Dynamic mean-variance indifference valuation

D. Zivoi

ETH Ziirich

danijel.zivoi@math.ethz.ch

March 6, 2015

D. Zivoi (ETHZ)

&
Imperial College 2015



Static Mean-Variance indifference valuation

D. Zivoi (ETHZ)

Imperial College 2015



Static Mean-Variance indifference valuation

Start with (Q,F,P), S = (Sk)k=0,..., 7. F = (Fk)k=0,..,7 and let H be a
random payment at time T.
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Static Mean-Variance indifference valuation

Start with (Q,F, P), S = (Sk)k=o....7. F = (Fk)k=o0,..,7 and let H be a
random payment at time T.

Typically H is not attainable, so we need to specify our attitude towards
risk.

Introduce an a priori valuation rule 17 defined by
MNY(H) := E[H] — %Var(H) for some v > 0,

actuarial variance principle or mean-variance criterion.
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Static Mean-Variance indifference valuation

Start with (2, F,P), S = (Sk)k=0....7. F = (Fk)k=o,..,7 and let H be a
random payment at time T.

Typically H is not attainable, so we need to specify our attitude towards
risk.

Introduce an a priori valuation rule 17 defined by
MY(H) := E[H] — %Var(H) for some v > 0,

actuarial variance principle or mean-variance criterion.

Question: How to use N7 in order to hedge and value H?
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Static Mean-Variance indifference valuation:
M(H) := E[H] — %Var(H)
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Static Mean-Variance indifference valuation:
MY(H) := E[H] — %Var(H)

Start with initial capital xp € R and call 77(H, xp) € R a M"-indifference
value if

We® =1 V€0 k=1

T T
sup 17 (xo + ZﬁkASk> E sup 17 (xo +77(H,x0) + ZﬁkASk - H) ,

where © := {all predictable ¥ such that ¥,AS, € L?}.
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Static Mean-Variance indifference valuation:
MY(H) := E[H] — %Var(H)

Start with initial capital xp € R and call 77(H, xp) € R a M"-indifference
value if

We® =1 V€0 k=1

T T
sup 17 (xo + ZﬁkASk) E sup 17 (xo +77(H,x0) + ZﬁkASk - H) ,
where © := {all predictable ¥ such that ¥,AS, € L?}.

Denote by 1%, " € © the solutions, then /" — 10 is called M7-indifference
hedging strategy
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Static Mean-Variance indifference valuation

Theorem (Mercurio (2000), Schweizer (2001))
If9° € © (NA condition) and

T

H=c"+Y ¢/AS + N" € Gr(©) @ (Gr(0)*
k=1

where ¢ € R, ¢ € © and N € L2 with mean zero and orthogonal wrt
to all stochastic integrals of S, then

7(H,x0) = 7'(H) = cH + %Var(NH) — E[H] + %Var(NH).

Moreover, £ is the M7 -indifference hedging strategy.

A posteriori valuation 77 — Financial variance principle.
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Static Mean-Variance indifference valuation

Message:

o

MY(H) := E[H] — %Var(H) > 7Y(H) = E[H] + %Var(NH).
@ Davis price (here E[H]) bid-ask spread, extension to continuous-time.
© [M7-indifference hedging strategy is the mean-variance hedging

strategy €H.
@ An explicit scheme for valuation and hedging a general H.

> Determine H = c! + 2], ¢FAS, + NP,

» (OTC value) 77 and hedging strategy ¢".
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Dynamic Mean-Variance Indifference Valuation

Let T € N and let F = (Fk)k=0

7. S = (Sk)k=0,.,7 and H € L2(FT)
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Dynamic Mean-Variance Indifference Valuation

Let TeNandlet F = (]:k)k:O,..,,Tv S = (Sk)k:O,...,T and H € L2(.7:T)

Extend M7 to (I1))k=o,..,7 where

N)(H) := E[H|F] — %Var(HLFk).
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Dynamic Mean-Variance Indifference Valuation

Let T € Nand let F = (Fi)k—o...7. S = (Sk)k=0....7 and H € L*(F7)

Extend M7 to (I1))k=o,..,7 where

N)(H) := E[H|F] — %Var(H|]—‘k).

Think of M7}(X) as the utility of X at time k.

How do we define 7} (H)?
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Dynamic Mean-Variance Indifference Valuation

Let T € Nand let F = (Fi)k—o...7. S = (Sk)k=0....7 and H € L*(F7)

Extend M7 to (I1))k=o,..,7 where

N)(H) := E[H|F] — %Var(H|]—‘k).

Think of M7}(X) as the utility of X at time k.

How do we define 7} (H)?

What we expect is

“Ti(H) = E[H|Fi] + 3 Var(N¥| Fe)
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Dynamic Mean-Variance Indifference Valuation

Define ] (H) by equating the two alternatives.
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Dynamic Mean-Variance Indifference Valuation

Define ] (H) by equating the two alternatives.

First alternative: Optimal investment only in S with initial capital xx

;
X+ > IAS;
j=k+1
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Dynamic Mean-Variance Indifference Valuation

Define ] (H) by equating the two alternatives.

First alternative: Optimal investment only in S with initial capital xx

;
X+ > IAS;
j=k+1

Second alternative: Sell H at time k for 7/(H) and trade optimally with
initial capital xj
-
X+ T(H) + Y vAS —H
Jj=k+1
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Dynamic Mean-Variance Indifference Valuation

Define 7} (H) by equating the two alternatives:

First alternative: Optimal investment only in S with initial capital xx
T
0
My x+ Y W94
j=k+1

Second alternative: Sell H at time k for 7/(H) and trade optimally with
initial capital xj

T

My | x+mi(H)+ > 0/'AS—H
j=k+1
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First alternative: Optimal investment only in S
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First alternative: Optimal investment only in S

1) Suppose that ¥ ,,...,9% have already been prescribed. At time k,
we choose 192+1 such that

T
M| x+ Y. 09AS;
j=k+1
T
= esssup 1) [ xx + k18,1 + Z ﬁ?ASj ,
Jj=k+2

where the essential supremum is taken over all Fi-measurable ¥4
such that 9411 ASky1 € L2(P).
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Dynamic Mean-Variance Indifference Valuation

The solution to the first alternative (if it exists) is

T 0 .
1 E[ASi41|F] Cov <A5k+1’ 2jmker2 Vj AS]
KUy Var(A S 1| Fe) Var(ASk11|Fk)

n)
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Second alternative: Sell H at time k for 7 /(H) and trade
optimally.
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Second alternative: Sell H at time k for 7 /(H) and trade
optimally.
2) Suppose that UkHH, ey 1)’# have already been prescribed. At time k,
we choose /. | such that
T

Ny | x+mi(H)+ > v/AS—H
Jj=k+1

-
= esssup I‘IZ Xk + WZ(H) + Upr1ASk11 + Z 'L?FASJ —H|,
j=k+2

where the essential supremum is taken over all Fi-measurable 941
such that ¥ 1AS,,1 € L2(P).
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Dynamic Mean-Variance Indifference Valuation

The solution to the second alternative (if it exists) is

ST 9HAS;
g = 1 _E[ASkn|Fid cov (Askﬂ’ H =2 jmky2 V) DS
k-+1 v Var(ASk+1|Fk) Var(ASki1|Fk)

n)
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Dynamic Mean-Variance Indifference Valuation

We define the dynamic mean-variance indifference value 7)(H) at time k
by

T

M [ x+ Y 0AS | =) (xc+my(H) + > 0'as—H
j=k+1 j=k+1
with
1 EASwlAl Cov (A5k+1,H S i VA )
ST S Var(ASke | Fr) Var(ASki1]F%) '
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Dynamic Mean-Variance Indifference Valuation

We define the dynamic mean-variance indifference value 7)(H) at time k
by

T

M [ x+ Y 0AS | =) (xc+my(H) + > 0'as—H
j=k+1 j=k+1
with
1 EASwlAl Cov (A5k+1,H S i VA >
k+1 = .

v Var(ASk+1|Fk) Var(ASk11|Fk)

— Write €M := 0" — 9° for the M-indifference hedging strategy.
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Dynamic Mean-Variance Indifference Valuation

We define the dynamic mean-variance indifference value 7)(H) at time k
by

T

M [ x+ Y 0AS | =) (xc+my(H) + > 0'as—H
j=k+1 j=k+1
with
1 EASwlAl Cov (A5k+1,H S i VA >
k+1 = .

v Var(ASk+1|Fk) Var(ASk11|Fk)

— Write €M := 0" — 9° for the M-indifference hedging strategy.

— How can 9 and ¢" be described?
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Denote by

O = {19 = (19/()/(:17”,7T pred. s. t. 9 AS, € L2(P) Vk=0,..., T}
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Denote by
Q.= {19 = (?9/();(:17“.,7' pred. s. t. 9 AS, € L2(P) Vk=0,..., T} .
Lemma (Characterization of £/ and °)

Assume that Ay := % is well-defined and that v",9° € ©.

v
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Lemma (Characterization of £/ and °)

Assume that Ay 1= % is well-defined and that v",9° € ©.
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Denote by
O = {19 = (ﬂk)kzl,...,T pred. s. t. Y ASy € L2(P) Vk=0,..., T} .

Lemma (Characterization of £/ and °)

Assume that A\, := % is well-defined and that 0", 9° € ©.

o Then & is the integrand in the FS decomposition of H with respect

to S:
T

H = Flo-l—Zﬁ;’jASk-i- LY,
k=1

— local risk-minimization
e Then ¥ is the integrand in the FS decomposition of 1/v(XeM)T, i.e.,

T T
1 ~
= Z)\kAI\/Ik = Xo + ZﬁgAsk + LT,
7 k=1 k=1

where the process M denotes the martingale part of S.

v
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Minimal martingale measure

The intrinsic value process of H, denoted by \7(H) = (Vk(H))k:O,._.,Tv is
defined by
k
Vk(H) = ﬁo + Zfé_lASg + LZ’.
(=1
Define

T

Zl = [[ a+x08M) and E[H|F] = E[Z] H|F.
Jj=k+1
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Minimal martingale measure

The intrinsic value process of H, denoted by \7(H) = (Vk(H))k:O,...,Tv is
defined by

K
Vk(H) = ﬁo + Zfé—lASg + LZ’.
=1

Define

~ T ~ o~

Z] = [[ @+XNAM;) and E[H|F]:=E[Z]H|F].

Jj=k+1
Then we have R R
E[H|Fk] = Vi(H).
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Main result

Theorem (Dynamic Mean-Variance Indifference Valuation)

Let 1/y(XeM)t and H admit a Féllmer-Schweizer decomposition. Then

the dynamic mean-variance indifference value process n7(H) is given by
the formula

7} (H) = E[H|Fi] + v Cov(LT, L} \fk)+ Var(LH | Fy),

fork=0,...,T.
4
D. Zivoi (ETHZ) Imperial College 2015

March 6, 2015 18 / 23



Main result

Theorem (Dynamic Mean-Variance Indifference Valuation)

Let 1/y(XeM)t and H admit a Féllmer-Schweizer decomposition. Then

the dynamic mean-variance indifference value process n7(H) is given by
the formula

71(H) = E[HIFd +yCov(Lr, L{|Fi) + 3 Var(L{|F),

fork=0,...,T.

A posteriori valuation rule 7] (H).

D. Zivoi (ETHZ) Imperial College 2015 March 6, 2015 18 / 23



Some examples

D. Zivoi (ETHZ)

Imperial College 2015



P is already martingale measure for S
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P is already martingale measure for S
Let S be a P-martingale. Since AS, = AMjy + AE[(AMy)?|Fy_1], we
have A = 0.

Since

T T
1 .
0="> "MNAMy =X+ Y )AS + Ly =" =0, Ly =0.

v k=1 k=1

Moreover, the FS-decomposition coincides with the KW decomposition.

D. Zivoi (ETHZ) Imperial College 2015 March 6, 2015 20 / 23



P is already martingale measure for S

Let S be a P-martingale. Since AS, = AMjy + AE[(AMy)?|Fy_1], we
have A = 0.

Since

T T
1 .
0="> "MNAMy =X+ Y )AS + Ly =" =0, Ly =0.

v k=1 k=1

Moreover, the FS-decomposition coincides with the KW decomposition.

m(H) = E[H|Fid + 3 Var(LY|F)

D. Zivoi (ETHZ) Imperial College 2015 March 6, 2015 20 / 23



P is already martingale measure for S
Let S be a P-martingale. Since AS, = AMjy + AE[(AMy)?|Fy_1], we
have A = 0.
Since
1 T R T
0="> "MNAMy =X+ Y )AS + Ly =" =0, Ly =0.
V= k=1
Moreover, the FS-decomposition coincides with the KW decomposition.
m(H) = E[H|Fid + 3 Var(LY|F)
7 7(H) fulfills the following recursion (DPP substitute):

77 (H) = H,

TW(H) = E[r] (H)|Fe] — 3 Var(ALY 4| F), k=T—1,...,0.
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Deterministic mean-variance tradeoff (i.i.d. models)

Suppose that the mean-variance tradeoff process

J 2 J
(E[ASk|Fi— 1])
> § MDA
2 Var(ASi| Fi1) Kk

is deterministic.
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Deterministic mean-variance tradeoff (i.i.d. models)

Suppose that the mean-variance tradeoff process
J
(E[ASk|Fk— 1]
AAA
; Var(ASk| Fr_1) Z Kk
is deterministic. Then

T T T
Z M AS, = z M AM, + Z N AA,
k=1 k=1 k=1

and hence L7 = 0. Moreover we have P = P (non trivial). Therefore
T (H) = E[H|Fd + = Var(LH]]:k)

— Dynamic financial variance principle.
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Conclusion

@ Construction of an a posteriori valuation rule 7/ (H) at time k from
I'IZ through an indifference argument.

@ [1"-indifference hedging strategy is the local risk-minimization
stratetgy £/

© An explicit scheme for valuation and hedging a general claim H:

» Determine the FS-decompositions of H and 1/~(\ e M)r.
» (OTC) value at time k is 7} (H) and hedging strategy is the local
risk-minimization strategy &H.
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