in the Riemannian
case. It forms the essence of what is needed to extend the well-known point-point concept of non-
conjugacy (crucial part of the ¢ cut-locus condition” familiar from heat kernel expansions) to a
(sub-Riemannian, with drift) point-subspace setting. A simple example where (iv) and () fails, is
given in section We emphasize that our applications require us to introduce and characterize
non-focality in a control-theoretic generality.

As far as the expansion () is concerned, we draw attention to (in the context of density ex-
pansions) the somewhat unusual second order exponential factor present when co # 0. As was
understood in the context of the general Laplace method on Wienerspace, [Bl [9], this has to do
with allowing drift vector field b (and in the present paper also: starting point) depend on ¢ in
first order; the special case that arises from considering short time asymptotics - the small noise
parameter ¢ is then introduced by Brownian scaling - always leads to co = 0. It is interesting to
note the work of Kusuoka—Stroock [36], concerning precise asymptotics for Wiener functionals (in
the small noise limit), see also [42], [35] for recent applications to projected diffusions, was set up as
expansion in 2. This is enough to cover the model case of short time expansions, but cannot yield
an expansion of the type () with ¢z # 0. A similar remark applies to the small noise expansions
for projected diffusions due to Takanobu—Watanabe [49].

One of our main motivations comes from recent density expansions by Gulisashvili-Stein. In [27]
Theorem 2.1] they prove that the stock-price in the uncorrelated Stein—Stein stochastic volatility
model admits a density with expansio

Bys~BaeB2vioes (oo 5)7% (1 + O (log 5)7%) as s T oo

with explicitly computable constants; asymptotic formulae of the implied volatility in the large
(similar: small) strike regime are then obtained as corollaries. When writing this expansion in
terms of log-price Y = log S, it indeed has the form () with y = logs = 1/¢2. More generally,
we can show from rather general and robust principles that the tail behaviour of Y7 € R! for fixed
T > 0, subject to a certain scaling with parameter § € {1,2} in the full Markovian specification of
the model, has the form

Sy, T) = e eca'*yi 1 (00 +0 (1/y1/9)) as y T oo. (2)

It is worth mentioning that such an expansion leads immediately to call price and then (Black—
Scholes) implied volatility expansions in the large strike regime, cf. [27, 29]; in the case 6 = 2

1More precisely, xo € R? must not be focal for the submanifold Ny := (y,) C R?. The classical example here is
of course (0,0) € R? which is focal for unit circle ST C R2.

2Strictly speaking, their O-term is logs with power —1/4; the authors have informed us, however, that a closer
look at their argument indeed gives power —1/2.



typical for stochastic volatility,

ops (k,T)>T=(B,k + By +0(1))* as log-strike k — oc;
Br=V2(yer — Ve —1),
By=caV2(1//er —1—1/\/c1) .

(Small strike asymptotics are similar and will not be discussed here.) The leading order behaviour
described by £, = 8, (¢1) is well understood [37, [7]; the second order behaviour is given by 84 =
By (c1,c2). Further terms in this expansion are in principle possible [29]; in particular, the next
term would involve c¢g. When applied to the Stein—Stein stochastic volatility modelE the afore-
mentioned scaling indeed leads to a small-noise, hypoelliptic diffusion problem with non-vanishing
second order exponential factor, as is handled by our main theorem. We then solve a problem left
open in the afore-mentioned work [27, Theorem 2.1] in that we are able to compute the expansion
in the correlated case. The importance of allowing for correlation in stochastic volatility models
is well-documented, e.g. [20, [38], and evidence from estimation of parametric stochastic volatility
models suggests correlation parameter p ~ —0.7 or p ~ —0.8 for S&P 500, for instance; a finding
fairly robust across models and time periods [I]. With this in mind, we shall focus on the case
—1 < p < 0 in our explicit analysis and derive explicit expressions for ¢1,ce. (In principle, the
Laplace method on which we rely yields an explicit expression for ¢, cf. [9, Thm 4, p 135], [35].)

Density expansions of diffusions in the small noise regime seem to go back (at least) to [34];
density expansions for projected diffusions in the small noise regime (which include the short time
regime), with applications to implied volatility expansions, were recently considered by Y. Osajima
[42], based on work with S. Kusuoka [35]. We partially improve on these results. First, as was
already mentioned, c2 = 0 in these works which makes any expansion of the form () out of reach.
Additionally, in comparison with [42] we do not assume x( near (y, -), nor ellipticity of the problem.
In further contrast to (the general results in) [35, B6] we provide a checkable, finite-dimensional
criterion that guarantees that the crucial infinite-dimensional non-degeneracy assumption, left as
such in [35] [36], is actually satisfied. On the other hand, these authors give explicit formulae for ¢y
which we (presently) do not.

Finally, our expansion () leads to short time expansion for projected diffusion densities, under
global conditions on (xg,y), of the form

d2 (X07 y)

- ) ast 0. (3)

1
f (yut) ~ Co (X07y) m exp <_

When [ = d, such expansions go back to classical works ranging from Molchanov [40] to Ben Arous
[8]. The leading order behaviour 2tlog f (y,t) ~ —d? (x¢,y) is due to Varadhan [50]. The case [ < d,
in particular our global condition on (xg,y), appears to be new. That said, expansions of this form
have appeared in [49] 30, 42]; the last two references aimed at implied volatility expansions. In the
context of a time-homogenuous local volatility models (I = d = 1), the expansion [B]) holds trivially
without any conditions on (xg,y); the resulting expansion was derived (with explicit constant c)
n [22]. Subject to mild technical conditions on the diffusion coefficient, they show how to deduce
first a call price and then an implied volatility expansion in the short time (to maturity) regime:

ops (k,t) = k/d (x0,k) + c(xo, k)t + O () ast ] 0;

3In fact, the leading order behaviour of the density was discussed with large deviations methods in [16} p40, p265].



where d (xq, k) is a point-point distance and ¢ (xo, k) is explicitly given. The celebrated Berestycki—
Busca—Florent (BBF) formula [13] asserts that opg (k,t) ~ k/d (x0, k) as t | 0, is in fact valid in
generic stochastic volatilty models, d (xg, k) is then understood as point-hyperplane distance. In
fact, k/d (xo, k) arose as initial condition of a non-linear evolution equation for the entire implied
volatility surface. As briefly indicated in [I3] Sec 6.3] this can be used for a Taylor expansion
of ops (k,t) in t. Such expansions have also been discussed, based on heat kernel expansions on
Riemannian manifolds by [I5 Bl [43], not always in full mathematical rigor. Some mathematical
results are given in [42], assuming ellipticity and close-to-the-moneyness |k| << 1; see also forth-
coming work by Ben Arous-Laurence [10]. We suspect that our formula (), potentially applicable
far-from-the-money, will prove useful in this context and shall return to this in future work.

It should be noted, that the BBF formula alone can be obtained from soft large deviation
arguments, cf. [44] Sec. 3.2.1] and the references therein. In a similar spirit, the Varadhan-type
formula 2tlog f (y,t) ~ —d? (x0,y), when | < d, can be shown, without any conditions on (xg,y) by
large deviation methods, only relying on the existence of a reasonable density, cf. [51 Sec 5, Rmk
2.9].

As a final note, we recall that the (in general, non-Markovian) R!-valued Ité-process (Yy : ¢t > 0)
admits - subject to some technical assumptions [28] [45] - a Markovian (or Gydéngy) projection. That
is, a time-inhomogeneous Markov diffusion (?t : t > 0) with matching time-marginals i.e Y; = Y,
(in law) for every fixed ¢ > 0. In a financial context, when [ = 1, this process is known as (Dupire)
local volatility model and various authors [13] 15 31 [10] have used this as an important intermediate
step in computing implied volatility in stochastic volatility models. Since all our expansions (small
noise, tail, short time ) are relative to such time-marginals they may also be viewed as expansions
for the corresponding Markovian projections.

Acknowledgement: JDD, PKF and AJ would like to thank MATHEON for financial support.
PKF would like to thank G. Ben Arous for pointing out conceptual similarities in [24] [8] and several
discussions thereafter. It is also a pleasure to thank F. Baudoin, J.P. Gauthier, A. Gulisashvili and
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2 The main result and its corollaries

Consider a d-dimensional diffusion (X7),-, given by the stochastic differential equation

dXs =b(e,X5)dt 4+ eo (X5)dW;, with X5 = x5 € R? (4)
and where W = (W' ... . W™) is an m-dimensional Brownian motion. Unless otherwise stated,
we assume b : [0,1) x R? - R, o = (01,...,0m) : RT = L (R™,R?) and x; : [0,1) — R? to be

smooth, bounded with bounded derivatives of all orders. Set oo = b(0,-) and assume that, for
every multiindex «, the drift vector fields b (e, -) converges to o¢ in the sens

A%b(e,) = 95b(0,-) = O%0¢ (+) uniformly on compacts as ¢ | 0. (5)
We shall also assume that

0:b (e,+) — 0:b(0,-) uniformly on compacts as € | 0 (6)

ilIf (@) is understood in Stratonovich sense, so that dW is replaced by odW, the drift vector field b (e, -) is changed
tob(e,-)=b(e,-) — (52/2) M, 0i-00;. In particular, o¢ is also the limit of b (e, -) in the sense of () .

1=



and
x5 =xo+ex,+o(e) ase ] 0. (7)

Later applications to stochastic volatility models aside, the (technical) main result of this paper
is a density expansion in ¢ of the R'-valued (in general, non-Markovian) projectimﬁ

YE =10 0 X5 := (X:"}’l,...,X:?l) eR:
where II; denotes the projection (wl, - ,xd) > (:El, . ,xl), for fixed I € {1,...,d} and T > 0. Of

course, we need to guarantee that Y% indeed admits a density. To this end, we make the standing
assumption that weak Hormander condition holds at xq,

spanfo; 11 <i<m; [oj,0%]:0< g,k <my..] = T RE: (H)

that is the linear span of o1, ..., 0, and all Lie brackets of ¢, 01, ..., 0y, is full. Since this condition
is "open” it also holds, thanks to (§), for € > 0 small enough, with oy and x¢ replaced by b (g, -) (or
13(5, -), cf. previous footnote) and x§, respectively. It then is a classical result (due to Hérmander,
Malliavin) that the R?-valued r.v. X5 admits a (smooth) density for all times 7' > 0 and so does
its Rl-valued projection Y7%. We denote the probability density of Y7 by

fe(T) = fe (Y7T) with y € R’
In theorem [ below, it will be assumed that Ky is non-empty, where for fixed a € R! we defindd
Kaomia=Ka:={h e H:I[;o¢p(h) =a}. (8)

Here, H denotes the Cameron-Martin space, i.e. absolutely continuous paths with derivative in
L?([0,T],R™), and ¢ (h) denotes the time-T" solution to the controlled ordinary differential equa-
tion

a6t = o0 (o}) dt+ 3 oi (}) dhi, 9 =xo € R ©)

i=1
Let us also define ¢, , (h) := ¢p (h) o (¢, (h))™'; at occasions we shall also write ¢t (xg) resp.
o, (xo) instead of ¢ (h) resp. @7, ¢ (h). We note that ¢ (h) is a diffeomorphism, as function

of xo € R?%, and denotes its differential by ®7, ; (h).
A well-known sufficient condition for K, # @ is the strong Hormander condition[]

Ve e RY: Lie[oy,...,0m] | = TaRY = RY, (H1)
Whenever K, # @, it makes sense to define the energy and the set of minimizers
1
Agor(2):=A(a) = inf{§|h|fq :hElCa}, (10)

: 1
jomin ; — {ho € Ka: 5/holl3 = A(a)} .

5Due to the non-Markovianity of the problem, PDE techniques are poorly suited to study the density of Y5

6In later applications to tail asymptotics, when [ = 1, we have a = 1 and ¢ := 1/y or l/y2 as y T oo. For this
reason we prefer to keep a and y at this stage separated.

7A weak Hoérmander type condition which ensures K, # @ is found in [33].



In words, A (a) is the minimal energy required to go in time 7 from xo € R? to the ”target”

submanifold
N :=N,:= {XGRd:Hl(X): (z',...,2") =a}.

Elements of K2 will be called minimizers or minimizing controls. A standard weak-compactness
argument shows that K, # @ already implies that ™" is non-empty. (Throughout the paper, we
shall only be concerned with the situation that ™" contains one or finitely many minimizers.)

Following Bismut [14] it will be crucial that K, enjoys a (Hilbert) manifold structure, locally
around (each) hy € K™, As is well-known, this can be guaranteed by assuming invertibility of
Cyo.T:a (ho), the deterministic Malliavin matrix given by

Cao,1a (h) := C (h) := (D¢ (h), Doy (b)) € Lin (77, R? — To, RY) = R4

where x7 := ¢, (h) and D will always denote the (H-valued) Fréchet derivative of some function
depending on h € H. We can also view C (h) as (positive semi-definite) quadratic form on 7% R,
in coordinates

d
Z D¢T 1 ? Where p = pidz’ € 7;*TRd.
=1
In fact, large parts of our analysis only rely on non-degeneracy of C' (h) restricted to R*! but we

find it more convenient to deal with the ”full” matrix C (hg). The following condition will cover
most of our applicationsﬁ.

Proposition 1 Assume h € H and
3t € 0,7 : spanfor,...,0m| |x, = Tz, R?
where x¢ := ¢, (h). Then C (h) is invertible.

Proof. We have the well-known formula, for any k& € H,

(Dor (0) k) = Dop () = [ 3" rcs (0) oy (x0) it & Ty Y

0

When pairing this with p = p;da’ € T R?, we have
(p, Doy (h)) k) gy = / Z (p, @ry (h) 0 (x¢)) k] dt € T, R
=1
and it easily follows that
2 & 2 & 2
[{p, D (W) = /0 Z (p, @1t (h) 0 (x4))" dt = /0 Z (@7t (h)" p,oy (x¢)) dt.
j=1 j=1

By assumption span[oy, . ..,0m] |x, = Tx,R? for some t € [0,7], and this clearly remains valid in a
small enough open interval containing ¢ which is enough to conclude (®7.;(h))*p = 0. By non-
degeneracy of the (co-)tangent flow, this implies p = 0 and so C' (h) is non-degenerate, as claimed.
]

8 A sufficient condition for ”C (h) is invertible for every h # 0” in a strictly sub-elliptic setting is given as condition
(H2) by [14]; although much stronger than Hérmander’s condition, it does apply to examples such as the 3-dimensional
Heisenberg group.



Remark 2 (Tangent space of K,) Assume C (h) is invertible. Then K, enjoys a (Hilbert) man-
ifold structure, locally around h and

7%’63 =~ ker D (Hl 9] (bT) (h) =: H().
Moreover,
Hy=<{keH:> (p,Pocs(h)o;(x;))kldt = 0Yp € span [da’, ..., da'] |, C T R?
j=1
We now introduce the Hamiltonian

Z (p,oi (90)>2

i=1

JUT) (x) p>

H(x,p) = <p700 (CL‘)> +

N~

1

= (P00 (@) + 5 (p,

and Hy o =Hc o (70, po) as the flow associated to the vector field (9,H, —8,H) on T*R¢. (Under
which # is invariant; it follows that H.. g does not explode.)

—~

Remark 3 Our setup here is tied to the SDE (), driven by m independent Brownians W*, ... , W™,
Many stochastic models, notably in finance, are written in terms of correlated Brownians, i.e. with
a non-trivial correlation matriz ) = (wi’j 1<4,5 < m), where d <Wi, Wj>t = wIdt. The Hamil-
tonian then becomes

H (z,p) = (p, o0 () + % (p, (™) (z) p) . (11)

The following propositions generalize the respective results in Bismut’s book [14] (see also Ben
Arous [8, Theorems 1.15 and 1.1.8]) from a drift-free (o9 = 0), point-to-point setting (zo € R? to
y € RY) to a point-to-subspace setting (zo € R? to (y,-) € R! @ R¥!) with drift vector field o.
Note that the Bismut setting [14, Chapter I] is recovered by taking zero drift, oo =0, and | = d.

Proposition 4 If (i) hy € K" s a minimizing control and (ii) the deterministic Malliavin co-
variance matriz C (ho) is invertible then there exists a unique po = po (ho) € T RY, in fact
po € (®o7 (ho)) span {da, ... da'} | 4n ),

such that
2 (x0) = mHye o (x0,pp), 0<t<T (12)

(m denotes the projection from T*R? onto R%; in coordinates m (x,p) = x).
Moreover, (x(t),p (t)) :=Hyio (X0, o) solves the Hamiltonian ODEs in T*R? = R? @ R?

p —0:H (x(1),p (1) )’
9The (global) coordinate chart (z!,...,2%) of R? induces coordinates co-vectors fields (or one-forms)
(dgvl7 .. .,dxd).




the minimizing control hy = hq () is recovered by
, {o1(x(),p ()
hy = . (14)
{om (x()),p())

and with C := H (x(t),p (t)) independent of t € [0,T],

T
M) = gl == =5 [ {0 (). () dr (15)

At last, crucial for actual computations, (x (t),p (t)) =Hio (X0, Do) satisfies the Hamiltonian ODEs
(I3) as boundary value problem, subject to the following initial -, terminal - and transversality
conditions,

x(0)=xg € R?
x(T) = (y,-) € RloR*™
p(T)=(-0) € R'aR* . (16)

Proof. The key remark, due to Bismut [I4, Chapter 1], is that under the assumption ”3C (hg)™"”
the set K" can be described by Hamilton—Jacobi theory. It then suffices to adapt the arguments of
Bismut, as done in the drift-free case by Takanobu—Watanabe, [49]. Let us note that the additional
drift vector field o is trivially incorporated in their setting by adding a Oth component to the
controls, i.e. h°(t) = t. The boundary conditions - in particular, transversality, have not been
pointed out explicitly in [49] although are implicitly contained in their formulation. In fact, formal
application of Pontryagin’s maximum principle leads precisely to the above boundary value problem;
care is necessary, however, since without assuming invertibility of C' (hg), one can be in the so-called
”strictly abnormal” case; the above approach is then not possible. m

Remark 5 Assume there exists a (smooth) map (a—e,a+¢) 3y ho (y) € K. Then

A(y) = 5o I = ByA a) = (ho (), 0o (a)) -
On the other hand, we know from I,y (ho (y)) =y that
(L), Doy (h (a) [oyho (2)] = 1d on B
Using o (y) = Doy (ho ()" p(T) = Doy (ho ()" ()3 g (a), where () q(a) = (q(a),0), we

have
{ho (a) , dyho (a)) y = (g (a) , (), Do (ho (v)) Byho (a)) ;-
It thus follows that the derivatives of the energy are given in terms of q(a),

Oy A (a) @ (a)
... - ... |. (17)
OyiA () a (a)

This can be a useful short when computing the energy from the Hamiltonian system. If #K™n =1
for some a, and our non-degeneracy condition (ND) as introduced below is met, the existence of
such a map ho (+) can be shown along the lines of [Tj, Thm 1.26]. We shall not rely on formula
(I7) in the sequel although will find it confirmed in various examples.



Remark 6 (How to compute optimal controls hg) Proposition [J] - as it stands - requires hg
to be a minimizer and then, subject to condition (ii), provides us with some information about
P (x0),(x,p) = H..—0 (X0, po0) and in particular allows us to reconstruct hy from the Hamiltonian
flow (x,p), ¢f. equation (I4). That said, we can consider any solution to the boundary valued

problem (I3),(I8), say (X, D), and define a (possible non-minimizing) control path hy via (I3) i.e.
By~ [ (o &) bt i= 1
0

From (I3),
iy = OpH (%, De) dt = 00 (%¢) dt + Y 0 (%) (07 (%) , De) dlt

i=1
and so relation ([I3) remains valid i.e. (;5?0 (x0) = %X¢. It follows that the boundary conditions valid
for & (namely, o = xo, ér = y) are also valid for ¢™ (xo) and hence hy € Ky. While we do not
if fzo € IC;nin, proposition [4] guarantees that every minimizer hy € IC;,nin can be found be the above
procedure. We thus have the following recipe:
(i) Argue a priori that C (hg) is invertible (or ignore and check in the end).
(ii) Solve Hamiltonian ODEs as boundary value problem, cf. (I3),([Id). Characterize all solution
via the (non-empty!) set

{Po : Heeo (x0, Do) = (%¢,D¢) satisfies (13),([18) };

211) For each such pg, compute ) where hy is given by
191) Fi h h p hol|% where ho b

B,é:/ <O.’L()A(t)7f)t>dta Zzlavm7
0

(iv) The minimizing hg are precisely those elements in {hy : as constructed in (ii),(iii)} which
minimize energy ||ho||%. In particular then,

1
A(y) = 5o
The following proposition is crucial.

Proposition 7 Under the assumptions of the proposition[], in particular hy € K™™ with associated
po = po (ho) € E*ORd, the following are equivalent:
(iii) ho € Ka is a non-degenerate minimum of the energy I := L|| - ||3, restricted to the Hilbert
manifold K*; i.e.
1" (ho) [k, k] >0 Y0 #k € Hy = TiyKa

(i) x¢ is non-focal for N = (a,-) along hy in the sense that, with (xp,pp) = Hoor (X0, Pg (ho)) €
T*Rd,

9a.5)l(a.5)=0.0)THoer (x1 4 (0,3) , pr + (4, 0))

is mon-degenerate (as d x d matriz; here we think of (q,3) € R! x R4~! = R? and recall that
denotes the projection from T*R? onto R?; in coordinates 7 (x,p) = x).



Proof. Let us give a quick proof of (iii’) = (iii) in the Riemannian setting, the general (sub-
Riemannian, with drift) case is new and full proof is given in the next section. Since hy € Kmin
we know that I" (hg) must be positive semi-definite. In particular, the index of hg, relative to the
point-submanifold problem xg x N, is zero. By the Morse index theorem [46] [12], there cannot be
any focal point along the (xg x N)-geodesic

{mHr (x7,pr) 1 t € (0,T]}.

Condition (iii’) guarantees that this extends to ¢ = 0, i.e. there is no focal point along
{mHr_ (xr,pr) : t €[0,T]}.

We can then use [46] lemma 2.9 (b)] to conclude that I (hg) is positive definite. m

Definition 8 (Condition (ND); generalized ¢ cut-locus condition) We say that {xo} X N,
where N, := (a,-) := {x € R*: IIjx = a € R'} satisfies condition (ND) if

(i) 1 < K0 < oo,

(i3) the deterministic Malliavin covariance matriz C (h) is invertible, Vh € Ko

(iii) xo is not focal for N, along h, for any h € K™n,

When 09 = 0 and | = d, i.e. N = {y}, and #K™" = 1, condition (ND) says precisely that
(x0,y) is not contained in the sub-Riemannian cut-locus in the sense of Ben Arous [§]; extending the
usual Riemannian meaning. In this sense our (global) condition (ND) is effectively a generalization
of the well-known ”¢ cut-locus” condition in the context of heat-kernel expansions.

Theorem 9 (Small noise) Let (X¢) be the solution process to
dXs =b(e,X5)dt 4+ o (X5)dW;, with X§ = x5 € R%

Assume b(e,-) — oo (+) in the sense of (3), (@), and X§ = x5 — xo as ¢ — 0 in the sense of (7).
Assume the weak Hormander condition (H) at xo € RY. Fiz y € R, Ny := (y,-) and assume that
{x0} x Ny satisfies (ND), i.e. the generalized ¢ cut-locus condition (in particular then, #KC™ > 1).
Then the energy

. 1 1
AGs) = inf {5l b s b = ol

18 ﬁwoth in a neighbourhood of y provided #lC;“i“ = 1; otherwise i.e. when #IC;,“i“ > 1, we assume
5ol

Fiz xo,y and T > 0. Then there exists co = co (x0,y,T) > 0 such that
YE = I,X5 = (X:"}’l,...,X:"}’l) L 1<i<d

admits a density with expansion

A  max{A ) Yo (hg)hgexiin}

fe(y.T)=e"e < e (co+0(e)) ase 0.

10Tt will not be true in general, when #/Ci,ni“ > 1, that A (y) is automatically smooth near y. To wit consider,

Kypin = {ho (v) ,ho (v)}. Then A(y) = min (%Ilho ) 135 31IRo (v) II%) and even if [|ho (-) |3, and ||ho (1) ||, are
smooth near y, this need not be the case for the minimum.
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Here Y =Y (ho) = (Yl, . ,Yl> 1s the projection, Y =ILX, of the solution to the following (ordi-

nary) differential equation

aX; = (020 (0,61 (x0) ) + 0r0(61° (x0)ho (1) )Xot + 026 (0,01 (x0) ) at,  (18)

% €
XQ = aglg:O X0

Remark 10 The assumption K, # @, implicit through #IC;,““‘ =1 in the statement of the above
theorem, is known to be mecessary for the existence of a positive density; in presence of (H) and
invertibility of C' (h), some h € Ky it is actually sufficient; [11]. The strong Hormander condtion
at all points (HI) is well-known to ensure Ky # &; a less well-known and subtle condition of
weak-Hormander type is given in [33)].

Remark 11 When applied to small time expansions, the weak Hormander condition in the above
theorem automatically reduces to the strong Hormander condition at xo; indeed, the ”drift” vector
field in the weak condition will be the limit of €2 times the original drift vector fields; plainly this is
zero and therefore does not figure in the span.

Proof. Assume #K™" = 1 and see remark [[2 below for the reduction of #KX™™ < co to this case.
The basic remark is that f.(y,T) is the Fourier inverse of its characteristic function,

E[exp (i€ - Y7)] = E [exp (i(€,0) - X7)]

where we write (£,0) = (51, . ,§l,0, .. .,0) € R?. In other words, it suffices to restrict the c.f.

of X%, the full (Markovian) process evaluated at time T, to obtain the c.f. of Y5. The density is
then obtained by Fourier-inversion. When X7 is affine the c.f. is analytically described by ODEs;
(approximate) saddle points are easy to compute and the Fourier inversion - after shifting the
contour through the saddle point - becomes a finite-dimensional Laplace method which leads to the
desired expansion of f.(y,T); in essence, this approach was carried out by Friz et al. in [24]. In
our present situation, of course, X does not enjoy any affine structure, but - following Ben Arous
[8], who considers the ”point-to-point” case I = d; a similar approach works and ultimately boils
down to Laplace method on Wiener space [9]. The differences to the setting of [§], aside from (i)
allowing for | < d, is that (ii) our drift-term does not vanish of order €2 (which is typical when
aiming for short time asymptotics; cf. also proposition I8l below) and (iii) that the starting point is
allowed to depend on e. In fact, (ii),(iii) are responsible for the additional exponential exp {(...) /e}
factor in our expansion (Such a factor was already seen in the general context of Laplace method
on Wiener space [9].) Also, (ii) implies that the limiting vector field ooy = lim. b (e, -) affects the
leading order behaviour in that the energy A (y) has no geometric interpretation as square of some
(sub)Riemannian point-subspace distance. In particular, if we want to implement the strategy of
[8] we are forced to revisit the meaning of all geometric concepts (cut-locus, geodesics, conjugate
points ...) upon which the work [§] is based. The key observation is that essentially all geometric
concepts channel through the (non-geometric, but infinite-dimensional) condition (iii) of proposition
[7 into the application of Laplace’s method. Now, the whole point of proposition [{] was to provide
check-able conditions for xg,y to satisfy (iii). Having made these part of our assumption we are in
fact ready to proceed along the lines of Ben Arous [§].

11



Fix y and note that for any C*-bounded function z — F (z) on R!, by Fourier inversion,

el e 0 = g e (i (47 - ) - TG ) (19)

ey Bl (e () 757 e

_ (2;)1 /Rl & {exp (Z (€.0)- <XT%Y°>>) i) } . (20

In particular, the last integrand can be computed, as asymptotic expansion in ¢ for fixed {, by
Laplace method in Wiener space, cf. [§], [9], based on the full (Markovian) process X5.. We pick F
(for fixed y) such that F (-) + A (-) has minimum at y, i.e.

A(y)=inf{F(2) + A(z) : z € R}

and such that this minimum is non-degenerate; a natural candidate for F' (z) would then be given
(at least for z near y) by

z— Az —y|* — A(z), some A > 0;
or 2= Az —y|* = [A(2) = A (y)],

since adding constants is irrelevant here (recall that y is kept fix). The trouble with the above
candidate is their potential lack of (global) smoothness of A; even in the classical Riemannian
setting A will not be smooth at the cut-locus. On the other hand, A () is smooth near y in case
#KMin = 1; this is seen exactly as in [I4, Thm 1.26]. (In the case 1 < #K™" smoothness of A (-)
near y was in fact part of our assumptions.) It is thus natural to localize the above candidates
around y which leads us to define F', at least in a neighbourhood of y, by

2

F@) ==y = | A0 =2+ 553

. AG) =y -2

a routine modification of F', away from y, then guarantees C*°-boundedness of F. (Since F (y) =0
with this last choice of F, the Lh.s. of (I3) is actually precisely f.(v,7") ) Non-degeneracy of

the minimum y of F' entails that the functional H 3 h — F ((bl} (Xo)) + %HhH?{ has a non-

degenerate minimum at hy € H. (The argument is identical to [§, Thm 2.6] and makes crucial use
of proposition [7l) The Laplace method is then applicable: we replace edW by edW + dhg in ()
and call the resulting diffusion process Z¢. The integrand of [20) can then be expressed in terms
with X replaced by ZF; of course at the price of including the Girsanov factor

G :=exp (—é/oTl.lo (t) dWy — R 2/ }ho ’ dt) = exp <—§/0T1.10 (t)th—EizA(y)>.

A stochastic Taylor expansion of Z¢, noting right away that

F(IZ5) o0 = F (6} (x0)) = F (y) =0,

12



then leads to (cf. [9, Lemme 1.43))

1
exp <_€_2F (HlZET)>

1
=exp _5_2

—exp (é /OT ho (1) AW + é (Y1) - 0,400 +0 (1)) . (21)

T . ~
F(y) - 5/0 ho (t) AWy — eI, X7 - Oy A (y) 4+ O (€2)

Putting things together, we have, using F' (y) = 0, and noting cancellation of fOT ho () dW; in (2)
with the identical term in the Girsanov factor G,

pem) =i [ E[oxen (o (A0 ) )
= éeXP (—E%A (y)> exp (% (?T) Oy A (y))

(o (B0 ) mom]a e

=:Co

where O (1) denotes the term, bounded as e | 0, from (2I). What is left to show, of course, is
that cg, i.e. the final factor in the above expression, is indeed a strictly positive and finite real
number. But since our analysis is based on the full Markovian process Xr (resp. Z% after change
of measure), the arguments of [8, Lemme (3.25)] apply with essentially no changes. In particular,
one uses large deviations as in [8, Lemme (3.25)]) and, crucially, non-degeneracy of the minimizer
hg € H, guaranteed by proposition [[l Finally, integrating the asymptotic expansion with respect
to ¢ € R! is justified using the estimates of [8 Lemme 3.48], obtained using Malliavin calculus
techniques. At last one sees ¢p > 0, as in [8, p. 330]. =m

Remark 12 (Finitely many multiple minimizers) The case 1 < #K™" < oo € {2,3,...}is
handled as in [9]. If

Icflnlrl = {h81)7 MR hén)} )
and invertibility of the Malliavin matrix as well as non-focality holds along each of these, the ex-

pansion for f. (v,T) as given in theorem [d remains valid. Indeed, after localization around each of
these n minimizers,

_Aw N gty _
fe (y,T) = Z e e = eleg(ho) | (1+0(e)
ho€Kmin

’ % .
_A) max{M;hoeK?m} »
~ (const) e” < e -

where Y1 (ho) denotes the solution of (I8).
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Remark 13 (Localization) The assumptions on the coefficients b, o in theoreml[d (smooth, bounded
with bounded derivatives of all orders) are typical in this context (c¢f. Ben Arous [8,[9] for instance)
but rarely met in practical examples from finance. This difficulty can be resolved by a suitable

localization which we now outline.Set Tg = inf {t €[0,7T] : supyepo 4 1 X5 > R} and assume

Plrr <T] < e 7/ ase |0
with Jp — 00 as R — oo by this we mean, more precisely,

lim limsupe?logP[rr < T] = —oo. (23)

R—o0 e—0
In that case, we can pick R large enough so that A (y) < Jr, uniformly for € near 0+, and can expect
that the behaviour beyond some big ball of radius R will not influence the expansion. In particular,
if the coefficients b,o are smooth, but fail to be bounded resp. have bounded derivatives, we can
modify them outside a ball of radius R such as to have this property; call b,& these new coefficients
and X< the associated diffusion. To illustrate the localization, consider | =1, i.e. Y5 = Xfp’l, and
the distribution function for Y. Clearly, one has the two-sided estimates

PY; >2y;mr > T|<PY; 2y <P[Y7 2 y;7r > T+ Plrr < T,
and similar for Y5 = X;’l. Since P[Yf >y, 7p >T]| =P [}7; >y;Tr > T it then follows
[PIVE 2 4] —P [V 2 y|| <Plrr < T) S e/
In particular, any expansion for }7:? of the form
P [YTE > y] — e~/ ee2/ ol (14 0 (e))

leads, upon taking R large enough so that Jg > c1, to the same expansion for P[YE >vy]. With
more work of routine type, this localization also be employed for the density expansion in theorem

[

2.1 Corollary on tail expansions

We have the following application to tail behaviour of, say, the first component (i.e. I = 1 here)
of a diffusion processes at a fixed time T. The scaling assumption below is met in a number of
stochastic volatility models.

Corollary 14 (Tail behaviour) Assume x5 — 0 € R? as ¢ — 0 and some diffusion process X¢,
started at x5, satisfies the assumptions of theorem [d with xg = 0 and N = (1,-) C R x R471; in
particular, {0} x (1,-) is assumed to satisfy condition (ND). Assume also 0-scaling by which we

mean the scaling relation
aw)

ve " Oy where Y =1L X
for some 8 > 1. Then the probability density function of Yr has the expansion

fy) = e_cly%eczy%y%_l (ao +0 (l/yl/e)) as y — o0 (24)
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where

C1 = A (1)
ca=YrA (1) = %A(l)

In particular, when 8 = 1 we have a Gaussian tail behaviour of the precise form
fly) = e 2OV T A (00 4 O (1/y));
while @ = 2 leads to the exponential tail of the precise form

fy) = e MO NOVI T2 (0 10 (1))

Proof. Let f. denote the density of Y. Since f (y/s‘g) =e%f. (y) we can take y = 1 and €/ = y~!
in the theorem below. Another observation is that the assumed scaling implies

Ao (y) = y*/"No (1)

and hence Aj (1) = ZAo (1). The rest is obvious. m

2.2 Corollary on short time expansions

Finally, we have the following application to short time asymptotics. Note that for | < d, the pro-
jection of X is non-Markovian and there is no Fokker-Planck equation that describes the evolution
of f. In particular, there is no direct PDE approach that leads to the expansion below.

Corollary 15 (Short time) Consider dX; = b(X;)dt + o (X;)dW, started at Xo = 79 € R?,
with C*-bounded vector fields such that the strong Hérmander condition holds,

Ve € RY: Lie[oy,...,0m] | = T.R% (H1)

For fired l € {1,...,d} assume {xo} x Ny, where Ny := (y,-) for somey € R, satisfies condition
(ND). Let f (t,-) = f (t,y) be the density of Y; = (X},..., X{). Then

1 d2 (an y)
f(ty) ~ (const)m exp (—T ast |0
where d (xo,y) is the sub-Riemannian distance, based on (o1,...,0m), from the point xo to the

affine subspace Ny .
Proof. After Brownian scaling, we apply the theorem with T = 1,2 = ¢ so that
b(e,r) =% () = a0 () =05

which explains why there is no drift vector field in the present Hormander condition [HIl Also
x§ = xo here. The identification of the energy with 1/2 times the square of the sub-Riemannian
(or: control - , Carnot-Caratheodory - ) distance from x to X, is classical. At last, the unique ODE
solution to (I8) is then given by ¥ = 0 and there is no exp {(...) /e} factor. m
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3 Non-focality and infinite-dimensional non-degeneracy

In the present section only, we write h (rather than hg) for a fized element in K™n,

Recall ToK, = ker D (I;¢1) (h) =: Hy. Since h € KM it is critical in the sense that

I' (h) = DI (h) =0 on TLK, = Hy.
Also recall xp = ¢, (x0) = ¢ (h), notation used when xq is fixed. Given
q € span {dz|xy, ..., dz' |5, }
with 1 < I < d we shall writd"]
(q,0) € span {d:vl lxcgs -+ dwd|XT} = 7;*TRd

for g "viewed” as element in 7;*TR‘1. We can describe Hy as the set of those k = (kl, ceey km) €eH

such that, for any ¢ € span {dz'|x,, ..., dz'|x, },

[ (@090 (sher ()Y i =

where, of course, {:1:1, e ,:cd} denotes the standard coordinate chart of R? and we tacitly use Ein-
stein’s summation convention.We recall our standing assumption that the deterministic Malliavin
covariance matrix C (h) is invertible.

Lemma 16 The linear map py, : span {da'|x,, ... ,dz'|x, } = H given by
Sy {(@,0), ko1 (6% r (er)) )

fo <(Qa O) ) @%(_tam ((b?eT (XT)) > dt
fori=1,...,m and t € [0,T] is one-one with range Hy .

Proof. Since Hy is the set of those k € H such that, for any ¢ € span {dz|x,,...,dz'|x, },

T
/ <(Q7 0), ‘I’?m—tai (¢1}£]<—T (XT)>> kydt =0
0
we see that Hj is the orthogonal complement in H of

{ﬁh (Q) ‘g€ span{d:v1|XT,...,dwl|XT}};

i.e. Hg is the range of py,. Invertibility of the deterministic Malliavin matrix (along h) then implies
ker py, = {0} which shows that p, is one-one (and also that Hg has dimension [). m

1n fancy notation, (g,0) = (II;) ¢ where (II;)* is the adjoint of (IT;), : Tk, R — T, R!, the differential of the

projection map II; : (ml, . ,md) — (wl, - ,(El)
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Lemma 17 For each minimizer h € K™, there exists a unique ¢ = q (h) € span {dz'|x,, ..., dz'|x, }
s.t.

h = D¢q (h)" [(¢,0)].
(Recall Doy (h) : H — T RY; its adjoint then maps T R — H where we identify H*with H.)

Proof. By assumption, h is a minimizer, and so its differential I’ (h) is 0 on T,K, = Hyp. It follows
that for every k € Hy,

T m
(dI (h), k) = / > hikjdt =0
0 =1

so that h is in the orthogonal complement of Hy. It follows that there exists a (unique, thanks to
invertibility of the deterministic Malliavin matrix along h)

g=q(h) e span{dac1|XT, . ,dxl|xT}
such that h = p,, (¢). It follows that
i = ((0.0), ¥ 01 (¢fr (x1)) )
It remains to see that, for any k € H,
(k,h) g = (k, Doy (0)" [(¢,0)]); = ((¢,0), Do () [K]) ,
but this follows immediately from the computation
(k.h) gy = (kpn (0))

- /OT k: <(q, 0), 2704 (¢]tﬂ<—T (XT)) > dat

—<@m»[ﬁ®a4m(d;T&w)Mﬂ>.

Lemma 18 I” (h) is a bilinear form on Hy given by

I" (0) [k, 1) = (k, 1) iy = ((a () ,0), D*¢ (h) [k, 1])
= (k1) iy — (q (0), D () [K, 1])

where (q(h),0) € T2 R? was constructed lemma [T7 In particular, an element k € Hy is in the
null-space N (h) of I" (h),

ke N (h):={k€ Hy: 1" (h)[k,k] =0}
={ke Hy:1"(h)[k,]=0 on Hp }.

if and only if (identifying H* with H)

(k, )i = (pr, D> (h) [k, ]) € Hy.
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Proof. Take a smooth curve ¢ : (—¢,e) = K, s.t. ¢(0) =h,¢(0) = k. Then
1" (h) [k, K] = [kl + (b, €(0)) -
From the previous lemma
1" () [k, K] = [k]7; + ((2.0) . Doy (b) [¢(0)] )
= [l + (g, D () [¢ ()] )
On the other hand, since ¥4 (c(t)) = ;¢4 (c(t)) = a for t € (—¢,¢) we have

d2
0= E‘/’T (c(t)) =0

= & Dy (e (1)) [ (0)] o
= D2 (0) [k, K] + Dy () [¢ 0)]
and hence
1" () [} = [}, = (g, D% () I H])
= [kl — {(0,0), D%6p (0) . K])

The characterization of elements in N (h) is then clear. Let us just remark that A (h) is indeed
equal to the space {k € Hy: I"” (h) [k, ] =0 on Hy } as is easily seen from the fact that I” (h) is
positive semi-definite, since h is (by assumption) a minimizer. m

-1
If U is a vector field on R? we define the push-forward, under the diffeomorphism ((b}SLT) ,
by

(0her), UG = (@) U (dher () € TR

We shall then need the following known formula, cf. [14} 1.21] combined with trivial time reparam-
eterization t ~~ T — t;

*

p(ohr), v = [ [(9her), o (dher) U] s (25)

Lemma 19 For k,l € H we have, with xp = ¢ (h),

*

D?¢r (h) [k, 1] = /OT /tT [ (d,‘;ﬂ);l oj, (¢}2&T) -1 01} (xr) ki lidsdt
+ /OT o} 00 (¢?HT (XT)> " Doy (h) [k] [idt.

Proof. Clearly
_ ’ h h i
Déq (h) [I] = /0 Q110 (¢t<—T (XT)) Lydt
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where ¢, (h) = x7. Perturbing h implies
¢ (h+ck) =xr + Doy (h) [k] 40 (¢)
and then "
Dor (h-+<k) (1) = [ Whictas (45 (er + eDor () (6 + 0 (6))) .
0

Taking derivatives then leads us td?
T h ..
D26r () [kl = [ D {@hc o (oher ) } (i

T
+A (I)lij%—taai ((bi:—T (XT)) (I)lz;—TD(bT (h) [k] lzlﬁdt'
The proof is then finished using ([25). =
Given k € Hy, set

() = porms (20

where the notation is meant to suggest that

0 € TepNa where N, = (a,-) € R! x R¥7! = R?,

Proposition 20 Elements k € N (h) C Hy are characterized by (inhomogeneous, linear “back-
ward”) Volterra equatio

i = <<q .0 ' {(cfgq):l o5 (dher) oi] (xr) /»%ids>
+ <(q (h),0),®%, ,d0; ((b,};_;p (XT)) o) 1 (2) >
+ <(9, 0), ‘I)}:]m—tai (¢?<—T (XT))> .

where
n=n (k) € Span{al-i-l'x'rv AR 8d|xT} = Txr Na

is given by (28) and
0 =0 (k) € span {dz'|x,, ..., d2'|x, } = T Ni-.

Remark 21 When k € N (h) is also in Hy = ker Do (h) (which is always true in the point-point
setting!) we have n = 0; the equation for k simplifies accordingly and matches precisely the Bismut’s
equation [14), 1.65].

121t should be noted that the term D¢ (h) [k] is zero for k € H1 = ker D (h); in particular the second summand
will vanish when D2¢p (h) [-, ] is restricted to Hj i.e. when considering the point-point case [ = d.
13 .. which takes the usual form upon reparameterizing time 7 < T — ¢ ...
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Remark 22 It is an important step in our argument to single out n. In fact, we must not use

<2) = /OT P}, ,0; (¢§LT (XT)) llds

as integral term for k in the above integral equation for k. Indeed, doing so would lead to a Fredholm
integral equation (of the second kind) for k whereas it will be crucial for the subsequent argument
to have a Volterra structure. (Solutions to such Volterra equations are unique; the same is not true

for Fredholm integral equations.)

Proof. For fixed k € Hy, we write

(2) = Doy () [K].

With slight abuse of notation (Riesz!) the previous result then implies that
2 i g h -t h -1 .
{D*¢r (b) [ka']}t:/t [(%eT)* o5, (¢teT)* O’i] (xr) kids

0
+q)]%etao'i (Qb?eT (XT)) (I)]i?eT <77) .

On the other hand, for £ € A (h), we know that
<k7 >H - <(q (h) 70) ) D2¢T (h) [kv ]> € HOJ_ = range (ﬁh) .

Hence, recalling
pu (6) = ((6.0). ¥ o (61 r (x1))).
it follows from (27) that

ki = <<q .0, ) (oher) o (dhr) ] e /%é'ds>
+ <(q (h),0), @%Haai ((b?HT (XT)) ‘I):}s]eT (2>>
+((0.0). %01 (dher (x1) )

]

Remark 23 If we introduce the orthogonal complement Hy so that
Hy = Hy @ Hy (orthogonal)

the map
ks Do (h) [1] = (2) =

is a biection from Hy — Ty Na.
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3.1 Jacobi variation

Again, the starting point is the formula
hf& = <pT7 (I)Iil’etai ((b?eT (XT))>
= ((g(0),0), O} (9fr (x1)) )

where we recall
pr = (¢(h),0), xr € (a,-) = N,.

We keep pr and xp fixed and note that the Hamiltonian (backward) dynamics are such that

MH; 7 (xr,pr) = ¢]§<—T (xr)

Replace pr by pr + €(0,0) above, xp by xp + ¢ (2) and write h (¢) for the according control]

which satisfies the relation

hie), = <pT +2(0.0), 270,07 < " <XT e <2>)>>

Define the Jacobi type variation
Oh (¢)
g :=0@mh = T'EZO

so that
g = (pr. D {@h_oi (Shr () } o))
+(pro @00 (ohr o) 2br () )
+((0,0), @50 (6 (x2)) ) -

With pr = (¢(h),0) and formula (25]) we see that ¢ satisfies the identical (inhomogeneous, linear
backwardd Volterra equation) as the one given for k in proposition 20l By basic uniqueness theory
for such Volterra equations we see that § = k as elements in L2 ([0,T],R™), and hence g = k as
elements in H.

Proposition 24 Let k € N (h) C Hy with associated parameters

6 € span {dz'|x,, .. .,d:z:l|xT} =T: Nt
7) € span {8l+1|XT, .. .,8d|xT} = 7:<TNa

14 which can be constructed explicitly from the Hamiltonian (backward) flow

(@@t @) = Hier (sr+2($) opr +200.0))

and the usual formula i (a)i = (pt (¢), Vi (z¢ (€))) .
15Trivial reparameterization t ~» T'— t will bring it in standard ”forward” form.
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provided by proposition [20.  (In particular, n is given by Doy (h) [k], ¢f. (28).) Then k can be
written in terms of a Jacobi type variation

k= 0@,n)h-
Conversely, any Jacobi type variation, with 0 € 7;*TN;-,77 € Ty Na yields an element in N (h).

Proof. The first part follows from the above discussion and it only remains to prove the converse
part. Since we have seen that every Jacobi type variation g := O ,)h satisfies the appropriate
Volterra equation, cf. proposition 20, we only need to check

<2> — Doy (b)[g] o

and we leave this as an easy exercise to the reader. m
Recall that we say that x¢ is non-focal for (a,-) = N, along h if for all 6 € T} Ni-, n € T¢, Na,

0
Oc|e=olTHor (XT +e <77) , PT +5(970)> =0 = (¢,n)=0.

In the point-point setting (i.e. { = d so that 6 € 7;*TIRd, 7 = 0) the criterion reduces to
85|5:0HH06T (XT, pPT + 89) =0 = 0=0;

disregarding time reparameterization ¢t <— 71" — ¢ and the fact that our setup allows for a non-zero
drift vector field, this is precisely Bismut’s non-conjugacy condition [14, p.50].

Corollary 25 The point xo is non-focal for (a,-) = N, along h if and only if I (h), i.e. the second
derivative of ||||§1,"C at the minimizer h, viewed as quadratic form on Hy = ker D (IT;¢1) (h), is

a

non-degenerate, i.e.

N (h) = {0}.
Proof. 7=": Take k € N/ (h); from proposition
k= 8(97n)h = (95|8:0h (8)

for suitable § € T2 Ni-,n € Ty, Na; in fact,

(2) = Do (x0) [H].

The criterion says that if

0 e 0
Oc|e=ollHp (XT +e <77) yPr+¢€ (970)> = Oc|e=0 ( }JL)T) (XT +e <77)>
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equals zero then (6,7) must be zero. But this is indeed the case here since

Ocle=o (465%) (XT e (2))
ol fonstrionr (9

{68 (xr) } 1K) + @b s Do (x0) ]

D
D{ bz 0 ey (x0) } K]
0.

We thus conclude that the directional derivative d(g,,)h, which of course depends linearly on 0,mn),
vanishes. It then follows that k = d,,)h = 0 which is what we wanted to show.
7<": Assume there exists (6,7n) # 0 so that

Oc|e=ollHy 1 (XT +e (2) ,pr +e (0, 0)) =0.

Then k := g, h yields an element in the null-space N (h). We need to see that & is non-zero.

Assume otherwise, i.e. k= 0. Then D@4, o (xo0) [k] = 0 and hence also = 0. From the Volterra
equation for k we see that

0= ((6,0), @401 (¢fr (x2)) ) = 71 ((6,0)).
But ker p;,, was seen to be trivial and so § = 0; in contradiction to assumption (6,7) #0. =

4 Applications
4.1 Scaled Ornstein-Uhlenbeck

As a warmup, consider a scaled one-dimensional Ornstein-Uhlenbeck process of the form
dYf = (ae + BYS) dt + vedWy, Y5 =eyo € R.
Clearly, Y7 ~ N (5u,5202) with
BT, BT | & (BT 2 _ 2 ( apr
1= yoe’ zoe® + — (T = 1), 0% = = (e*’" - 1) (28)
B 26
and so Y7} has density of the form

1 _y—em)?

e e =g lem /S por/e (co+0(e)), (29)

oy, T)=

eoV 2w

with constants ¢; implicitly defined by @3). We leave it to the reader to check that the same
density, with explicit expressions for ¢y, co is obtained from our main theorem.
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4.2 Elliptic example with degeneracy

Consider the small noise problem for the stochastic differential equation

dY® =edW!' + 0Z°cdW?, Y§ = 0;
dZ° =edW?, Z5 =0;

where 6 € [0, 1], say. Note that it could be immediately rephrased as short-time problem (T =1,t= 82).
We are in an elliptic (Riemannian) setting. (In fact, R? with the induced metric has zero-curvature
and empty cut-locus.) Clearly, Y7 admits a density, say f€(y) at time T = 1. Considering the
point y = 1, for instance, it is not hard to see that

1
e2log ¢ (1) ~ —5 as el 0.
At least when 6§ = 0 it is obvious from Y§ ~ N (O, 52T) that one has the expansion

FF)y=ete27 (oo +0(e))

for some (easy to compute) ¢o > 0. Interestingly, the general situation is much more involved.
Exploiting the fact that Y5 can be written as the independent sum of a Gaussian and a (non-
centered) Chi-square random-variable, f€ (y) is given by a convolution integral and a direct (tedious)
analysis shows that
1
(1) = {5‘_1:/_22&2(;50 +0(e)) when6e0,1) . (30)
e7%/%e7 27 (¢g+0(¢)) whend=1

While the energy is equal to 1/2, no matter the value 6 € [0, 1], we see the appearance of an atypical
algebraic factor e73/2 in the case 6 = 1.

With a view towards applying our theorem we have vector fields 01,02 of the form J,,
020, + 0,. One checks without difficulty that hg (t) = (¢,0) is the (unique) element in K™, for any
6 = [0,1]. In particular, the ”most-likely” arrival point is (1,0) € (1,-). (Minimizers and energy
start to look different when 6 > 1, our focus on 6 € [0, 1] is pure algebraic convenience.) In the case
0 = 1, the explicit ”"backward” and projected Hamiltonian flow is

THoer ((yr, 21), (P7, 91))

_ <yT + 2 (prarT + qrT — 2r)? — (prT + %Z%)) '
zr —qrT — pr2rT

From this expression, it is then easy to check that (0,0) is focal for (1, ). (Proposition[flthen implies
that the Hessian of the energy at hg is degenerate. In fact, a simple computation shows that in this
example the null-space of I"” (hy) is given by N (hg) = [k] where k =k (¢) = (0,¢) € Tn, K1\ {0}.)
It follows that one must not apply theorem [@ here, and indeed, the predication of the theorem
(algebraic factor e 1) would be false in the case § = 1, as we know from (B0). On the other hand,
one checks without trouble that for § < 1 the situation is non-focal, all our assumptions are then
met, and so theorem [ yields the correct expansion, in agreement with (B0Q).
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4.3 Hypoelliptic Gaussian example

We are interested in the tail behaviour of Yr where

dY:Zdt, YO = Yo,
dzZ = th, ZQ = Z0-

Of course, Yr is Gaussian with mean pu = yo + 207" and variance

T T T
/ / W Wydsdt| = 2 [ / sdsdt] = / t2dt = T3/3.
0 0 0<s<t<T 0

We are not looking here at the short time behaviour of ¥; as ¢ | 0: Indeed the condition [H1]is not
satisfied here and indeed the log density of Y; is proportional to 1/02? = O (tf?’) as t | 0 which is
not at all the behaviour described in corollary (IH). Instead, let us fix T > 0 and note that the
density of Yr is of the form

o2 =V[Yr]=E

1 (w=m? 3 2 2
e 2T o~ (const)e*n_S(y —2uy) — (const)e 1Y T2V a5 4 1 oo. (31)
V2mo?

We now illustrate how this follows from corollary 14
Scaling: Set Y := Y and similar for Z. Then

dYF = Z;dt, Yy = eyo,
dZ; = edWy, Z§ = ezp.

In other words, the (first) component of interest to us scales with § = 1. It remains to check the
assumptions. With oy = 29, and 01 = 9, we have [0¢,01] = 9, which not only implies the weak
Hormander’s condition [H but a stronger ”Bismut H2 type” condition which implies [14, Thm 1.10]
invertibility of C’;"z“ for all h # 0. We are interested in paths going from lim._,o (Y{, Z5) = (0,0)
to N = (a,-) with a = 1 and it is easy to see that this is possible upon replacing W by a suitable
Cameron-Martin path; in other words,

Ko # 2.

(Cf. [33] for an abstract criterion that applies in this example). Since h = 0 will never stir us from
(0,0) to N we only need to check that (0,0) x N satisfies condition (ND). To this end, we note that
the Hamiltonian in the present setting is

1
H((y:2); (p.0) = p= + 50%
The Hamiltonian flow Hy g = Hi g (y, 2,p, ¢) turns out to be an easily computable linear map.
The details of computing the minimizing control h = h (t) then follow the recipe given in remark [Gl
In particular, we find po = (po,q0) = (3/7,3/T) and minimizing control hg = hg (t) = 3 (T —t) /T3
in the notation of proposition 4l In particular then,

T, 2 3
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in agreement with (&II). For the second order constant ca, we need to compute Y7 where
d}}t = tht, YO = Yo, dZt = O, ZO = Z20-

This leads immediately to Yo = yo + 207 =: p and then ¢y = (QYT/G) A (1) = 2ucy,again in

agreement with the Gaussian computation.

4.4 Lévy’s Area

Following a similar discussion in [49], we consider

x 1 x 0
olyl=1 0 [,oe|ly]=11[;
z —y/2 z z/2

the resulting diffusion
dX; = o1 (X¢) dW} + 09 (Xy) dW?, Xo =x € R?

is known as Brownian motion on the 3-dimensional Heisenberg group; it can also be viewed as the
Brownian rough path (e.g. [19] and the references therein) associated to the 2-dimensional standard
Brownian motion (W', W?2). Set X¢ := §.X where 6. (z,y, z) = (ex, ey,e?2) is the dilation operator
on the Heisenberg group. Then

dX$ = 01 (XE) edW} + 09 (XE) edW}

which is also the form relevant to study short time asymptotics. Since the Hamiltonian is explicitly
available [23], our criterion (ND) can be checked directly@. In particular, we so recover all "non-
degenerate” projected Lévy area expansion results of [49]: in the notation of that paper, section 7,
we cover their cases (I)1,(I)z2,(IIT)1,(III)s,(IIT)3. The main difference, comparing the approach [49]
with ours, is that our criterion (ND) bypasses the involved analysis, carried out by hand in [49], of
the infinite-dimension Hessian of the energy at the minimizer. On the other hand, our approach
(presently) does not deal with degenerate minima, and we do not cover their cases (I)s, (II), (IIT)4;
all of which are, of course, ruled out by violating condition (ND).

Let us conclude with an application to Lévy’s area not considered in [49]. We are interested in
the tail-behaviour of the density, say f = f (z), of Lévy’s area Z; at unit time,

1
— 1 2 2 1
Zy = 2/0 (Widw? — w2aw}).

One expects — log f (z) ~ ¢*z for some ¢* > 0 since Z; is an element of the second Wiener It6-chaos
which entaild™]

E [exp (¢Z1)] < oo for some 0 < ¢ < ¢* (32)
E [exp (¢Z1)] = +oo for some ¢ > c*. (33)

No explicit density is available but a c.f. is known (Lévy’s formula). Density expansions could
then be obtained using saddle point methods, for instance. We now illustrate how such expansion

16Bismut’s H2 condition guarantees invertibility of the deterministic Malliavin matrix for any h # 0.
7There are examples of r.v.s with (32),(33) with density f for this fails!
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follows from corollary [4l To this end we exploit scaling, X® := §.X. By trivial relabelling of the
coordinates (1 versus 3), our tail result shows, after verification of condition (ND), that Lévy’s area
Z1 admits a density of the form

f (Z) _ e—Ao(l)z2—1/2 (CO +0 (1/\/5))
where Ag (1) is seen to be the Carnot-Caratheodory distance of (0,0,0) to the hyperplane N =
(., . 1)'
4.5 Black-Scholes

The Black-Scholes (BS) model, written in log-language is an example where the above theorem is
applicable with § = 1. Indeed, Y := log S satisfies, with fixed Black-Scholes volatility ¢ > 0

2
dy, = —%dt +odW;, Yo =yo = logSo.

Of course, Y; ~ N (yo —o?t/2, ozt) and the explicit Gaussian density

p{_(y— (yo—fot/2))2}

fes (t,y) =

1
V2mo?t o 202t

immediately yields short time resp. tail expansions,

Y—Yo

2
fas (t,y) ~ (const) t =% exp (—%) ast ) 0;any y € R (34)

2
fBs (T,y) ~ (const) exp (— 2012Ty2) exp <%y> as y — oo; any T > 0. (35)
We derive now both expansions from general theory, i.e. with aid of corollary resp 4 The
short time limit corresponds to a flat Riemannian situation, in particular the cutlocus is empty,
which is enough to guarantee (ND); the remaining computations to derive (84]) from corollary
are left to the reader and we focus on the (more interesting) case of tail asymptotics. Corollary [I4]
applies with § = 1, and (rescaled) starting point eyg — 0. Condition (ND) needs to be checked;
the relevant Hamiltonian is

2

o o2p2
Hy.p)=—5yp+ Tp, for all (y,p) € R?
and the Hamilton ODEs are
. 0.2 2 . 0'2
yt:__yt+apta Pt = Dty

2 2

with boundary conditions yo = 0 and yr = a. We first solve the ODE for p and we obtain
2
pe = pe? t/2, for some p € R. We can then deduce the solution for the path y as a function of p:

_ 1— e—o2t/2 @
vt o2/2 2 )
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The boundary condition yr = a implies that

2 (=5w) /2 + 0%/
P=P0= 57 T2 _ g—o1/2

In particular, 8pyT|p0 =1-eT/2> 0, and hence invertible, for T, o > 0. En passant, we also

deduce the optimal control ho(t) = op:, and get the correct leading order factor

1 2 1 2 p% T 1
= —||h = — ho(t)?dt = — (e — 1) = .
C1 2 ” OH 2‘/0 0( ) 72 (6 ) 202T

With the hint ¥; = yo+ (—%2) t we leave it to the reader to verify that c; = (yo — 0%7'/2) / (20°T).

Frequently, one chooses yo = 0 in this context (which amounts to normalize spot price to unit).

4.6 The Stein-Stein model
For given parameters, a > 0,b < 0,¢ > 0,09 > 0,p = d <W1,W2> /dt, the Stein—Stein model
expresses log-price Y, under the forward measure, vi
1
dy = —§Z2dt +ZdWt, Y (0) =y =0 (36)
dZ = (a+bZ)dt +cdW?, Z(0) =0y > 0.

We will be interested in the behaviour, and in particular the tail-behaviour, of the probability
density function of Y. In fact, there is no loss of generality to consider 7' = 1. Applying Brownian

scaling, it is a straight-forward computation to see that the pair (f/, Z) given by
Y (t):=Y (tT), Z(t) = Z({tT)T"?

satisfies the same parametric SDE form as Stein-Stein, but with the following parameter substitu-
tions R
a+a=al*? b+ b=0bT,c+ ¢=cT, 00« 50 =ocoT">.

In particular then, Y7 = Y7 (a,b, ¢, 00, p) has the same law as Y3 (d, b, ¢, 50, p).

4.6.1 The case of zero-correlation

For the moment, we shall follow [27] in assuming the Brownians to be uncorrelated,
d (W W?), = pdt with p = 0.
Recall their main result, a density expansion for Y7 of the form
(#) 5 £ (y) = e ey Py =12 (e 4.0 (y71/2) ) sy = oc. (37)

Scaling: Setting
Y. : =%, Z. :=¢Z

18Sometimes the Stein—Stein model is written with |Z|dW?! rather than ZdW!. In the zero correlation case this
does not make a difference to the law of the process. In fact, there is a recent tendency in the finance community to
use the form ZdW1! which we analyze here, cf. [39].
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yields the small noise problem

1
dY. = —§Z§dt + ZeedW?, Y. (0) =0=:y9 ¥Ve >0 (38)
dZ. = (ae +bZ.) dt + ccdW?, Z.(0) =eog — 0 =: 2z as € | 0.

Our corollary [[4] assuming its application to be justified, then gives the correct expansion (37,
namely

) = e 2 (040 (47

and also identifies the constants ¢; = A (1), o = YA’ (1). (The leading order constant ciis in
agreement with both [27] and [16, p40].)

Remark 26 Corollary [T]] relies on an application of theorem [d to (38); let us note straight away
that the coefficients here are smooth but unbounded. With a view towards the earlier remark on
localization, and in particular (23), we note here that, due to the particular structure of the SDE,

it suffices to localize such as to make o bounded; e.g. by stopping it upon leaving a big ball of radius
R. This amounts to, cf. (23), to shows that

. . 2 > } — o
R}gr(l)o thi];())a log P [|08|00;[07T] >R 00
But since P ||oz| 077 = R] =P [|U|Oo;[01T] > R/s} and o is a Gaussian process, this is an imme-

diate consequence of Fernique’s estimate.

We postpone the justification that we may indeed apply corollary [I4] (which involves an analysis
of the Hamiltonian ODEs) and proceed in showing how further qualitative information about the
expansion can be obtained without much computations.

Some information on c;: From the ”theorem”

v i= (1) = int {1013y - 0§ = (0.0), 6% < (1.9

2
where dg' = —1 ¢?72] dt + ¢™2dn, dg™2 = b2t + cdn. Tf then follows a priori that

c1 =c1 (b,¢;T) but not on a, 0.

The same is true for h* := hg and ¢* := (bhoof course.
Some information on cg: First, A’ (1) = ¢; also only depends on the parameters b, ¢, T (but not

on a,0p). It remains to analyze the factor YT where (Yt, Zt it > 0) solves the ODE

Y, = (—¢:72 n h,’f’l) Zudt, Yo=0
dZy = bZydt + adt, Zy = 0.
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Since Z; = ggelt + afot e(t=5)ds it follows that Zp is linear in 0¢, a with coefficients depending on
b and T. Furthermore, noting that

T
Yo = / (_¢;72 + hf’l) Zydt
0
a similar statement is true for ¥z and then ¢; = A’ (1) x Y;A. Namely, for constants C; = C; (b, ¢; T)

co = C1 (b,C; T) oo+ Co (b,C; T) a.

It is interesting to compare this with the Heston result [24] where the constant ¢z also depends
linearly on spot-vol o9 = /vg.

Solving the Hamiltonian ODEs and computing ¢; After replacing edW by a control dh,
and taking ¢ | 0 elsewhere in (B8], we have to consider the controlled ordinary differential equation

1
dy= —§z2dt + zdh', yo =0 (39)
dz =bzdt + cdh?, zy =0,

)
hy| dt subject to yr =a=1>0.

According to general theory, we now write out the Hamiltonian associated to (39),

Y p
#((2)-(2)) ()
2 2
— _%22 P + 1 ) . (P + l 0 (P
bz q 2 (\0 q 2 |\c q
1 1
= —522]9 + bzq + 3 (22p2 + czqz) .
The Hamiltonian ODEs then become

(ZZ) - (Zzizzfpi ;%i)) (41)

(§Z> - (pm (1 —Opt) - b%) '

Trivially, p = po which we shall denote by p from here on. As it turns out there is a simple
expression for the energy. Although we shall ultimately take a = 1 it is convenient to carry out the
following analysis for general a > 0.

. . . . T
minimizing the energy, % fo

Lemma 27 For any hg € K™, and in fact any hoy given by (TF), i.e.

M@z(mﬂ (42)

qiC

where (y,z;p,q) satisfies ({1)), subject to boundary conditions (yo, z0) = (0,0) and yr = a,qr = 0,
we have

1 /7. 2
A@:—/‘m@‘ﬁ:m
2 Jo
In particular, we see that

p=>0.
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Remark 28 In fact, linearity in a of (&0) also follows immediately from the fact that the Stein-
Stein model satisfies 0-scaling with 0 = 2 in the sense of corollary[I4 Indeed, it was seen in the
proof of that corollary that the rate function A (a) scales like a/? = a. This already implies that p
does not depend on a. This is also consistent with the principle O, A (a) = pr pointed out in remark
1.

Proof. We give an elegant argument based on the Hamiltonian ODEs. The idea is to express

) 2
’ho (t)‘ as a time-derivative which then allows for immediate integration over ¢ € [0, T]. Indeed,

. 2

‘ho (t)‘ =p’zi + P4}
=p’2; + 0 (zmqr) — 2} (p2 - p)
=2pz; (p— 1/2) + 0 (zer)
=2pY: + 01 (2:q4)

where we used the ODEs for z, ¢ as given in {I). It follows that

/OT ‘ho (t)’2 dt = 2p (yr — yo) + (20q7 — 20q0)

and we conclude with the initial /terminal/transversality conditions yo = 29 = 0, yr = a and g7 = 0.
[ ]

Lemma 29 (Partial Hamiltonian Flow) Consider (£1)) as initial value problem, with initial
data (yo,20) = (0,0) and (p,qo)- Assumd

Xo:=cp(p—1)—b*>>0. (43)
Then the explicit solution is given by

ggct (2po — 1)

Y = T (2Xpt — sin (2xpt)) , (44)
2
Zt = % sin (Xpt) ,
Pt =D,
b .
gt = qo (COS (Xpt) — —sin (Xpt)) )
Xp

Remark 30 The given solutions remain valid when x% < 05 it suffices to consider x,, as purely
imaginary; then, if desired, rewrite as cos (Xpt) = cosh (‘Xp‘ t) etc. Below, we shall solve {{1]) as
boundary value problem, subject to (yo, z0) = (0,0), yr = a > 0 and gr = 0; we shall see then that
Z3) is always satisfied and in fact x% > 0.

19 All explicit solutions given in (@) are even functions of Xp, and have a removable singularity for x,,, = 0. By
convention we shall always assume x,, > 0 although the sign of x,,  does not matter.
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Proof. Let us first remark that the path (pt),, is constant, p; = p for all ¢ € [0,7T]. From the

Hamiltonian ODEs, the couple (2, ¢;),~ solves a linear ODE in R2, so that the solution must be
a linear function of (2o, qo) = (0, o). Indeed, a simple computation gives

b qoc? .
qt = qo (cos (xpt) — X_ sin (xpt)> and 2t = X— sin (xpt) ,
p p

Elementary integration (72 fg sin? = t — cossint”) then gives (Y1) by direct integration; indeed
D [" e, gt (2p—1) :
Yr = <p — 5) /0 z5ds = 8Xf§ (2Xpt — sin (2Xpt)) .

This proves the lemma. m
For the next proposition we recall the standing assumptions 7' > 0, b < 0 (which models
mean-reversion) and a > 0.

Proposition 31 The ensemble of solutions to the Hamilton ODEs as boundary value problem
(40, 20) = (0,0) and yr = a,qr =0

with a =1 > 0 are characterized by inserting, for any k € {1,2, ...} and any choice of sign in ({46}
below,

1 4b2  4Ar?
=pr==c[1+4/1+— b 45
P =Dk 2<+ +02+02T2>’ (45)
2 213 a
qg:,k = :I:_2 k - (46)
¢ (2p8‘k - 1) T3 (2ry, — sin (2r4))
in [4)). Here {ry :k=1,2,...} denotes the set of (increasing) strictly positive roots to
rcos(r) — bT'sin(r) = 0.
Remark 32 As the proof will show, p as given in {{3) is the unique positive root to
2 2 To.k\ 2
e ()
cpp—1) T
in particular, assumption [{3) in the previous lemma is met.
Proof. By assumption and (4],
b .
0=gqr =qo | cos (XpT) b sin (XpT) . (47)
P

At this stage, X, could be a complex number (when x% < 0). Let us note straight away that
we must have go # 0 for otherwise (y;),-, - which depends linearly on ¢o as is seen explicitly in
@) - would be identically equal to zero in contradiction with y7 = a > 0. Let us also note that
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Xp 7 0 for otherwise (A7), which has a removable singularity at x,, = 0, leads to the contradiction
0=1-0T.(Recall b < 0,T > 0.) But then r := XpI is a root, i.e. maps to zero, under the map

bTr
re(C»—H“cosr—stinr:r(cosr——sinr). (48)
T

A complex analysis lemma [27, Lemma 4] asserts that this map, provided
—bT >0, (49)

has only real roots; it follows that x,, is real and so Xf) > 0; actually X;Q) > 0, since we already noted
that x,, # 0. Note that ([47), and in fact all further expressions involving ¥,,, are unchanged upon
changing sign of x,,, we shall agree to take x,, > 0 as the positive square-root of XZ- In particular,
7)) is equivalent to the existence of Xp > 0 such that

Xp1 cos (XpT) — bT'sin (XpT) =0.

It follows that x, 7" € {ry : k= 0,1,2,...}, the set of zeros of () written in increasing order. We
deduce that, for each k = 0,1,2,... there is a choice of p arising from

X;=cp(p—1)—b* = (%)2

For each k, there is a negative solution, say p = p;, < 0 which we may ignore thanks to lemma 27
and a positive solution, namely

1 4p2 4r2
P p;:=§<1+ 1+ —+ ’“>>1.

cz 217
We now exploit yr = a. From the explicit expression of y; given in ([@4) we get

_ gt (2p—1)

a=yr 3 (2XpT — sin (2XpT))
8X;p
2.4 2 —1 TB
A ( gr,?; ) (2r — sin (2r))
and thus 3
8r
% = -

ct(2p—1)T3 (2ry, — sin (2ry)) &
It follows that, for each k € {1,2,...}, we can take

1 4bh? 4 rrpN\2
p—p?ﬁ(”\/”c—ﬁc—z(?))

oy 2 2r3 a
=0k = =2 (2pf — 1) T3 (2ry — sin (2ry))

and any such choice in ([@4]) leads to a solution of the boundary value problem. m
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So far, we have for each k € {1,2,...} two choices of (p,qo), depending on the sign in [{f) so
that the resulting Hamiltonian ODE solutions, started from (yo, 20) = (0,0) and (p, qo), describe
all possible solutions of the boundary value problem given by the Hamiltonian ODEs with mixed
initial/terminal data

(Yo, 20) = (0,0) and yr = a,qr = 0.
It remains to see which choice (or choices) lead to minimizing controls; i.e. hy € K™, But this is
easy since we know from lemma 27 that, for any p € {pz k=1,2,... },

1 /7. 2
—/ ‘ho(t)‘ dt = pa.
2 0

Since p; is plainly (strictly) increasing in k& € {1,2,...}, we see that the energy is minimal if and
only if p = pf. On the other hand, we are left with two choices for go, namely qar) 1 and gg ;. Using
[@2) we then see that there are two minimizing controls,

ke = {h,hg '},
given by
pq;CQ sin (xpt)

h(j)[ (t) = P b with (p,qo) + (pi",q("{l) resp. (pf,qal) .
cqo (cos (xpt) % sin (xpt))

Of course, ha[ stands for hj resp. h, depending on the chosen substitution above. In (y,z)-
coordinates, note that both har and hy have identical y-components; their z-components only differ
by a flipped sign due to g5, = —qaﬁ 1- (This reflects a fundamental symmetry in our problem which
is in fact invariant under (y, z) — (y, —z)). We summarize our finds in stating that

1 1, _
A @) = 313 = 5Ig I = pira (50)

and upon taking a = 1 we have computed the leading order constant

1 42 4 (112
— — ot Z
a=A)=p 2<1+\/1+02+c2(T)>

where we recall that r; is the first strictly positive root of the equation r cos(r) — T sin(r) = 0.

Computing ¢2  According to general theory, cf. equation ([I8]), we need to compute certain ODEs
for each minimizer, har = (h(';’,l, hat’?) resp. hy = (hg)fl, hgf), exhibited in the previous section. For
ease of notation we shall write (p, qat) instead of (pf, q&l) resp.(pf, q0_71) in this section. Related
to equation (B8] we then have to consider the following ODE along hy (and then along h;’)

(6 () ()0
(o) ()0
()

. 0
with < 5o
0
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Here, we used the fact that h{f e pz;", 2 indicates the chosen sign of go,1 upon which it
depends, cf. (@6). The ODE along h for Y = Y~ is similar, with z:r,hai’tl replaced by z, =
—zt, ha ;51 = —h{; ;51 respectively. We can solve these ODEs explicitly. In a first step (regardless of
the chosen sign for z, hg)

7, = ooe’T + 3 (ebt — 1) for b <0
og+at forb=0

and since

T
VE—(p—1) /0 E 2t

we see that }7{ = —YFF In fact, under the (usual) model parameter assumptions a > 0,09 > 0 we
see that Zt > 0. We then note that

2
2 qE = ;—sin (x,t) >0 for t € [0,T];
P

indeed we saw that x,T" € [r/2,7) which implies x,,¢ € [0, 7) and hence sin (Xpt) > 0. In particular,
given that ¢; > 0 and p > lwe see that YT+ > 0 (and then YT_ < 0). It follows that

o =cf =N (1) xy!
T
=p(p— 1)/ 2 Y2dt (51)
0

whereas the contribution from ¢; = A’ (1) x Y;*" is exponentially smaller and will not figure in

the expansion (cf. remark[I2). In fact, given the explicit form of ¢ — z;" resp. Y2 in terms of sin (.)
and exp (.), it is clear that the integration in (GBI can be carried out in closed form. In doing so,
one exploits a cancellation due to

=X COS (XpT) + bsin (XpT) =0
and also the equality x% +b% =c*p(p—1), one is led to
tan T/2
Co = q(‘)f‘ oo + CLM .
Xp

It is possible, of course, to substitute the explicitly known quantities qar » Xp but this does not yield
additional insight.

4.6.2 The case of non-zero correlation

We consider again the SDE (36) with diffusion matrix

o = (01,00) = (gg)

but now allow for correlation p between W, W?2; we thus have the non-trivial correlation matrix
Q= Lo — Qo = & pez
pl pcz 2 |-
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In view of financial applications [20] it makes sense to focus on the case p € (—1,0]. This will
also prove convenient in our analysis below, although there is no doubt that the case p > 0, less
interesting in practice, could also be handled within the present framework.

The Hamiltonian becomes, cf. (),

1 1
((2)- ) ~—revas s

1 ~ 1
= _§Zzp + bzq + 3 (zQp2 + c2q2)

with

b:= lN)p = b+ pcp

Noting 8(y1z)l; = (0, O)/ , 8(p1q)l~) = (pc, O)'. The Hamiltonian equations for 2, p, ¢, are thus identical as
in the uncorrelated case, one just has to replace b by b. (In particular, p; is again seen to be constant
and we denote its value by p.) The Hamiltonian equation for y = 9,7 has, in comparison to the

uncorrelated case, an additional term, namely (81,13) 2tqt = pczeq:. In summary, the Hamiltonian

ODEs are
Yt _ 27 (pt~— %) + pcziqr
Z.’t bZt + C2qt

(ZZ> B (Wt (1 —Opt) - 5%) '

The following lemma is then obvious (only y requires a computation, due to the additional term in
the Hamiltonian ODEs).

Lemma 33 (Partial Hamiltonian Flow, correlated case) Consider the above Hamiltonian ODEs
as initial value problem, with initial data (yo, z0) = (0,0) and (p,qo) and assume

xf) =cpp—1) — 1312) > 0. (52)

Then the explicit solution for z,p,q are then identical to the uncorrelated case, one just has to
replace b by b, throughout. The explicit solution for y is modified to

2.2
_ %€

Yyt =
8x5

{(02 (2p—1)— 2pc13p) (2x,t — sin (2x,t)) + 2pcx, (1 — cos (2xpt))} . (53)

In our explicit analysis of the uncorrelated case (more precisely, in solving the coupled ODEs

% = bz + 2qt, Gt = peze (1 — py) — bg) we made use of the (model) assumption b < 0, cf. (@9).

Conveniently, this remains true when p € (—1,0]. Indeed, the following lemma shows we must have
p >0, so that (with p < 0,¢ > 0) )

b="b+ pcp <0. (54)

Lemma 34 Let a > 0. Then A (a) = pa and therefore p > 0.
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Proof. We saw in the proof of lemma 27 that, in the uncorrelated case, as a direct consequence of
the Hamiltonian ODEs,
Pzl +Pap = 2pg + 0r (2ea) -

The correlated case has the identical Hamiltonian ODEs provided we substitute
b+ band Y — Y — PCZiqt.

We therefore have
: 2 22 pez P
’ho (t)‘ = a) (pcz 2 ) g ) =P+ i+ 2ocpzian
=2p (9 — pczeqr) + Or (210q1) + 2pcpziqe = 2pYe + O (21qr)
and then conclude with the boundary data, exactly as in lemma ]
As already noted, b < 0 allows to recycle all closed form expressions for z,q obtained in the

uncorrelated case - it suffices to replace b by b. In particular, for some yet unknown p, gy which
may and will depend on p,

2
2z = ot sin (Xpt) ,

Xp

b
qt = qo (cos (Xpt) - X_ sin (Xpt)>

p

where X;% =cpp—1)— b? is seen to be positive as in the ”uncorrelated” argument. Also, go # 0,
seen as in the ”uncorrelated” case. Transversality, gr = 0, then implies

Xp COS (XpT) — bsin (xpT) =0. (55)
Introducing r := x,,T' the gives the equation
rcotr = (b+ pep) T. (56)

On the other hand, from the very definition of x,,, we know

(r/T)* =cp(p—1) — (b+ pep)?. (57)

In the uncorrelated case, these two equations were effectively decoupled; in particular, r cot r = bT
lead tor € {r,j k=1,2,... } C (0, 00), written in increasing order. Since p™ was seen to be mono-
tonically increasing in 7, cf. equation (@3], and we were looking for the minimal p, corresponding
to the minimal energy (cf. lemma [34)), we were led to seek the first positive root 7. (In fact,
r € (7/2,7) as we will also find in the ”correlated” discussion below.)

The correlated case is a little more complicated and we start in expressing p in equation (Bf) in
terms of r. Indeed, the quadratic equation (B7) shows

(G (T STl s R
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where p~ (r) < 0 (and hence can be ignored in view of lemma[34)) and p* (r) > 0. We now look for

r which satisfies the equation
reotr = (b+ pept (1) T

It is elementary to see that 7 cot r is non-negative on [0, 7/2] and then maps [r/2, 7) strictly mono-
tonically to (—oo,0]. On the other hand, the map r +— (b+ pcp™ (r))T is < 0 for all r; in particular,

there will be a first intersection with the graph of 7 + rcotr in [r/2,7), say at » = 7. Since

pT (r) is plainly strictly increasing in r, the minimal p must equal to
+ .t (ot
pi=pt ().

We then proceed as in the uncorrelated case, and determine gy from the boundary condition yr =
a > 0 where y is now given by (G3]). This leads to gy € {qa')l, qo_)l} where

& = :l:z 2r3 a
o CA\| T3 ((02 (2p—1)— 2pcl~)) (2r — sin (2r)) + 2per /T (1 — cos (2T)))

where r = r{ and p = p{. Again, we have {wo minimizing controls, K2 = {h{,hy }. We now
have
. — 2
ho () = (Ztvl p O> <p) (59)
pze ¢ ) \ @&

instead of [@2) and of course lemma [33] implies that z; and ¢; are fully and explicitly determined for
each choice of (p, qo). In particular for (p, qo) + (pf, q{{l) resp. (pf, qO_J) we so obtain h{ resp. hg
which can be written explicitly by simple substitution. Moreover, and again as in the uncorrelated
case,

1 1, _
Aa) = 5§ 13 = Slng I3, = it (60)
and upon taking a = 1 we have computed the leading order constant

a=AQ1)=pf =p* (r{)

where we recall that 7] is the first intersection point of r + 7 cotr with (b4 pep™ (r))T and p* (-)

was given in (BS).

At last, we turn to the computation of the second-order exponential constant, ca. As in the
uncorrelated case, we ease notation by writing (p, qoi) instead of (pr, qaf 1) resp. (pf, 0. 1) for the rest

of this section. Again, we have to consider ODEs for (Yt, Zt), for each minimizer, h = (hafil, héﬁ’?)
and hy = (hg:', —h{:?). Recall from (59) that, with p = /1 — p2,

ppzi + cqf
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where ()i indicates the chosen sign of g € {qar) 1,40, 1} which determines the choice of minimizer.
We first determine YT =Yr (har ) from the ODE

d (Y:\  [[0—z 09\ ;40 , (0p) ;42\ (Vs 0
E(Zf)‘{(o b ) T \oo) ot Tloo) i p 2 ) T\a
_ (0= +pegt (V) (0
~\0 b Zs a

This already shows that we have the identical (closed form) ODE solution for Z; as in the un-
correlated case. On the other hand, the form of Y7 now exhibits an additional term as is seen

m
T

T
Yr=(p— 1)/ 2 Zydt + pC/ q Zydt.
0 0

Since g;" is essentially of the same trigonometric form as z;", it is clear that the explicit computations
of the uncorrelated case extend. In the end, one finds without too much difficulties

. tan (x,1'/2
C;:A/(l)XYT(hJ)ZqS_{Uo—i—a (p )}
Xp
A similar computation along hy gives ¢f = A’ (1) x Yr (hy) in explicit form and c; is identified as
max (05r , Coy )
4.6.3 Checking non-degeneracy, zero and non-zero correlation

We now check the non-degeneracy condition (ND), as introduced in definition [ which of course
is the ultimate justification that an expansion of the form (B7) with the constants computed above
holds true. Again, focus is on the case of correlation parameter p € (—1,0]. We saw in the previous
sections (for p = 0, then p < 0) that #K™n = # {hg, hg} = 2, whenever a > 0. (In fact, we apply
this with a = 1.)

Secondly, a look at (B9) reveals that the degenerate region is {(y, z) : z = 0}, the complement of
which is elliptic. Clearly, no controlled path which reaches yr = a > 0 can stay in the degenerate
region for all times ¢t € [0, T; after all, this would entail dy = 0 and hence yr = 0. We conclude the
any ODE solution driven by h € K, must intersect the region of ellipticity; but this already implies
non-degeneracy of the corresponding (deterministic) Malliavin covariance matrix.

At last, we check non-focality and focus on har , the other case being similar. We have to check
non-degeneracy of the Jacobian of the map wHo.1 (a,-;*,0), evaluated at - = zp,x = pr after
differentiation, where z7, pr are obtained form the Hamiltonian flow at time T, cf. lemma B3] with
time 0 initial data (O, O;pf, qar)l).

With some abuse of notation, write

<yo) _ (yo (va)) = wHocr (a,2;p,0).

20 20 (Zup)
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Our non-degeneracy condition requires us to show that

9yo 9yo
[5) 0z
det | 5% oz

op 0z

40 (61)

*

where (...) |« indicates evaluation (...) |(p,.)=(p+,27) in the sequel. This implies in particular that all
expressions which are formulated in terms of the solutions to the Hamiltonian flows, reduced to the
corresponding expressions identified in proposition 1] for p = 0, resp. in section for p < 0.
For instance, (yo,20) |« = (0,0),yr[« = a, 2|« = 27 # 0, x, 7|« € [7/2,7) and so.

Since (z.,q.) solves a linear ODE, we can compute

b,
20 (2,p) = (10) e_T<P(1 -p) —bp> (S)
= Xip (xp cos (x,T) — b, sin (XpT)) ,

We first note that 0z0/0z|« is zero; indeed, this follows from (B5). Our next claim is dyg/0z|. # 0.
Indeed, from the structure of the Hamilton ODEs,

T
yo—a:—/ gedt = 22 (...)
0

where (---) does not depend on z. As a result 9yo/0z|. = 22 (...) |« = 2222], = —2a/27 # 0.
It remains to check that dzo/0p|« # 0. To this end, recall, as a consequence of the transversality
condition, see (GA), that x,, cos (x,T) — bpsin (x,T) |« = 0. It follows that

z

0 .
020/0p|« = {X_pa_P (Xp cos (x,T) — by sin (XpT))}

and since 2/, |« # 0, it will be enough to show (strict) negativity of 8% (...) |« above. By scaling,
there is no loss of generality in taking T'= 1 and we shall do so from here on. Then

55 (08 () = Busin (x,)
=X, [(1 =y ) cos (x,) = x, sin (x;)] = pesin (i)

Since by|. < 0 and Xpl+ € [7/2,7) we see that [...][|. < 0. Given that x|« > 0, this already settles
the negativity claim in the zero-correlation case. In the case —1 < p < 0, we use (B3 to write

0 =
B_p (Xp cos (Xp) — by sin (Xp)) |

, [(1 B i)p) Z)p sin (Xp)

= Xp X — Xpsin (Xp)] — pesin (Xp) [«
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After division by sin (xp) /Xpl+ > 0, we have, using l;p =b+pcp <0, b <0 and again x|« > 0,

x;[(l - Bp) by — X3] — pexp
<X,l(1 = pep) pep — X3] — pex, |«
< —pc(Xp — PXp) |+

With —pc > 0, it will then be sufficient to show strict negativity of x,, — px;|*. To this end note
that the definition, xg =c*p(p—-1)— 2, implies

2x,X, = ¢* (2p — 1) — 2b(pc)
XpPXp =¢p (p—1/2) = b (pcp)
C2p

7 2
5 +bb > x;,

whenever ¢?p/2 + bb > 0 which is surely the case upon evaluation coe] e
We conclude that 9z9/dp|« # 0, and then validity of (61), for any parameter set p € (—1,0],b <
0,¢> 0,7 > 0. In other words, we have completed the check of our non-degeneracy condition.

4.7 Comments on Heston [32] and Lions—Musiela [38]
We recall from [27] [24] that the density of log-stock price Y in the Heston model,

dY = —V/2+VVdW', X (0)=zo =0
dV = (a +bV)dt + cvVVdW?, V (0) = vy > 0,

with a > 0,b < 0,¢ > 0 and correlation p € (—1,0] has the form
I (y) = e eIyl (¢ 1 0 (1)) as y — oo

with explicitly computable ¢; = C (b, ¢, p,T) and ¢2 = \/vg x C2 (b, ¢, p,T), both do not depend on
a. While scaling with 6§ = 2,
Y. : =%, V.:=¢&2V

indeed yields a small noise problem, namely

dYe=-Ve/2+VVeedW!, X (0)=z9=0
dVe = (ag® +bVe) dt + cVVeedW?, V (0) = voe® > 0.

The algebraic factor y—3/4+a/ < in the above expansion then contradicts the expected factor; cf.

(@) 1

gl = 12,
There is no contradiction here, of course. Rather, we see an explicit example where ”formal” appli-
cation of a theorem to a model which is short of the required regularity leads to wrong conclusion
(at least at the fine level of algebraic factors). Remark that one can trace the origin of this unex-
pected y—3/4+a/ ¢ factor to the behaviour of the one-dimensional variance process V; also known
as Feller - or Cox-Ingersoll-Ross diffusion. Curiously then even a large deviation principle for V¢
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as given above presently lacks justification, despite the recent advances in [I7], [6]. Clearly then,
we are not anywhere near in obtaining the Heston tail result of [27, [24] with the present methods.

However, in the special case when a = ¢?/4 it is an easy exercise to see that the Heston model
can be realized as Stein-Stein model (take V = Z2, where Z is the volatility component of the
Stein-Stein model), the resulting expressions are then seen to be consistent with those obtained in
[24] and, in particular, y—3/4ta/<" = y=1/2,

Another class of non-smooth, non-affine stochastic vol model with 78 = 2”-scaling, introduced
by Lions-Musiela [38]. For § € [1/2,1] and v = 1 — ¢ they consider the 2-dimensional diffusion

1 -
dY = —§Z25dt + Z%dWh, Yo =0
dZ =bZdt + ¢Z"dWs, Z(0) = z > 0.

And indeed with Y. = €2Y and Z. = ¢'/9Z this becomes a small noise problem;
1
dY. = —§Z€25dt + Z%dW, Y. (0)=0
dZ. =bZ.dt + cZYedZ, Z.(0) = e'/%z.

In their paper they establish exponential moments of Y7 in the precise sense ([32),([33). It is tempting
to use corollary [[4] at least to leading large deviation order, to obtain the exponential tail of Z
for models that scale with # = 2. Of course, as was discussed in the Heston case, such a ”formal”
application can be wrong. Further work, building on [I7], [6], will be necessary to deal with such
degenerate models directly.
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