ASYMPTOTIC BEHAVIOUR OF THE FRACTIONAL HESTON MODEL
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ABSTRACT. We consider the fractional Heston model originally proposed by Comte, Coutin and Renault [I2].
Inspired by recent ground-breaking work on rough volatility [2, B, 24, 28] which showed that models with
volatility driven by fractional Brownian motion with short memory allows for better calibration of the volatility
surface and more robust estimation of time series of historical volatility, we provide a characterisation of the
short- and long-maturity asymptotics of the implied volatility smile. Our analysis reveals that the short-memory
property precisely provides a jump-type behaviour of the smile for short maturities, thereby fixing the well-known

standard inability of classical stochastic volatility models to fit the short-end of the volatility smile.

1. INTRODUCTION

Since the Black-Scholes model was introduced forty years ago, practitioners and academics have been propos-
ing refinements thereof in order to take into account the specific behaviour of market data. In particular, sto-
chastic volatility models, turning the constant Black-Scholes instantaneous volatility of returns into a stochastic
process, have been studied and used heavily. Monographs such as [23, 25, 29, B0, @0, 47] are great sources of
information regarding this large class of models, both from a theoretical point of view (existence and uniqueness
of these processes, asymptotic behaviour), and with practitioner’s insights (how these models actually perform,
how they should behave compared to market data). Despite the success of these models, it is now widely un-
derstood that calibration of the observed implied volatility surface fails for short maturities, the observed smile
being steeper than that generated by diffusions with continuous paths. To remedy this issue, several authors
have suggested the addition of jumps, either in the form of an independent Lévy process [B] or within the more
general framework of affine processes [83, 89]. Jumps (in the stock price dynamics) imply an explosive behaviour
for the implied volatility for short maturities (see [51] for a review of this phenomenon), but are able to capture
the observed steepness of the implied volatility. This could be the end of the modelling story; however, this
approach has also had (and still has) his share of controversy since the jump part of the process is notoriously
difficult to hedge, making its practical implementation a rather delicate (and sometimes philosophical) issue.

From a time series modelling point of view, classical stochastic volatility models, driven by a Brownian

motion, have been criticised for not taking into account the long memory of the observed volatility of returns.
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In ARCH and GARCH models, memory (quantified through the autocorrelation function) decays exponentially
fast, whereas it does not decay at all for integrated versions of these. In the discrete-time setting, this has led to
the introduction of fractionally integrated models, such as ARFIMA [27] and FIGARCH [8]. In continuous time,
this long-memory behaviour has been modelled through fractional Brownian motion [, I2] with Hurst exponent
strictly greater than 1/2. Fractional Brownian motion has its pitfalls though, since it is not a semimartingale,
and yields arbitrage opportunities [2R, bl]. This can be avoided using heavy machinery [[1, 9, PR, 37, but as a
by-product introduces non-desirable economic features [g]. As documented in [62], these issues are however not
relevant when the fractional Brownian motion drives the instantaneous volatility rather than the stock price
itself.

These fractional stochastic volatility models, somehow popular in the econometrics and statistics commu-
nities, have however received little attention from more classical mathematical finance and stochastic analysis
groups. Gatheral, Jaisson and Rosenbaum [26] have recently suggested to consider the Hurst exponent, not
as an indicator of the historical memory of the volatility, but as an additional parameter to be calibrated on
the volatility surface. Their study reveals that H € (0,1/2), which seems to indicate short memory of the
volatility, thereby contradicting decades of time series analyses. By considering a specific fractional volatility
model, directly inspired by the fractional version of the Heston model [2, B1], we provide a theoretical jus-
tification of this result. We show in particular that, when H € (0,1/2), the implied volatility in this model
explodes in the jump-sense. Probabilistically speaking, this means that a rescaled (by time) version of the log
stock price process converges weakly, but not the process itself, which is reminiscent of what happens in the
case of jump-diffusions. In the case H € (1/2,1), heuristically, long memory does not have time to affect the
dynamics of the process and the implied volatility converges to a strictly positive constant. For large maturities,
the phenomenon is reversed, in the sense that short memory gets somehow averaged out and the behaviour of
the implied volatility is similar to the standard Brownian-driven diffusion case, whereas long memory yields
a different asymptotic behaviour. Finally, we comment that recently another fractional version of the Heston
model was proposed and analysed in [I6, I7, 08|, in which the authors defined a different structure for the
variance process through fractional integration. In particular, El Euch, Fukasawa and Rosenbaum [I8] bridge
the connection between market microstructure and rough volatility by proposing a microscopic price model
and by showing that it converges to a rough Heston setting in the long term. We also refer interested readers
to [, B, [, 22] for more recent developments on fractional volatility modelling.

This paper is structured as follows: in Section B, we introduce the model and study its main properties. We
in particular show that the characteristic function of the stock price is available in closed form. In Section B, we
derive the main, probabilistic and financial, results of the paper, namely large deviations principles for rescaled
versions of the log stock price process and the asymptotic behaviour of the implied volatility, both for short and
for large maturities. In Section B we provide several numerical examples. Section B contains the proofs of the

main results, and we add a short reminder on large deviations in the appendix.
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2. THE MODEL AND ITS PROPERTIES

2.1. The fractional Heston model. Let (Q,F, (F:)t>0,P) be a given filtered probability space supporting
two independent standard Brownian motions B and W. We denote by (S¢):>0 the stock price process, and let

X :=log(S;) be the unique strong solution to the stochastic differential equation

1
dXx, = fivtddt +1/V4dBy, Xy =0,
(2.1) AV; = k(0 — V;)dt + £/ V,dW,, Vo = v > 0,

Ve =n+ IV,

where d € (—1/2,1/2) and the coefficients satisfy x,0,& > 0. The operator I§, is the classical left fractional

Riemann-Liouville integral of order d:

ti(t_s)d_l s)ds or 1
1.0(t) = RN ()

d g1 1
aIOJr (1), for d € 2,0),

valid for any function ¢ € L'([0,¢]), where I' is the standard Gamma function. For more details on these
integrals, we refer the interested reader to the monograph [@9, Chapter 1, Section 2], and for the application
to discretisation schemes, we refer to 2, Section 5]. The couple (X,V) corresponds to the standard Heston
stochastic volatility model [B1], which admits a unique strong solution by the Yamada-Watanabe conditions [37,
Proposition 2.13, page 291]). The additional parameter n > 0, as explained in [I7] allows to loosen the
tight connection between the mean and the variance of V;. The process V' can be written, in integral form,
as Vi = voe "t + 0 (1 —e ") + £fg e~ #(t=9)/V.dW,, and therefore It isometry implies that the covariance
structure reads, for any ¢,u > 0,
Vi, Vi) = g;—Ife_"’lt_”l + %(vo — f)e~rtrw) _ %(21}0 — fert+y),

The Feller condition [8%, Chapter 15], 2k0 > &2, ensures that the origin is unattainable (otherwise it is
regular, hence attainable, and strongly reflecting); under this condition, since the Riemann-Liouville oper-
ator preserves positivity, V,¥ > n almost surely for all + > 0. Now, for any ¢ > 0, we have E(V4) =
n+ I, (voe " + 6 (1 — e™"")), and, for any ¢,h > 0,

t+h pt (t +h— S)d—l(t _ u)d—l
<Vtih7th> :/ / O (Vs, Vi, )duds.
0 0

The motivation for such a fractional volatility model comes from the seminal work by Comte and Renault [T
on the Ornstein-Uhlenbeck process. Consider the unique strong solution to the stochastic differential equation
dX(t) = —kX(t)dt + cdW9(t) starting at zero, with d € (0,1/2), k,0 > 0 and W a fractional Brownian
motion; its fractional derivatives X ~¢ defined via the identity X; = IéjrrdX_d(t), forall £ > 0, or
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satisfies the SDE dX ~4(t) = —k X ~4(t)dt + od B(t), with X~¢(0) = 0, where B is a standard Brownian motion.
Conversely, if X (t) satisfies the Ornstein-Uhlenbeck SDE dX (t) = —xX (¢t)dt + odW (t), with X (0) = 0, then

AL T'X(t) = —kI) X (#)dt + odW(2),  with I317X(0) = 0.

Finally, note that the fair strike of a continuously monitored variance swap with maturity 7" reads

1 T d 1 g d —kt —kt
—E Viédt | = = [ {n+I§; [voe ™™ +0(1 —e )]} dt
T 0 T Jo
vT? k(0 — vo)e " /T d+1 st
2.2 = ~rde.
(22) " arey T rrary J, DY

Note in particular that, when n = d = 0, this representation coincides with the expected variance formula in

the standard Heston case, provided in [25, Chapter 11]. Furthermore, for small 7' > 0, Equation (E2) reads

lg /TVddt —£+ + O(T4+1)
7\ ), ) T vz " ’

so that in the rough Heston case the variance swap rate explodes when d < 0 with a rate of 7.
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FIGURE 1. We generate five smooth (d = 0.4, above) and rough (d = —0.3, bottom) paths for
the stock prices (left) and their volatility movements (right). Other parameters for the variance
process are (k,,&,vg,n) = (2.1,0.05,.2,0,0.03).
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2.2. Cumulant generating function. Let m(u,w,t) = logE(e“Xt+w‘/td), for any ¢t > 0 and (u,w) € Dy,
denote the cumulant generating function of the couple (X, V%), where D; := {(u,w) € R? : Im(u, w, t)| < oo} is

the effective domain of m. The following theorem provides a closed-form expression for it:

Theorem 2.1. For anyt >0,

, —1)nt
(2.3) logE (e“Xt+wvtd) =wn + ulu — Dt 5 0

where the functions A and B satisfy the ordinary differential equations

A'(s) + kOB(s) = 0,
(2.4) 2 wu—1) ,  w

B'(s) + B(s) + 35 Bs)* + gppggy ' + gy =0

for 0 < s < t, with the initial conditions A(0) = B(0) = 0, and where T is the usual Gamma function.

— B(t)vg + A(t), for all (u,w) € Dy,

It is interesting to note that the couple (X, V%) remains affine in the sense of [I5]. As outlined in Remark 232,
correlation would break the Markovian property of the process, as well as its affine property. Whenn =d =w =
0, the Riccati equations (E4) are the same as in the standard (uncorrelated) Heston model. This in particular
implies that, when correlation is null, our model (E10) and the Heston model have the same marginals. The
analysis of the asymptotic behaviour of the implied volatility below will only require the knowledge of the
function m evaluated at w = 0, and we shall write m(u, w,t) = m(u, t) with effective domain D;.

Proof. The map (s,u) — l{ogsgu}%vu is non-negative on [0,t] x [0,t] a.s., so that, by Tonelli’s theorem,

t t s _ d—1 t t _ d—1 t t—u)d
Vsd— ds=/ / wvududSZ/ / Tio<u<s (s—w) Vudsduz/ (7Vudu.
f o =mas= [ [5G o Jo MOS0 T o T(d+ 1

Since moments of the integrated CIR exist, up to explosion [86, Part I, Chapter 6.3], the Novikov condition

then justifies the introduction, for any u € D;, of the measure P via the Radon-Nikodym derivative

t 2t
= dqB, — L d .
i exp (u/o v/ VadBs 5 /0 Véds>

The moment generating function can then be written as

} _ . t t _ o)d-1
B o] = o {exp (<21> / Vids / “m;)va)}
0 0

Furthermore, under H~D, the process V satisfies

dP

(2.5) -

(2.6) AV, = k(0 — V;) dt + £3/V,dW,.

e ot = 5o (1 - )
the following PDE using the Feynman-Kac formula:

Vs = z} We want 1(vg,0) and 1 solves

u(u —1)

Bs(z,8) + k(0 — 2)0:0(2, 5) + %Z528§¢(2’ s)+ (2F(d +1)

(t—s)?+ @(t — S)d_1> 2(z,8) =0,
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for 0 < s < t, with terminal condition ¢(z,t) =1 for z > 0. The change of variables ¢(z, s) = ¥(z,t — s) yields

u(u—1) 4 w

2F(d+1)s + I‘(d)sd_l) zp(z,s) =0,

~0upl215) + K(0 = 2)0.p(5) + 500l +

for 0 < s <t and with initial condition ¢(z,0) = 1 for all z > 0. Using the ansatz o(z, s) = eA(sut)=Blsiut)z,

we find that A(-;u,t), B(; u,t) solve the Ricatti ODEs in (E). O
Remark 2.2. For non-zero correlation, the variance dynamics under P in (2@) change to

AV, = k(0 — Vi) dt + pEun/ ViViddt + €/ VidWs,
which is non-Markovian, hence not amenable to Feynman-Kac techniques, and is left for future research.

Remark 2.3. In the case where k = 0, the ODEs (E) can be solved explicitly [46], and

§ Julu—1) 4 § Julu—1)
CJ _S 2T /yd/241 oY _S A2 T gd/241
Vs <d+2 T(d+1) Tt T2\ Tary ’
where J and Y are the Bessel functions of respectively the first and the second kind, and C7, C5 are constants de-

termined by the boundary conditions. Using .J; /2(x) = \/2/(72)sinz and Y} /5(x) = —/2/(7x) cos x we recover
the Heston mgf [20] (with £ = 0) when d = 0 and 1 = 0, namely m(u, ) = ¢ \/u(u — 1) tan <§t\/u(u - 1)/2).

m(u,t) = W—Qg)@ log <\/i

5
0

FIGURE 2. We numerically compute the mgf of X; using the ODE in Theorem 21 with ¢ = 1.
On the left (k, 0, &, v9,m,d) = (2.1,0.05,0.2,0.03,0.03, —0.3). As a sanity check on the right we
compare the numerically solved mgf for d = 0, vy = 0.06,7 = 0 with the explicit representation

of the mgf in a Heston setting (circles), provided in [25, Chapter 2].

3. LARGE DEVIATIONS AND IMPLIED VOLATILITY ASYMPTOTICS

3.1. Large deviations of the log stock price process. This section gathers the main results of the paper,
namely a large deviations principle for a rescaled version of the log stock price process X defined in (E70) when

time becomes large or small. We refer the reader to Appendix Bl for a brief reminder of large deviations and
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to [I3, [d] for thorough treatments. Before stating (and proving) the main results of the paper, introduce the
functions AL, AL 'R —- Ry, AL :[0,1]] D Rand A_ : R — R:

(3.1)
_ i u(l —u) 1
Al =~ am\ ta+a) A-(w) = 2“<7: N 1)7;’ |
v+ n/2)° i " (u " (u
A o Py w(z)(1 — u*(z)) A B oy ) if z € [AL (u_), AL (uy)],
+(x) =u (I)‘T + 6(1 + d/2) F(l + d) ’ _(I) T Ut T — A_(u+), ifx > A’,(u+),
u_x —A_(u_), it e <A (u_),
A (2) = % A () = %.

where the real numbers u_, uy are defined in Theorem B3 and

<x§~/r(1 +d)>
K0

97 —1

1
1+sgn(z) [1—|1+-

u*(z) = 1

1
2
with sgn(z) := 1{z>0) — l{z<0}- The expressions A’ (u_) and A’ (uy) are shorthand notations for, respectively
limy - A’ (u) and limyp,, A" (u). Straightforward computations show that the function u* is smooth on R*,

decreasing and concave on R* and increasing and concave on R* , with u*(0) = 1/2 and

limu*™(z) = —limuw* ™ (z), if n is odd;
z10 z]0

limu ™ (z) =limu* ™ (z) =0, ifniseven.
z10 x]0

Therefore, A% is strictly convex and smooth and maps R to R, . Straightforward computations also yield that
the function A* is smooth on the real line. Note that A* and A7 are nothing else than the Fenchel-Legendre

transforms of A_ and A . Likewise, the functions A% and A* are clearly strictly convex on the whole real line.

Theorem 3.1.

(i) Ast tends to zero,
(a) if d € (0,1/2), then (X;)i>o satisfies a LDP with good rate function X% and speed t~*;
(b) if d € (—1/2,0), then (X;)i>o satisfies a LDP with good rate function \* and speed t~ 1+ ;
(i) Ast tends to infinity,
(a) if d € (0,1/2), then (t_(1+d/2)Xt)t>0 satisfies a LDP with good rate function A% and speed t—(1+d/2).
(b) ifd € (—1/2,0), then (tilXt)DO satisfies a partial LDP on (A" (u_), A" (u4)) with rate function A*

and speed t=1, where u_,u, are defined in Proposition [Z-3.

In practice, the partial LDP in case (ii)(b)is enough here since strikes are of the form e*¢, for large maturity ¢
and fixed z; furthermore 0 € (A" (u_), A’ (uy)), so that for fixed small z, and ¢ large enough, even large strikes
can be computed, see Theorem B (ii)(b) for details. For the effective domain D, of m(-, t) defined in Section 272,
let Do := N0 Us<t Dy = Usso Ns<t Dy, and Déé) the effective domain of the pointwise limit u — m(t‘5u,t)

as t tends to zero (0 > 0). The proof of Theorem B relies on the study of the limiting behaviour of the
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cumulant generating function of (a rescaled version of) the process (X;);>0, which we state in the following two

propositions (and defer their proofs to Sections Bl and B2):

Proposition 3.2. The following hold as t tends to zero:
2
(i) if d € (0,1/2], let § = 1, then D(()d) =R and lgﬁ)ltm (%,t) = 77%, forue D((fs);

2
Vo F)
, foru € D(() ).

L 3 _ ) _ im 1 m (= ) =
(i1) if d € [-1/2,0), let 6 =1+ d, then D, R (mdlt%lt m(t1+d’t) 2+ d)

Proposition 3.3. Ast tends to infinity, we have the following behaviours for the cumulant generating function:
(i) if d € (0,1/2), then Do, = [0,1] and tl%m t= A+ Dm0, t) = Ay (u), for u € Doo;
(ii) if d € (—1/2,0), then there exist u_ < 0, uy > 1 such that tl%m t7 'm(u,t) = A_(u), foru € Do = [u_,uy].
(oo}

Remark 3.4. The limits above are not continuous in d at the origin. In the case d = 0 (standard Hes-
ton), the pointwise limit of the rescaled cumulant generating function was computed in [Z1] and is such that
limytoo t~'m(u, t) is a smooth convex function on some interval [u?,u%] > [0,1]. In Proposition B3, the char-
acterisation of the limiting domain D, is not fully explicit. However, using comparison principles between the
ODEs (E2) and the corresponding ones in the standard (uncorrelated) Heston model, it is easy to see that
the interval [u_, u4] is contained in [uf,uf], which is the limiting domain of the rescaled moment generating

function in the uncorrelated Heston model (see [21] for details and explicit expressions for uff).

Proof of Theorem BE. From Proposition B3, the large deviations principle stated in (i)(a)-(b) follows from a
direct application of the Géartner-Ellis theorem (Theorem B=3). Consider now the large-time behaviour, and
start with Case (ii)(a), i.e. d € (0,1/2). From Proposition B33, the function A} is essentially smooth on Do, but
the origin is not in the interior of D, and hence the Gértner-Ellis theorem does not apply directly. However,
in the one-dimensional case, one can use the refined version in [A5], which relaxes this assumption. Case (ii)(b)

is a direct application of the Gértner-Ellis theorem on the effective domain [u_, uy]. O

Remark 3.5. One could prove the lower bound on the whole real line even when the steepness condition is
not satisfied, by introducing a well chosen time-dependent change of measure, as in [§] or [34]; however, this
requires knowledge of higher orders of the asymptotic behaviour of the cumulant generating function. We leave

this for future research.

3.2. Implied volatility asymptotics. We now translate the large deviations principles derived above into
asymptotics of the implied volatility. For any (x,t) € R x Ry, let X(x,t) denote the implied volatility corre-
sponding to European option prices with maturity ¢ and strike e*. The following theorem is proved in Section b=3

(small time) and in Section B4 (large time).

Theorem 3.6.

(i) Ast tends to zero,
(i) If d € (0,1/2], then for any x # 0, X(x,t)? converges to n;
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FIGURE 3. We compute the rescaled cgf of X; (blue), and compared it with the small-time
limits (red) given in Proposition B2. The time parameter is t = 1/10 on the left column, and
t = 1073 on the right. The first row is the rough case where d = —0.3, and for the smooth case
we have d = 0.2 at the bottom. (k,0,¢,vo,n) = (2.1,0.06,0.2,0.03,0.03).

(ii) if d € [-1/2,0), then for any x # 0, t~9%(z,t)? converges to vo/T(d + 2);
(ii) ast tends to infinity, the implied volatility behaves as follows:
(a) if d € (0,1/2), then %&I{l} t= A2 (1 +4/2)2 = 2 (2Ai(x) -+ \/Ai(x) (A% (z) — x)), forallz e R;
(b) if d € (—1/2,0), then Doo D [0,1] and limsroo B(wt, )% =1, for all x € (A (u_), A" (uy));

For large maturities, as d approaches zero from above, we recover the standard Heston implied volatility
asymptotics derived in [Z1]; in the long memory case (d > 0), the steepness of the implied volatility is more
pronounced for very large maturity due to the t%/2 factor than the standard Heston model. The small-maturity
case is especially interesting. In the case of long memory (d > 0), the implied volatility converges to a constant at
the same speed as Black-Scholes (or for that matter as any diffusion with continuous paths). In the short-memory
regime, the implied volatility blows up at the speed t%/2. Tt is well documented [4] that classical stochastic
volatility models (driven by standard Brownian motions) are not able to capture the observed steepness of the
observed implied volatility smile. Several authors [&3, 51 have suggested the addition of jumps in order to fit
this steepness. Assume that the martingale stock price is given by S = e*, where X is a Lévy process with
Lévy measure supported on the whole real line. As the maturity ¢ tends to zero, the corresponding implied
volatility behaves as limy o 2t log(t)X(z,t)? = —a2, for all & # 0. The speed of divergence tlog(t) is then to
be compared with the t¢ (d € (—1/2,0)) in the fractional framework above: clearly, for small enough ¢, the
Lévy implied volatility blows up much faster. Note further that, in the limit as maturity tends to zero, the
latter does depend on the strike, but the fractional implied volatility does not. Our results therefore show

that fractional Brownian motion (driving the instantaneous volatility) are an alternative to jumps, and provide
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smiles steeper than standard stochastic volatility, but less steep than Lévy models. They further have the
advantage of bypassing the hedging issues in jump-based models. One should also compare this explosion rate
to that of the implied volatility in the standard Heston model, where the instantaneous variance is started from
an initial distribution. In [34], the authors chose a non-central chi-squared initial distribution and showed that,
under some appropriate rescaling, the implied volatility blows up at speed t~/2. Jacquier and Shi [35], also
inspired by [A7], pushed this analysis further by studying the impact of the random initial data on the short-time

explosion of the smile.

4. NUMERICS

In this section we provide numerical examples describing the behaviour of our model, with parameters
(k,0,€) = (2.1,0.06,0.2). In Figure @ we provide a comparison of volatility surfaces generated by fractional
and standard Heston models. We observe that in the case where the Hurst parameter is less than % (d<0),a
larger value of vy pushes up the small-time volatility smile, resonating our small-time analysis in Theorem B.
Also notice that with similar parameter choices the at-the-money implied volatilities are higher in the fractional

case. This is further confirmed by Figure B representing the term structure of the at-the-money total variance.

F1GURE 4. Comparison of volatility surfaces. The first row represents the fractional case with
(vo,7n,d) = (0.03,0.02,—0.3) on the left and (vg,n,d) = (0.02,0.02,—0.3) on the right. The
bottom plot is the standard Heston case (d = 0) with vy = 0.06.
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FIGURE 5. Term structure of the at-the-money total variance in fractional (blue, (vg,n,d) =
(0.03,0.02,—0.3)) and standard Heston (cyan, vy = 0.06).

00 01 0z 03 04 05

FIGURE 6. Term structure of the expected annualised variance (blue) in (E22) where (vg,n,d) =

(0.03,0.02, —0.3). Cyan dashed lines represent its small-time approximation (;(’?f:;) + 77).

5. PROOFs
5.1. Proof of Proposition B2. We separate the k = 0 and x > 0 in the proof.

5.1.1. The k =0 case. One could use the explicit knowledge of the moment generating function in Remark =3
to compute its limiting behaviour. However, we follow a different route here, which we can adapt later to the
k > 0 case. The function B is the solution of the ODE

u(l—u) 4

(5.1) B(t) = -5 B2 + SNCES

2

with boundary condition B(0) = 0. Let ¢ := ;é(ldqu), and consider the ansatz B(t) = Y o;('t'4+2~1 for some
i>1

sequence of real numbers («);>1. Therefore

2 1— , o 2 L L 1—
B(t) + iBz(t) u( U)) i _ Zaiﬁl(idﬁ— 2 — 1)pie+2i=2 +% Z oy (I 2i) =2 _ u(l —u) 4
i>1

2 2I(d +1 = 2I(d+ 1)
i—1
w(l—u)\ 4 . . £ i id+2i—2
= (O[l(l‘i‘d)c_m_‘(dm)t +Z ai(ld+22—1)+gzakai7k Cztz e,
1>2 k=1
52 i—1
This polynomial (in ¢) is null everywhere if and only if oy = 1 and 0y = ———+——— Zakai,k, for

26i(d+2) - 1) &
i > 2. We now make the above derivation rigorous. Consider the map f : Ry — R defined by f(t) :=
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Y sy i (Ctd+2) for t > 0. For ¢ large enough, ’W‘ < 1, and hence |a;| < |v;|, where the sequence
(7)i>1 is defined by v1 =1 and v; = Z k:l YeYi—k, for i > 2. Tedious but straightforward computations show
that the power series m(z) = > ;5 v;x* has a radius of convergence 1/4, and m/(z) = D1 izt for all

€ (—1/4,1/4). Therefore, the power series g(x) = Y, @iz’ has a radius of convergence greater than 1/4
and ¢'(x) = 3,5, eyia’ ™! for all x € (—1/4,1/4). For [(z?*?| small enough,

dx Zal d+2 d+ 2 d+1 Za Z d+2 ’

i>1 i>1
so that f/(z) = Y ,5; @i (id + 2i — 1)t*+2=2, Moreover, using Tonelli’s theorem, for |(#%72| small enough,
2
D laillagl[g[HEEITEETE — | T
i>1,j>1 i>1
is finite. A direct application of Fubini’s theorem then yields f2(t) = >t Qia;¢THIFA+T2040) =2 and
hence f is the solution of B for small |(t92.

We first prove the proposition in the case d € (0,1/2). The function B, solution to (51), satisfies:

td+1 uth

[ ) ¢ ’LL2 i
1-dpg (% _4—d —4—d pid v —
B (For) = ZO" 2t+d  wetd) ;O‘lt a2 +d) 20214

Za i=1d ut u? Z
! AN (2+d) 20(2+d)

i>1

2

_ ut B U +ZO" pid ut 3 u2 i+1
TAr2+d) 2M2+d) T \r2+d)  20(2+d) '

Moreover, for ¢ small enough,

ZO‘ 4id ut u? b < /2 I ZO" I T ’
o\ 2r2+d) 202+ d) = ’(2+d) 2°2+d)) = " \2r2+d) 2U2+d)) |

i>1

wtltd/2 w2td/2
2T(2+d) =~ 2T(2+d)

%
, then Y0, @iga (2ng/d2) z’fié%) is well defined. Hence
1

Since for ¢ small enough,

ut u?
( 2r(2+d) 2F(2+d)

. i+
the left-hand side ) .., it ) converges to zero as t tends to zero, and so does
HUB(uft,t) to —spihray-

In the case d € [—1/2,0), the function B, solution to (B1), satisfies

t1+dB(u/t1+d £) ztdZa» ut B w2t=4 \*
’ = ‘\2l(2+d) 2I(2+4d)

utitd U ut 2¢—d e
= — —+ td Z (78N —
2F(2 + d) 2F(2 + d) = 2F(2 + d) 2F(2 + d)

utitd u? utltd u? ut 2p=d '
= - + — Z it _
M2+d) A@+d \A@+d 202+d)) 2 or(21d) 20(2+d)
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. Since

1+d/2 d/2 i
Moreover, for t small enough, Zizl Qip1 (2F<2+d) - ;‘Ff2+d))

ut w2t \ —d/2
i>1 Qitl (2F(2+d) - 2F(2+d)) ‘ <t

. wiltd/2 w242\ . w w2t—4 \*
the series Zi21 Qg1 (213(2+d) — 2F22+d)) is well defined for ¢ small enough, 2121 Qg1 (21“(2t+d) — 2r(§+d))
tends to zero as t tends to zero, and so does t't¢B(u/t'*4 t) tends to _Wid)’ which proves the proposition.
5.1.2. The k > 0 case. Similarly to the x = 0 case, plugging the ansatz B(t Z Bij #19H into (23) yields

1,7>1
2
Bra(d+1)+ PICEEY I W STBiAMT +r| D] Bit I+ > Biylid+ )t =0
o (d+ 1) 2 | £ i L P | N
i,j>1 i,j>1 (4,5)#(1,1)

The following statements hold, and are related to the case K = 0 above:
(1) Bi,; =0for any i > 2 and for 1 < j < 2i —2;
(2) Bigi—1 = a;¢" for any i > 1.

Combining terms of the same order yields 31,1 = a1(. Moreover, for any (i,7) € N x (Nj_ \ {1}),

i—1j—2
<Bm(ld + )+ 6Bij1+ 5 < Bp.albi-p.j—1- q>> I = 0.
p=1gqg=1
Then the two statements above can be easily verified by induction, from which B(¢ Z ﬁi, ;49979 with
i>1j>2
52 i—1j—2i+2p 1
(5.2) Bij = [ KBig-1— % <Z > ﬂmﬁi—m‘—l—q) T
p=1 q=2p—1
We show that the series is absolutely convergent. Notice that
(5.3)
ppidtd id+2i—1 =261 id+2i—1 Big |2
|85t t |Bi 51 |Bi2i-1]t 1+ t
i>1§>2i—1 i>1 i>2i—1 i>1 j=2i Bizi-1
Following Lemma B, 1 + > 57 pay ﬂﬂ;i - =2t < 2i=1eirt holds for any ¢ > 1, and (623) then reads
(5.4) D0 D IBaglt T <t 32 e ([t e
i>1 j>2i—1 i>1

We already show that |a;| < ~; for i large enough, then the series (3_,;5, 2~ '|ay|z*) has a radius of convergence
no less than 1/8. Since (d+2) is strictly positive, then (64) implies that the series B(t) = > ;51 D 50,1 Bj jtidti
is absolutely convergent for small ¢ such that |¢[t?F2e** < 1/8 holds. Therefore the previous ansatz B(t) is the
solution to the Riccati equation for small . The rest of the proof is essentially the same as the case where k = 0,

and we therefore omit the details.

Lemma 5.1. For any ¢ > 1, the following estimation for B; ; defined in (B32) holds for any j > 2i:
9i=1(j)i—2i+1

1Bl < (j—2i+1)!

|Bi,2i—1]-
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Proof. We prove by induction. In the case where ¢ = 1, direct computations yield
j—1

ﬂl,j _ F(d+2) (i1 rJ
Brii| T(d+1+7) EECESYIN

Assume that the upper bound holds for |53, 4| for any p < ¢ — 1. Then we have

2p71(p'%)q72p+1|6p,2p—1| 21 P 1((2_p)K)j_q_2i+2p|ﬁifp,2(i7p)fl|

for any j > 1.

< i i1—g| <
- (g —2p+1)! ’ 1Bimp.i-1-d] (j—q—2i+2p)
As a result, for any fixed 1 < p <i-—1,
j—2i+2 j—2i4+2p i _ . o
J > B B 1< S 2R — p)e) R Gy sy Bt
p,q ’ — _ V(i _ 9 |
q=2p_1 q=2p_1 (q 2p + 1)(] q QZ + 2p)'
i 2142 i—g—2i
. 2 2|5p,2p715i—p,2(i—p) 1| J i p( — 21+ 1) (p,{)q 2p+1(( p)H)J q—2i+2p
(j—20+1)! it (¢ —2p+1Nj —q—2i+2p)!
2i_2(ili)j_2i+l
= me,zpflﬁi—p,zu—p)—ﬂ'

Plug it into (632), and notice that |5; 2;—1] = 2@%;_1) 22;11 |Bk,2k—1Bi—k,2(i—k)—1| which follows from the fact

that all the terms B 2x—18i—,2(i—k)—1 have the same sign for any &, then

i—1 21+2
8oy < Wil f S S b
! +j Z +‘7 p=1 q=2p—1
_ WlBigal | €(id+ 2= )22 (in) 2 Zilﬁ 5 |
T oidH+g 2(id + §)(id + 20 — 1)(j — 20 + 1)! P,2p—11i—p,2(i—p)—1
K| Bi,j— 2072 () I~ 21 (3d + 27 —
< i (ir) ( )|6i72i—1|.

id+ 7 (j—2i+ D)!ed+ 7)

Iterating the inequality above, we finally obtain

A X ; i—2 J k—2i+1(; P —
1Biil = K—M + 2726 T B 0 Z ; ) id + 2 — 1)
7 o (id+ k) iy (k=20 +1)! Hm L(id +m)

2i—2ﬂjf2i+l|ﬁi72i71| zﬂ: Z‘k72i+1 _ Qi*Q/{j*Qi*l|5i’2i,1|(ij*2i+2 _ 1)

-2+t 5, (j—2i+1)i—-1)
2i*2(in)j*2i+1|ﬁi72i_l|¢ 91— 1 () 2i+1 A |
G-2+D—-1) — (G-2i+1 T

O

Remark 5.2. In the case d = 0,7 = 0 and k = 0, the cgf m(u,t) corresponds to the standard Heston model
with p = 0 and mean reversion speed x = 0. Here it is well known [P0] that lim, o tm(u/t, t) = vou/ (€ cot(&u/2)).
Using the series expansion solution to (B1l) above we find that lim o tm(u/t,t) = vo Y5, (—1)a;(u?/2)".
Explicitly computing the first few terms we find that 3, (1) oy (u?/2)" = u?/2 + 62;4/24 + &8 /240 +

O(£54®), which is in exact agreement with a Taylor expansion of u/(¢ cot(&u/2)) for small £2u.
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5.2. Proof of Proposition BZ3. We start with the case d € (0,1/2). Let B be the solution to the ordinary

differential equation (24), and « := d/2, By := % %, By = f% The function f(t) = B(t) — fot® — b1
satisfies f/(t) = —%fzf(t)2 — E2But* f(1) % — Boat®™!, for t > 0. Define now ¥_,%, : R, — R by
ko1 (k2 u(l—wu)td
5.5 ) AN Ry PR S
We now claim that for any ¢ > 0, the following inequalities hold:
(5.6) () < B(t) < b4 (1),
Note that
af2t2e-1
(5.7) P (t) = F—F—m—xvor,
- VBT + B

which implies that ¢ (t) <0 <4/, (t), for all t > 0, and

limy! (1) = o0, B'(0) =0, lmul(t)=+ox,
b (0) = —2/€% < B(0) < 4 (0) = 0.

Furthermore, note that

52
- (B(t) =1 () (B(t) — ¥ (1))

If 7 :=sup{t > 0:¢¥_(s) < B(s) < 9i(s), for all 0 < s < ¢} is finite, then from monotonicity and continuity
of B on [0,7] we have B(7) = ¢4 (1) and B'(1) = 0. As a result, B"(1) = &2(¢4 (1) — ¥_(7))¢/ (1)/2 > 0,
implying that there exists 7* > 7 such that B'(t) > B'(7) = 0 for t € (7,7*], hence B(t) € (¢_(t), ¢4 (t)) for

t € (7,7*], contradicting the finiteness of 7, and therefore 7 = co. We now prove that liTm t~*B(t) = Bp. Define
tToo

(5.8) B'(t) = —

the functions ¢y, ¢_ : (t*,400) = R by
1 K/z 1/2
¢+ (t) = —Bot” £ {5gt2a + 2 <§2 - zﬂoatal)} ;
where t* > 0 is large enough so that ¢ (t) exists as a real number (o — 1 < 0) for ¢t > t*. For large ¢, we have

K2

2£*Bo
For large t, ¢/, (t) < 0 and ¢’_(t) < 0. Since f'(t) = —%(f(t) — ¢4 (8))(f(t) — ¢_(1)), two cases can occur:
e there exists top > 0 such that ¢ (to) < f(to);
o for all t > t*, ¢, (t) > f(t);
In the first case, the comparison principle implies that for all t > tg, ¢4 (t) < f(¢
of (BM)). Therefore (6@) and the definition of f yield Bot® + 1 + ¢4 (t) < B(t) < 14 (t), which proves the
result. In the second case, let us prove first that there exists 1 > 0 such that f(¢1) > ¢_(¢1): if for all ¢ such
that ¢_ is well defined we have f(¢) < ¢_(t), then

Y_(t) < B(t) = f(t) + B1 + Bot™ < o_(t) + B1 + Bot”,

(5.9) b (t) = O3 and ¢ (t) = =28t + O(t™*).

) (similarly to the proof
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which implies B(t) ~ —fBpt*, which contradicts the positivity of B’ (see (B8) and (53)). Thus there exists
t; > 0 such that f(¢t1) > ¢_(t1). Therefore, since, for all ¢ > ¢*,
~1/2
a— a— 5004(1 — a) « 1 '%2 a—
¢ (t) = —Boat* ™! — (,Bgat2 1y W ﬁth + ? ? — 2Bpat <0,
the comparison principle implies that ¢_(¢) < f(t) < ¢4(¢t) for all t > ¢;. Therefore f is non-decreasing on
(t1,00); being bounded by ¢4, which tends to zero at infinity, it converges to a constant, and tl#m t=*B(t) = fp.

We now prove that the effective domain D; converges to [0, 1] as ¢ tends to infinity. For any u € R\ [0, 1],

S 2kB(t) u(l—wu) 4 £2 K\ K2 u(l—wu) 4
B'(t)=—= ( B*(t t*=—->(Bt)+ = = et
O==3\PO+—a" ) gz > PO+ &) Taatarata
Therefore, B’(t) < % + ;é(lllg)td, so that B(t) < k?t/2¢% + ;&;ﬁ%tl*d, and hence t%lin t=12B(t) = —oo.
Since A(t) = —k0 fot B(s)ds, and since [0, 1] is always in D;, for any ¢t > 0 (since the process is a martingale),

Part (i) of the proposition follows from Theorem P

We now move on to part (ii) of the proposition, when d € (—1/2,0). Let us first prove that glglo B(t) = 0.
Consider the functions 1_, 1 as defined in (B33). As t tends to zero, ¥4 diverges to +o00 and ¥_ to —oo, so
that ltlﬁ’)l P_(t) < B(0) < 12&)1 ¥4 (t), and hence, from (B3), B’ is positive in the neighbourhood of the origin.
Moreover, for all ¢ > 0, Equation (624) implies that ¢/, (t) < 0 < ¢’_(¢). Let to := sup{t > 0 : ¥_(s) <
B(s) < ¢4(s), for all 0 < s < t}. If ¢y is finite, then B(tg) > ¥4 (tg) because 1_(t) < 0 and B is positive and
increasing in (0,tg). Therefore, B(tg) = ¥4 (to) and B(t) > ¢ (t) for all t > to by comparison principle, and
hence B is decreasing on (tg, +00). Since it is bounded below by groré ¥4 (t) = 0, it converges at infinity to some
constant C' > 0. From the Riccati equation (E4), B’ then converges to —xC — %5202, and necessarily C' = 0.
If to is infinite, then B is increasing and bounded from above by v, which tends to 0 at infinity; this yields
a contradiction since B is increasing, so that grglo B(t) = 0. Finally, since S is a martingale and the moment

generating function is convex, [0,1] C D, for all ¢ > 0 and hence [0, 1] C Do.

5.3. Proof of Theorem B8(i). In this section and the next, the process (X%);>¢ shall denote the unique
strong solution starting from the origin to the Black-Scholes stochastic differential equation d XS = —%szt +
>.d By, for some given ¥ > 0, for ¢ > 0. In this model, the price of a European Call option with maturity ¢ and
strike ” (z € R) is given by

CPS(2,t,8) =N (—Zfﬁ + E;ﬁ) — "N (—x - M) ;

where N denotes the Gaussian cumulative distribution function. Straightforward computations yield log E <e“Xl3 S) =

1
§u(u —1)%2¢, for all u € R. In [21], the authors proved that the process (XP%);> satisfies a large deviations

principle with speed t~! and good rate function x — x2?/(2%?), which implies that the following limits hold:

2 2

ltiirgltlogE<em—eXtBs>+:—% for x <0, and ltiirgltlogE(eXtBs—ew>+:—% for x > 0.
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When d € (0,1/2), from Theorem BI(i), we can mimic this proof to obtain
: X\ _ . X _
ltlirgltlogE(eIfe t)+ff)\’_';_(x), for x <0, and ltlirgltlogE(e tfe””)Jrff)\j_(x), for x > 0,

where AL are defined in (B), so that, for any real number z, ¥(z,t) converges to /7 as ¢ tends to zero.
Likewise, in the case d € (—1/2,0), from Theorem BII(i) we obtain

: 1+d T Xy ok : 1+d X: .z )k
ltlﬁjlt logE (e —e )+ = -\ (z), forz<0, and ltlg)lt logE (e e )+ = -\ (z), forz>0.

Consider the ansatz X (z) = oot®?, for some oy > 0; the Black-Scholes call price then reads

1/2+4d/2 1/2+d/2
CBS(5, 1, 53(2) —N(UOt B x > Y <_Uot B x ) .

2 oott/2+d/2 2 ootl/2+d/2

Since N (z) = e=* /2 (L — 55 4+ 0(27%)) as z tends to minus infinity, we obtain, after simplifications,

1 .%'2 1 0.2t3/2+3d/2
BS _ ! _ 1 2144 0 3/2+3d/2
C (:mt,Et(x))—exp( 5 |:0'(2)t1+d 93—1—40015 ]) ( 5 —l—o(t )) .

we obtain limtwtlogE(eXtBs —e%)y = —=Ai(z), for all z > 0.

Therefore, taking o = \/2; o p(;)id)a

Similarly, lim; o ¢ logE(e” — eXtBS)+ = =\ (), for all z < 0.

5.4. Proof of Theorem BE&(ii). Consider a Call option in the Black-Scholes model, with log strike zt'+4/2
and time-dependent implied volatility & (z,t) = v2t¥/* (\/A(z) + /A% (z) — z). Then

~ BS 14+d/2 1+d/2 o t)\/l? 1+d/2 xtltd/2 5($ t)\/i
BS —F (X% _ qat' Y _ (_ rt o(z, ) o at (_ _ ) )
C*> (z,t,0(z,t)) (e e >+ N PN + 5 e N @OV 5

N (t1/2+d/4 2(A% (z) — x)> _omt s (—t1/2+d/4 2Ai(x)) ’

where we used the identity /A% (z) + /A% (z) — = 2,/A% (z) in the second line. Since

SN/ vy e R/ vy ey
Ny)=1—e¥/2 (y=' +o(y™')) for large y, we obtain

- _exp ((z — A% (2))tt+4/2) 1 1
1—CP (2,5(x,t)) = NI \/Ai(x)_’_\/Aj_(:c)fx_i_O(l) ;

and therefore limyjoo t~(174/2 log (1 — B8 (2,t,5(x,1))) = z — A% (2).

Let us now return to the proof of the theorem, following the lines of [33, Theorem 13]. Let f be a function
uXt)

diverging to infinity at infinity such that that the pointwise limit A(u) := limyoo f(¢) " logE (e exists
for all w € Dy C R. Since the stock price is a true positive martingale, we can define a new probability

measure P via dP/dP -

limy oo f(t)"1ogE (e“X;), and clearly A(u) = A(u + 1) for all u € Di = {veR:1+wv € Dy} Note that
0e D% if and only if 1 € Df. This identity also shows that the Fenchel-Legendre transforms are related via

= S;. Under P, the limiting cumulant generating function of (X; /t)>0 reads Au) =
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A*(z) = A*(z) — x, for all z € R. Now, if the family (X,/f(t))¢>1 satisfies a large deviations principle under
both P and P with speed f(t) and good rate functions A* and A*, then the following behaviours hold:

— A* if r < z*
(Put option) lim f(t)~ log E (emf(t) _ ext) _ ) r—A(2) ifr <
ttoo + T if x> x*,
—A*(x) ife >z*
Call option lim f(t) ' logE (e* —e®/®) = =
(5.10) ( ption) tToof( ) 8 ( )+ 0 ite <2*,
0 if x > 2",
(covered Call option) tl%m f(t)"tlog [1 —-E (eXt — exf(t))J =9 xz—A*(z) ifxe[z*, T,
T if x < a¥,

where 2* and * are where the functions A* and A* attain their minimum, and satisfy 2* = A (0) < A_(1) =z*.
Furthermore the convergence in (i)-(iii) is uniform in 2 on compact subsets of R.
We first prove the theorem in the case d € (0,1/2]. For f(t) = t't%/2, Equations (EI0) imply

limypoo t~1+4/2) 1og B (e’“fHd/2 - eXt) =z, for all z € R,

limypoo (142 log E (eXt - e“Hd/Q) =0, for all z € R,
+

limypoo t~1+4/2) 1og (1 —-E (eXt - e””tler/Q) ) =z —A*(z), forallzeR.
+

Therefore, the implied volatility satisfies limyoo =448 (2t +4/2) = V2 (/A (z) + /A% (z) — ) for all z in R.
The proof of the theorem in the case d € (—1/2,0) is analogous to that in [83], and is therefore omitted.

APPENDIX A. THE GARTNER ELLIS THEOREM

We provide here a brief review of large deviations and the Gértner-Ellis theorem. For a detailed account
of these, the interested reader should consult [T3]. Let (X, )nen be a sequence of random variables in R, with
law p,, and cumulant generating function A, (u) = log E(e“*»). For a Borel subset A of the real line, we shall

denote respectively by A° and A its interior and closure (in R).

Definition A.1. The sequence X, is said to satisfy a large deviations principle with speed n and rate function I

if for each Borel mesurable set E in R,

1 1
— inf I(z) <liminf —logP (X, € E) < limsup — logP (X,, € E) < — inf I(z).
rzeE° nftoo N ntoo N reFE

Furthermore, the rate function is said to be good if it is strictly convex on the whole real line.
Before stating the main theorem, we need one more concept:

Definition A.2. Let A : R — (—00,+00] be a convex function, and Dy := {u € R : A(u) < oo} its effective
domain. The function A is said to be essentially smooth if

e The interior DY is non-empty;

o A is differentiable throughout DY;
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e A is steep: liTm |A(uy,)| = oo for any sequence (uy,)n>1 in D} converging to a boundary point of DY.
nioo

Assume now that the limiting cumulant generating function A(u) := limy10 n 1A, (nu) exists as an extended
real number for all u € R, and let D denote its effective domain. Let A* : R — Ry denote its (dual) Fenchel-

Legendre transform, via the variational formula A*(z) := supycp, {Az — A(N)}. Then the following holds:

Theorem A.3 (Géartner-Ellis theorem). If 0 € D, A is lower semicontinuous and essentially smooth, then the

sequence (X,,)n satisfies a large deviations principle with rate function A*.

When partial conditions of the Gartner-Ellis theorem are satisfied, a full large deviations principle might not

be available, but one can define a partial one, as follows:

Definition A.4. We shall say that the sequence (X,,) satisfies a partial large deviations principle with speed n~!
on some interval I’ with rate function A* if Definition BT holds for all subsets A C I’.

It is clear that if 0 € D{ and A is lower semicontinuous and strictly convex on some interval I C R, then (X,,)

satisfies a partial large deviations principle on I’ = A’(I) with rate function A*(x) := sup,c;{uz — A(u)}.
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