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SOLUTION PROPERTIES OF A 3D STOCHASTIC EULER FLUID EQUATION

DAN CRISAN, FRANCO FLANDOLI, DARRYL D. HOLM

ABSTRACT. We prove local well posedness in regular spaces and a Beale-Kato-Majda blow-up crite-
rion for a recently derived stochastic model of the 3D Euler fluid equation for incompressible flow.
This model describes incompressible fluid motions whose Lagrangian particle paths follow a stochastic
process with cylindrical noise and also satisfy Newton’s 2nd Law in every Lagrangian domain.
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1. INTRODUCTION

This paper investigates the existence, uniqueness and singularity properties of a recently derived
stochastic model of the Euler fluid equations for incompressible flow [16]. For this purpose, we combine
methods from geometric mechanics, functional analysis and stochastic analysis. In the model under
investigation, stochasticity is introduced in the Stratonovich sense into the transport velocity of the
Euler fluid equations. That is, one assumes the Lagrangian particle paths in the fluid motion z; =
n¢(X) with initial position X € R? each follow a Stratonovich stochastic process given by

dne (X) ZU(nt(X)vt)dtJrZ&(m(X))OdBi, (1.1)

where the B? with ¢ € N are scalar independent Brownian motions, and the &; represent spatial corre-
lations, given by C;; = §i§JT for a velocity-velocity correlation matrix Cj;. The stochastic process 7; is
a temporally stochastic curve on the space of smooth invertible maps. That is, the time dependence
of m¢ in (1.1) is not differentiable, but its spatial dependence is assumed to be smooth. Equation
(1.1) will lead to a stochastic PDE driven by cylindrical noise [, 30, 32, 35], corresponding to model
uncertainty in the Euler fluid equations for incompressible flow, as introduced in [10].

The Eulerian transport velocity for this flow is given by the Stratonovich stochastic vector field,

dy () = u(z, )dt + 3 &(w) 0 dB; = dmp ! (x). (1.2)

Thus, the stochastic process dn.(X) in (1.1) is the pullback by the diffeo 7; of the stochastic vector
field dy,(x) in (1.2). That is, n;dy,(x) = dn(X). Likewise, the stochastic vector field in (1.2) is
the Eulerian representation in fixed spatial coordinates x of the stochastic process in (1.1) for the
Lagrangian fluid parcel paths, labelled by their Lagrangian coordinates X.

The stochastic Euler fluid equations we study here possess a Kelvin circulation theorem of the form,

d% vj(w,t) da’ :f p L F;dal (1.3)
c(t) c(t)

in which the closed loop c(t) follows the stochastic Stratonovich stochastic process in (1.1), so it
moves with stochastic material velocity dy; in (1.2). Here, the mass density is denoted as p, and F}
denotes the j-th component of the force exerted on the flow. In the present work, the mass density
p will be assumed to be constant. Notice that the covariant vector with components v;(x,t) in (1.3)
is not the transport velocity in (1.2). Instead, vj(x,t) is the j-th component of the momentum per
unit mass. In addition, the force per unit mass plej = —pfl(?jp will be taken as proportional to
the pressure gradient. For this force, the Kelvin loop integral in (1.3) for the stochastic Euler fluid
case will be preserved in time for any material loop whose motion is governed by the Stratonovich
stochastic process (1.1).

In the case of the stochastic Euler fluid treated here in Euclidean coordinates, applying the Stokes
theorem to the Kelvin loop integral in (1.3) yields the equation for w = curlv proposed in [10], as

dw + (dy; - V)w — (w - V)dy, =0, Wlt=0 = wo , (1.4)

where the loop integral on the right hand side of (1.3) vanishes for pressure forces with constant mass
density.
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Main results. This paper shows that two well-known analytical properties of the deterministic 3D
Euler fluid equations are preserved under the stochastic modification (1.4) we study here. First, the
3D stochastic Euler fluid vorticity equation (1.4) is locally well-posed in the sense that it possesses
local in time existence and uniqueness of solutions, for initial vorticity in the space W22(R3) [6]. See
Lichtenstein [21] as mentioned in [12] for a historical precedent for local existence and uniqueness
for the Euler fluid equations. Second, the vorticity equations (1.4) also possess a Beale-Kato-Majda
(BKM) criterion for blow up which is identical to the one proved for the deterministic Euler fluid
equations in [1].

Theorem 1 (Existence and uniqueness). Given initial vorticity wy € W22 (T3 , ]R3), there exists a local
solution in W22 of the stochastic 3D Euler equations (1.4). Namely, if o™, w® : 2x[0,7] x T3 — R3
are two solutions defined up to the same stopping time 7, then wM = w2,

Our result corresponding to the celebrated Beale-Kato-Majda characterization of blow-up [!] is
stated in the following.

Theorem 2 (Beale-Kato-Majda criterion for blow up). Given initial wy € W22 (T3, R?’), there exists
a stopping time Tmax @ Z — [0,00] and a process w : = x [0, Tmax) X T2 — R3 with the following
properties:

i) (w is a solution) The process t — w (t A Tmax, -) has trajectories that are almost surely in the class
C ([O,Tmax); w22 (T3;R3)) and equation (1.4) holds as an identity in L> (T3;R3). In addition, Tmax
1s the largest stopping time with this property; and

ii) (Beale-Kato-Majda criterion [1]) If Tmax < 00, then

Tmax
| e Ol = oo
and, in particular, limsupy,,  [lw ()|, = +oo.

Plan of the paper.

e Section 2 briefly reviews the derivation of the stochastic Euler equations introduced in [16]
from the viewpoints of Newton’s 2nd Law and the Kelvin circulation theorem. The determin-
istic (resp. stochastic) equations of motion are derived using the pullback of Newton’s 2nd
Law by the deterministic (resp. stochastic) diffeomorphism describing the Lagrange-to-Euler
map. The Kelvin circulation theorems for both cases are then derived from their corresponding
Newtonian 2nd Laws. The importance of the distinction between transport velocity and trans-
ported momentum is emphasized for both the deterministic and stochastic Newton’s Laws and
Kelvin’s circulation theorems.

e Section 3 discusses our assumptions and summarizes the main results of the paper.

— Subsection 3.1 formulates our objectives and sets the notation.

— Subsection 3.2 discusses the cylindrical noise properties of (1.1) and provides basic bounds
on the Lie derivatives needed in proving the main analytical results.

— Subsection 3.3 provides additional definitions needed in the context of explaining the main
results of the paper.

e Section 4 provides proofs of the main results

— Subsections 4.1 and 4.3 prove the uniqueness properties needed for establishing Theorem
1.

— Subsection 4.5 introduces a cut-off function which is instrumental in the proof of the BKM
theorem for the stochastic Euler equations given in Subsection 4.4.
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e Section 5 summarizes the proofs of several key technical results which are summoned in estab-
lishing Theorem 1 and Theorem 2.

— Subsection 5.1 discusses fractional Sobolev regularity in time.

— Subsection 5.2 provides the a priori bounds needed to prove estimate (4.19).

— Subsection 5.3 proves the bounds needed to complete the proof that the estimate (4.19)
is uniform in time.

— Subsection 5.4 establishes the key estimates for the bounds involving Lie derivatives that
are needed in the proofs.

Remark 3. This paper shows that the analytical properties of the stochastic model of Euler fluid
dynamics introduced in [16] are essentially the same as the deterministic case. We believe this fidelity of
the stochastic model to the analytical properties of the deterministic case bodes well for the potential use

of

this model in uncertainty quantification of fluid flow. The need for such a model can be illustrated,

for example, by examining data from satellite observations collected in the National Oceanic and
Atmospheric Administration (NOAA) “Global Drifter Program”, a compilation of which is shown in
Figure 1.

Latitude

The Global Surface Drifter Dataset from DRIFTERS.MAT
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FiGurE 1.1. Trajectories in latitude and longitude are shown from the National
Oceanic and Atmospheric Administration Global Drifter Program. FEach colour corre-
sponds to a different drifter, see [22].

Figure 1 (courtesy of [22]) displays the global array of surface drifter displacement trajectories from

the National Oceanic and Atmospheric Administration’s “Global Drifter Program” (www.aoml.noaa.
gov/phod/dac). In total, more than 10,000 drifters have been deployed since 1979, representing nearly


www.aoml.noaa.gov/phod/dac
www.aoml.noaa.gov/phod/dac
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30 million data points of positions along the Lagrangian paths of the drifters at six-hour intervals.
This large spatiotemporal data set is a major source of information regarding ocean circulation, which
in turn is an important component of the global climate system. For a recent discussion, see for
example [36]. This data set of spatiotemporal observations from satellites of the spatial paths of
objects drifting near the surface of the ocean provides inspiration for further development of data-
driven stochastic models of fluid dynamics of the type discussed here. An important feature of this
data is that the ocean currents show up as persistent spatial correlations, easily recognised visually
by the concentrations of colours representing individual paths. These spatial correlations, may be
represented in a velocity-velocity correlation matrix Cj;(x,y) = §Z-(:c)£j:-r(y), i,7=1,2,..., N, whose
eigenvectors are the functions &;(z) in the stochastic process (1.1). These correlations exhibit a variety
of spatial scales for the trajectories of the drifters, indicating the variety of spatiotemporal scales in
the evolution of the ocean currents which transport the drifters. This feature of the data is worthy of
further study. For a method of determining the &;(x) in (1.1) from fine scale simulations, see [3]. For
a method of modelling non-stationary correlation statistics, see [13].

2. DERIVATION OF THE STOCHASTIC EULER EQUATIONS

2.1. Review of the deterministic case.
Newton’s 2nd Law, Reynolds transport theorem, pullbacks and Lie derivatives.
The fundamental equations of fluid dynamics derive from Newton’s 2nd Law,

dM(t) :d/ md%:/ Fdz = F(t), (2.1)

which sets the rate of change in time ¢ of the total momentum M(t) of a moving volume of fluid
Q(t) equal to the total volume-integrated force F applied on it; thereby producing an equation whose
solution determines the time dependent flow 7, governing Q(t) = 1,£(0).

The fluid flows 7; considered here will be smooth invertible time-dependent maps with a smooth
inverses. Such maps are called diffeomorphisms, and are often simply referred to as diffeos. One may
regard the map 7, as a time-dependent curve on the space of diffeos. The corresponding Lagrangian
particle path of a fluid parcel is given by the smooth, invertible, time-dependent map,

X =n(X,t) € R3, for initial reference position x(X,0) =X = X. (2.2)

This subsection deals with the deterministic derivation of the Eulerian ideal fluid equations. So the
map 7 is deterministic here. The next subsection will deal with parallel arguments for the stochastic
version of 7, in equation (1.1), and we will keep the same notation for the diffeos in both subsections.

In standard notation from, e.g., Marsden and Hughes [20], we may write the i-th component of the
total fluid momentum M;(t) in a time-dependent domain of R?® denoted Q(t) = 1,22(0), as
Mi(t) = / m(z,t) - es(x) Pz — / m (2, )l (z) da (2.3)
Q(t) Q(t)

= /Q(O) n; <m($,t) -e;(x) d3$) = /Q(O) 0y <mj($,t)6ji(x) d3x>. (2.4)

Here the e;(z) are coordinate basis vectors and the operation 7; denotes pullback by the smooth time-
dependent map 7:. That is, the pullback operation in the formulas above for the total momentum
“pulls back” the map 7y through the functions in the integrand. For example, in the fluid momentum
density m(x,t) at spatial position z € R? at time ¢, we have nfm(z,t) = m(n(X, ), ).
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Lie derivative. The time derivative of the pullback of 7, for a scalar function 6(z,t) is given by the
chain rule as,

d d - 00 dif(X,1) . 2

The Eulerian velocity vector field u(x,t) = u/(x,t)d,; in (2.5) generates the flow 7; and is tangent to
it at the identity, i.e., at t = 0. The time-dependent components of this velocity vector field may be
written in terms of the flow 7, and its pullback n; in several equivalent notations as, for example,

dn’ (X, t ; , .
TﬁQ)ZWWX®ﬁ=ﬁW%w:M@aW or simply w=7n, . (2.6)
The calculation (2.5) also defines the Lie derivative formula for the scalar function 6, namely [20]

%ﬁm%w:nﬂ@w%w+cﬁ@¢», (2.7)

where £, denotes Lie derivative along the time-dependent vector field u = u/(z,t)d,; with vector
components u/(x,t). In this example of a scalar function 6, evaluating formula (2.7) at time ¢ = 0
gives the standard definition of Lie derivative of a scalar function 6(z) by a time-independent vector
field u = u/ (x)d,;, namely,

D1 0i0() = Lu(@)(e) = ) (1) D

(2.8)

Remark 4. To recap, in equations (2.3) and (2.4) for the total momentum, the Eulerian spatial
coordinate x € R? is fized in space, and the Lagrangian body coordinate X € SU(t) is fized in the
moving body. The Lagrangian particle paths njrz = n(X,t) = X € R with z(X,0) = noX = X
may be regarded as time-dependent maps from a reference configuration where points in the fluid are
located at X to their current position nfx = n(X,t). Introducing the pullback operation enables one
to transform the integration in (2.3) over the current fluid domain Q(t) with moving boundaries into
an integration over the fizved reference domain Q(0) in (2.4). This transformation allows the time
derivative to be brought inside the integral sign to act on the pullback of the integrand by the flow map
nt. Taking the time derivatives inside the integrand then produces Lie derivatives with respect to the
vector field representing the flow velocity.

The coordinate basis vectors e;(z) in (2.3) for the moving domain and the corresponding basis
vectors in the fixed reference configuration E;(X) are spatial gradients of the Eulerian and Lagrangian
coordinate lines in their respective domains. The coordinate basis vectors e; in the moving frame and
E; in the fixed reference frame are related to each other by contraction with the Jacobian matrix of
the map 7;; namely, [20]

et a) = 2P p, ) (772‘ 8‘3’;) BA(X) = (1 7 4) BA(X). (2.9)
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As a consequence of the definition of Eulerian velocity in equation (2.6), the defining relation (2.9) for
n;el;(x) implies the following evolution equation for the Eulerian coordinate basis vectors,

el _
dt (77t€ ’L(x)) aXA dt Z(X)
— <8xk 8XA> E7(X)

(2.10)

. (0w

* aujk
=T mez‘ .

Likewise, the mass of each volume element will be conserved under the flow, ;. In terms of the
pullback, this means

i (p(z,t)d*z) = p(n(X,t),t)det(J) d*X = po(X) d*X , (2.11)

where the function p(z,t) represents the current mass distribution in Eulerian coordinates in the
moving domain, and the function po(X) represents the mass distribution in Lagrangian coordinates
in the reference domain at the initial time, ¢ = 0. Consequently, the time derivative of the mass
conservation relation (2.11) yields the continuity equation for the Eulerian mass density,

(3 (o, 01°2) ) = ((0p + w0 0p + 900 ) d2) = 7 (04 + L) (pd*2) =0, (212)

and again, as expected, the Lie derivative £, appears. In this example of a density, evaluating the
formula (2.12) at time ¢ = 0 gives the standard definition of Lie derivative of a density, p(x) d®z, by a
time-independent vector field u = w’ (z)0,;, namely,

| (0l@) 2) = Loy (o) ) = v (p(au(a)) . (2.13)

Next, we insert the mass conservation relation (2.11) into equation (2.4) and introduce the covector
vj(z,t) := mj(z,t)/p(x,t) in order to distinguish between the momentum per unit mass v(z,t) and the
velocity vector field u(x,t) defined in (2.6) for the flow 7, which transports the Lagrangian particles.
In terms of v, we may write the total momentum in (2.4) as

M;(t) = / ni (vi(z,t)e’s(z) pla,t) d°x) . (2.14)
Q(0)
Introducing the two transformation relations (2.9) for €/;(z) and (2.11) for p(x,t) d*z, yields
* 0z’ A 3

wit) = [ (o) 220 ) BAOp0(X) dX (2.15)

Q(0) 0X

837'] A 3

= ’l)j({E,t)iA 5(90—77<X:t))E 2(X)p0(X)d X7 (216)

where in the last line we have inserted a delta function d(x — n(X,t)) for convenience in representing
the pullback of a factor in the integrand to the Lagrangian path.
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Newton’s 2nd Law for fluids. We aim to explicitly write Newton’s 2nd Law for fluids, which takes
the form
dM;(t ,
W [ i) i, (2.17)
dt Q(t)

for an assumed force density F; e/;(x) d®z in a coordinate system with basis vectors e/;(z). To accom-
plish this, we of course must compute the time derivative of the total momentum M;(¢) in (2.15). The
result for the time derivative dM;(t)/dt is the following,

dM;(t dz® o daky 02
&) =/ n ((atvj(a:,t) vt v )oe >EAZ-(X)p0(X) BX . (2.18)
Q(0)

dt d Oxd dt ) 9XA
Upon defining u* := % (in a slight abuse of notation) and using equations (2.9) and (2.11) this
calculation now yields

dM;(t .
®) = / n; (p(w,t) <6tvj(:v,t) + uPd ) + vkaxjuk> e’ i(z) d3x> (2.19)
dt Q(0)
= / p(x,t) (8tvj(x, t) + uFd v + vkaxjuk) eli(z) dx . (2.20)
Q(t)
Perhaps not unexpectedly, one may also deduce the Lie-derivative relation
dM;(t .
®) = / p(x,t) <8tvj(x,t) +uFdnv; + Ukal,juk) el i(z) dx (2.21)
:/ (0 + L) (v5(2.0) i) pla 1) dP) (2.22)
Q(t)

where, in the last step, we have applied the Lie derivative of the continuity equation in (2.12). We
note that care must be taken in passing to Euclidean spatial coordinates, in that one must first expand
the spatial derivatives of e/;(z), before setting e/;(x) = d;2/ = §]. One may keeping track of these
basis vectors by introducing a 1-form basis. Upon using the continuity equation (2.12), one may then
write Newton’s 2nd Law for fluids in equation (2.17) as a local 1-form expression,

(8tvi(a:, t) + uFopv; + vkaiuk) da' = (0y + Ly) (vi(x, t) dwi) = p 1 F;da’. (2.23)

Remark 5 (Distinguishing between u and v). In formula (2.23), two quantities with the dimensions
of velocity appear, denoted as u and v. The fluid velocity u is a contravariant vector field (with spatial
component index up) which transports fluid properties, such as the mass density in the continuity
equation (2.12). In contrast, the velocity v is the transported momentum per unit mass, corresponding
to a velocity 1-form vidx® (the circulation integrand in Kelvin’s theorem) and it is covariant (spatial
component index down).

In general, these two velocities are different, they have different physical meanings (velocity versus
specific momentum) and they transform differently under the diffeos. Mathematically, they are dual
to each other, in the sense that insertion (i.e., substitution) of the vector field u into the 1-form v
yields a real number, uFvy, where we sum repeated indices over their range. Only in the case when
the kinetic energy is given by the L? metric and the coordinate system is Cartesian with a Euclidean
metric can the components of the two velocities u and v be set equal to each other, as vectors.

And, as luck would have it, this special case occurs for the Euler fluid equations in R3. Consequently,
when we deal with the stochastic Euler fluid equations in R3 in the later sections of the paper, our
notation will simplify, because we will not need to distinguish between the two types of velocity u and
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v. That is, in the later sections of the paper, when stochastic Euler fluid equations are considered in
R3, the components of the velocities u and v will be the denoted by the same R? vector, which we will
choose to be v.

Deterministic Kelvin circulation theorem. Formula (2.22) is the Reynolds Transport Theorem
(RTT) for a momentum density. When set equal to an assumed force density, the RTT produces
Newton’s 2nd Law for fluids in equation (2.23). Further applying equation (2.23) to the time derivative
of the Kelvin circulation integral I(t) = fc(t) v;(z,t)dz? around a material loop c(t) moving with

Eulerian velocity u(z,t), leads to [17]

Ity  d | N d o ;
ErTRiT f[;(t) (vi(etyde’) = 7{(0) o (v do)

_ 7{ it (0, 1) + D0 + 04D) da?) (2.24)
<(0)

Perhaps not surprisingly, the Lie derivative appears again, and the line-element stretching term in the
deterministic time derivative of the Kelvin circulation integral in the third line of (2.24) corresponds
to the transformation of the coordinate basis vectors in the RTT formula (2.21). Moreover, the last
line of (2.24) follows directly from the Newton 2nd Law for fluids in equation (2.23).

The deterministic Euler fluid motion equations. The simplest case comprises the deterministic
Euler fluid motion equations for incompressible, constant-density flow in Euclidean coordinates on R3,

Opui(x,t) + uFopu; + udu’ = —9;p,  with 3juj =0, (2.25)

for which the two velocities are the same and the only force is the gradient of pressure, p.
Upon writing the Euler motion equation (2.25) as a 1-form relation in vector notation,

(O + Ly)(u-dx) = —dp, (2.26)

one easily finds the dynamical equation for the vorticity, w = curl u, by taking the exterior differential
of (2.26), since w-dS = d(u-dx) and the differential d commutes with the Lie derivative £,,. Namely,

ow+ (u-Viw—(w-V)u=0. (2.27)
In terms of vector fields, this vorticity equation may be expressed equivalently as
dw + [u, w] =0, (2.28)

where [u,w] is the commutator of vector fields.
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2.2. Stochastic Reynolds Transport Theorem (SRTT) for Fluid Momentum. For the sto-
chastic counterpart of the previous calculation we replace v = 71, L written above in equation (2.6)
with the Stratonovich stochastic vector field

dyf = u®(z,t)dt + Y &f(x) o dB] = dnym; ", (2:29)

where the B} with i € N are scalar independent Brownian motions. This vector field corresponds to
the Stratonovich stochastic process

dnt (X) = u*(m(X), t)dt + Z&f(m(X)) 0dBy, (2.30)

where 1; is a temporally stochastic curve on the diffeos. This means that the time dependence of 7
is rough, in that time derivatives do not exist. However, being a diffeo, its spatial dependence is still
smooth.

Consequently, upon following the corresponding steps for the deterministic case leading to equation
(2.20), the Stratonovich stochastic version of the deterministic RTT in equation (2.20) becomes

dM;(t) = / p(x,t) (dvj(a:, t) + dyFo,uv; 4 v0y dy,’f) eli(x) d3x. (2.31)
Q(t)
We compare (2.31) with the Lie-derivative relation, cf. equation (2.22),
(dvj(x, t) + dyf@xkvj + vkﬁxjdyf) da? = (dy + Edyt)(vj(x, t) dxj) . (2.32)

Here, L4y, denotes Lie derivative along the Stratonovich stochastic vector field dy, = dy{ (x,t)0,; with

vector components dy’ (z, ) introduced in (2.29). We also introduce the stochastic versions of the
auxiliary equations (2.8) for a scalar function 6 and (2.12) for a density pd®z, and we compare these
two formulas with their equivalent stochastic Lie-derivative relations,

d(n/0(x,t)) = n; (db(z,t) + Lay,0(z,1)), (2.33)
d(i (ple, O 2)) = i ((dp + 0w (pdyl (2.0)))d2) = i ((d + Loy, )(pdP2) =0, (234)

Stochastic Newton’s 2nd Law for fluids. The stochastic Newton’s 2nd Law for fluids will take
the form

dM;(t) = /Q(t) p L F el () pda, (2.35)

for an assumed force density Fje/;(z)d3r in a coordinate system with basis vectors e/;(z). Because
of the stochastic RTT in (2.31), the expression (2.32) in a 1-form basis and the mass conservation law
for the stochastic flow in (2.34), one may write the stochastic Newton’s 2nd Law for fluids in equation
(2.35) as a 1-form relation,

(dvj(x, t) + dyFo,rv; + Ukazjdyf) da? = (d + Lay,) (vj(z,1) dxj) =p 'Fjdal dt. (2.36)



SOLUTION PROPERTIES OF A 3D STOCHASTIC EULER FLUID EQUATION 11

Stochastic Kelvin circulation theorem. The stochastic Newton’s 2nd Law for fluids in the 1-form
basis in (2.36) introduces the line-element stretching term previously seen in the stochastic Kelvin
circulation theorem in [106].

Proof. Inserting relations (2.31) and (2.32) for the stochastic RT'T into the Kelvin circulation integral
I(t) = fc( 1 Vi (z,t) dz? around a material loop ¢(t) moving with stochastic Eulerian vector field dy, in

(2.29), leads to the following, cf. [16],

dI(t) = djé(t) (vj(x,t) d;cj) = djé(o) n* (Uj(IE,t) dg;j>
= [ i (104 Loy ooty o))

c(0)

' (2.37)
= j{ n; ((dvj (z,t) + dyf@zkvj + vkaﬂdyf) d$j>

c(0
= / (d + Lay,) (Uj(x,t) d$j) .
c(t)

Substituting the stochastic Newton’s 2nd Law for fluids in the 1-form basis in (2.36) into the last
formula in (2.37) yields the stochastic Kelvin circulation theorem in the form of [16], namely,

dI(t) :dj{ vj(,t) da’ :% p L F;da? dt . (2.38)
o(t) e(t)

0

Remark 6. As we have seen, the development of stochastic fluid dynamics models revolves around
the choice of the forces appearing in Newton’s 2nd Law (2.35) and Kelvin’s circulation theorem (2.38).
For examples in stochastic turbulence modelling using a variety of choices of these forces, see [27, 33],
whose approaches are the closest to the present work that we have been able to identify in the literature.

The stochastic Euler fluid motion equations in three dimensions. The simplest 3D case
comprises the stochastic Euler fluid motion equations for incompressible, constant-density flow in
Euclidean coordinates on R? which was introduced and studied in [16]. These equations are given in
(2.37) by
dvi(z, ) + dyFOpv; + vp0ydyf = —9;pdt, with 9;(dyl) =0, (2.39)
in which the stochastic transport velocity (dy,) corresponds to the vector field in (2.29), the only force
is the gradient of pressure, p, and the density p is taken to be constant.
The transported momentum per unit mass with components v;, with 7 = 1,2,3, appears in the

circulation integrand in (2.38) as vj dz/ = v-dx. The 3D stochastic Euler motion equation (2.39) may
be written equivalently by using (2.37) as a 1-form relation

(d+ Lay,)(v-dx) = —dpdt, (2.40)

where we recall that (d) denotes the stochastic evolution operator, while (d) denotes the spatial
differential. We may derive the stochastic equation for the vorticity 2-form, defined as

w-dS :=d(v-dx) = (vjy — vp;) dz® A da? =: wip da® A da? =: curlv - dS,
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with da’/ A dz* = — dz* A da?, by taking the exterior differential (d) of (2.40) and then invoking the
two properties that (i) the spatial differential d commutes with the Lie derivative Lqy, of a differential
form and (ii) d% = 0, to find

0= (d+ Lay,)(w-dS) = (dw — curl (dy, x w)) .dS. (2.41)

In Cartesian coordinates, all of these quantities may treated as divergence free vectors in R?, that is,
V.v =0 = V-dy,. Consequently, equation (2.41) recovers the vector SPDE form of the 3D stochastic
Euler fluid vorticity equation (1.4),

dw + (dy; - V)w — (w - V)dy, = 0. (2.42)

In terms of volume preserving vector fields in R3, this vorticity equation may be expressed equivalently
as
dw + [dy,, w] =0, (2.43)

where [dy, , w| is the commutator of vector fields, dy, := dy, - V and w := w - V. Equation (2.43) for
the vector field w implies

d(nfw) = n; (dw + Lay,w) =0, (2.44)
where Lgy,w = [dy; , w]. In vector components, this implies the pullback relation
* j * 8xj j 877j (X7 t)
i 0) =i (g ) 000, o W= (P25 wtx. @

where wé‘ (X) is the A-th Cartesian component of the initial vorticity, as a function of the Lagrangian

spatial coordinates X of the reference configuration at time ¢ = 0, and n; is the pullback by the
stochastic process in (1.1). Equation (2.45) is the stochastic generalization of Cauchy’s 1827 so-
lution for the vorticity of the deterministic Euler vorticity equation, in terms of the Jacobian of the
Lagrange-to-Euler map. See [12] for a historical review of the role of Cauchy’s relation in deterministic
hydrodynamics.

Foundational results for other SPDEs for hydrodynamics related to (2.42) can be found in [7, &, 11]
and references therein.

Summary of the setting for this paper.

The generalisation from deterministic Reynolds Transport Theorem (RTT) for momentum to its
Stratonovich stochastic version has preserved the geometric Lie derivative structure of the RTT.
The Lie derivative structure of the Stratonovich stochastic RTT for the vector momentum density
mj(z,t)el;(z) d3x has turned out to be the same as the expression appearing in the stochastic Kelvin
circulation theorem of [16]. Combining the Stratonovich stochastic RT'T with Newton’s 2nd Law for
fluid dynamics has provided a family of stochastic fluid equations, the simplest of which in 3D was
introduced in [16] and is the subject of further study here.

3. ASSUMPTIONS AND MAIN RESULTS

3.1. Formulating objectives and setting notation. Our aim from now on will be to prove local-
in-time existence and uniqueness of regular solutions of the stochastic Euler vorticity equation

o0
dw + Lywdt + Z Le¢,wo dBF =0, wlt=0 = wo, (3.1)
k=1
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which was proposed in [16]. Here, L,w (resp. L¢ w) denotes the Lie derivative with respect to the
vector fields v (resp. &) as in (2.27) applied to the vorticity vector field. In particular,
Lew= (& V)w —(w- V)& = [&, w]. (32)

A natural question is whether we should sum only over a finite number of terms or, on the contrary,
it is important to have an infinite sum, and not only for generality. An important remark is that a finite
number of eigenvectors arises in the relevant case associated to a “data driven” model based on what
is resolvable in either numerics of observations; and it would simplify some technical issues (we do not
have to assume (3.11) below). However, an infinite sum could be of interest in regularization-by-noise
investigations: see an example in [5] (easier than 3D Euler equations) where a singularity is prevented
by an infinite dimensional noise. However, it is also true that in some cases a finite dimensional noise
is sufficient also for regularization by noise, see examples in [9], [10], [11].

As mentioned in Remark 5, for the case of the Euler fluid equations treated here in Cartesian R>
coordinates, the two velocities denoted u and v in the previous section may be taken to be identical
vectors for the case at hand in R3. Consequently, for the remainder of the present work, in a slight
abuse of notation, we simply let v denote the both fluid velocity and the momentum per unit mass.
Then w = curlw is the vorticity, and & comprise N divergence-free prescribed vector fields, subject
to the assumptions stated below. The processes B¥ with k € N are scalar independent Brownian
motions. The result we present next will extend the known analogous result for deterministic Euler
equations to the stochastic case.

To simplify some of the arguments, we will work on a torus T3 = [0, L]>. However, the results
should also hold in the full space, R3.

The stochastic Euler vorticity equation (3.1) above is stated in Stratonovich form. The correspond-
ing It form is

o0 oo
k1 2
dw + Lywdt + ; Le, wdB; = 5 ; L w dt, Wli=0 = wo , (3.3)
where we write
[’gkw = ‘ka (Eng) = [gk ) [gkﬂ UJ” )

for the double Lie bracket of the divergence-free vector field & with the vorticity vector field w. Indeed,
let us recall that Stratonovich integral is equal to Itd integral plus one-half of the corresponding cross-
variation process:!

t t 1
/ Le,ws 0 dB* = / EfkwsdBf + 3 {Egkw, Bk] .
0 0 t

By the linearity and the space-independence of B, [Egkw, Bk] . = Lg, [w,Bk] ;- As w; has the form
dwy = azdt + ), b,? o dBf, where B" are independent, the cross-variation process [w, Bk] , 1s given by

[w, B’“L _ /t brds.
0

[w, BkL - _ /t Le, wds.
0

IThe subscript ¢ on the square brackets distinguishes between the cross-variation process and Lie bracket of vector
fields. To avoid confusion between these two uses of the square bracket, we will denote the Lie bracket operation [, -]
by the symbol Lg, -, as in equation (3.2).

k _
In our case by = —Lg¢, ws, hence
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Finally
‘ka w, B /Eékwsds

and therefore, in differential form,
1
Lo w0 dBf = Lo wpdBf — S L wydt.

Among different possible strategies to study equation (3.3), some of them based on stochastic flows,
we present here the extension to the stochastic case of a classical PDE proof, see for instance [18],
[24], [25)-

The proof is based on a priori estimates in high order Sobolev spaces. The deterministic classical
result proves well-posedness in the space w (t) € W3/2te2 (’]I‘?’;]R?’), for some € > 0, when wy belongs
to the same space. Here we simplify (due to a number of new very non-trivial facts outlined below
in section 5.2) and work in the space w (t) € W22 ('I[‘S;R3). Consequently, we may consider Aw (t)
(to avoid fractional derivatives) and investigate existence and uniqueness in the class of regularity
Aw (t) € L? (']1‘3'R3)

In the sequel we write (f, g) fT3 (z)dx. We work on the torus, which simplifies some

definitions and properties; thus we erte (1 — A)S/ 2 f for the function having Fourier transform
L+ €D F(€) (f(€) being the Fourier transform of f); similarly we write A~!f for the function
having Fourier transform [£ \ (5) The spaces W*P are defined, on the torus T3, as the spaces
of functions f such that (1 — A)*?f € LP endowed with the norm | f|lwsr = || (1 — A)*/% f||1.
When suitable, we will use the abridged notation ||f||s, = ||fllwsr and ||f]l, = ||f|lzr. The space
WP (']I‘g, R3) is the space of all divergence free vector fields having all components in W*P,

The Biot-Savart operator is the reconstruction of a divergence free vector field v from a divergence

free vector field w such that curlu = w. On the torus it is given by v = —curl A~ w. It is known
that it maps continuously fields w € W (T, R?) into fields u € witte (T?,R?), for all s > 0 and

€ (1,00) (see [34]). Thus we have, up to a constant Cj,
[ullypsere < Csp llwllysr - (3.4)

We shall denote the dual operator of the Lie derivative L, of a vector field as L}, defined by the
identity
<£257 ’7) = <,8, £a7> s
for all smooth vector fields «, 3,y. When diva = 0 the dual Lie operator is given in vector components
by

(L£o7); = — Z (a?0j7i +~;0i07) . (3.5)
J

3.2. Assumptions on {{;} and basic bounds on Lie derivatives. We assume that the vector
fields &, : T2 — R? are of class C* and satisfy

00 2
Y LESf
k=1

L2

< O fll3yae (3.6)

D (Lef Lo f) < C U2 (3.7)
k=1
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for all f € W?2?2 (T3;]R3) and

o
2

> llexlfFrae < oo (3.8)

k=1
These properties will be used below, both to give a meaning to the stochastic terms in the equation
and to prove certain bounds. In addition, a recurrent energy-type scheme in our proofs requires
comparisons of quadratic variations and Stratonovich corrections. Making these comparisons leads to
sums of the form <£§k Lf > + (Le, [, Le, f). In dealing with them, we have observed the validity of

two striking bounds, which a priori may look surprising. They are:

<‘C§kf’f>+ Efkf"cfk > ||f||L2 (3.9)

(ALE fAF) + (ALe, f,ALe ) < CP (I f I (3.10)

for suitable constants C’,go), C,?). For these estimates to hold, the regularity of f must be, respectively,

W22 (T3;R?) and W*? (T3 R?). The proofs of estimates (3.9) and (3.10) are given in Section 5.4
below.

Concerning inequality (3.9), it is clear that the second order terms in <£§k 1 f> and (Le¢, f, Le, [)
will cancel. However, the cancellations among the first order terms are not so obvious. Remarkably,
though, these terms do cancel each other, so that only the zero-order terms remain. Similar remarks
apply to the other inequality.

In addition, we must assume

Yo <o, Y0 <o (3.11)
k=1 k=1

Because the constants C’,gi) are rather complicated, we will not write them explicitly here. In the
relevant case of a finite number of &’s, there is obviously no need of this assumption. In the case of
infinitely many terms, see a sufficient condition in Remark 32 of Section 5.4.

3.3. Statement of the main results. Let {Bk} kN be a sequence of independent Brownian motions
on a filtered probability space (Z,F,F;, P). We do not use the most common notation 2 for the
probability space, since w is the traditional notation for the vorticity. Thus the elementary events will
be denoted by 6 € Z. Let {&.},cy be a sequence of vector fields, satisfying the assumptions of section
3.2. Consider equations (3.3) on [0, c0).

Definition 7 (Local solution). A local solution in W2 of the stochastic 3D Euler equations (3.3) is
given by a pair (T,w) consisting of a stopping time T : E — [0,00) and a process w : =x [0, 7] x T3 — R3
such that a.e. the trajectory is of class C <[O,T] W2 (T3;R3)), w(tAT,-), is adapted to (Ft), and

equation (3.3) holds in the usual integral sense; More precisely, for any bounded stopping time T < T

7 © o7 132, /7
k __ 2
wT—wg+/0 vadt+;/0 Le, wdBf = kal/o L3 w dt (3.12)

holds as an identity in L? (T3;R3).

Definition 8 (Maximal solution). A mazimal solution of (3.3) is given by a stopping time Tmax : = —
[0,00] and a process w : = X [0, Tmax) X T2 — R3 such that: i) P (Tmax > 0) = 1, Tmax = liMy 00 T
where T, is an increasing sequence of stopping times, and ii) (T,,w) is a local solution for every n € N;
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In addition, Tmax is the largest stopping time with properties i) and ii). In other words, if (7/,w') is
another pair that satisfies i) and i) and W' = w on [0, 7" A Tmax), then, 7/ < Tax P-almost surely.

Remark 9. Due to assumptions (3.6) and (3.7) and the reqularity of w, the two terms related to the
noise in equation (3.3) are well defined, as elements of L? (T3;R3).

Remark 10. Recall that, for every a > 0, w(t) € W2 (T3;R3) implies v (t) € Woth2 (T3;R3).
Hence solutions in W2 have paths such that v € C ([O,T] S W32 (’]I‘3;]R3)). Moreover, recall that
W2 (']I‘3;R3) cC (T3;R3) for o > 3/2. Therefore w- Vv € C ([O,T] X 'H‘3;R3) and v - Vw is at least
in C ([O,T] W2 (T3;R3)), hence at least

[v,w] € C([0,7]; W2 (T3 R?)) a.s.

which explains why the term [v,w] is in L* (TS; R3). (Recall that Definition 7 instructs us to interpret
equation (3.3) as an identity in L* (T3 R3).)

Remark 11. If w : E x [0,7] x T? — R3 has the reqularity properties of Definition 7 and satisfies
equation (3.3) only in a weak sense, namely, for any bounded stopping time T < T

w (T %ws * sm?ws . F—(w }OO %ws : LY s
@)+ [ (w6) Lie)d +k21/0< (5).££,0) B! <o,¢>+2;/0< (5).£4,£5,0) d

for all ¢ € C*° (']I'S;R3), then, by integration by parts, it satisfies equation (3.3) as an identity in
L2 (TS R?).

Theorem 12. Given wy € W3’2 (']I‘3,R3), there exists a mazimal solution (Tmax,w) of the stochastic
3D Euler equations (5.3). Moreover if (7/,w') is another mazimal solution of (3.3), then necessarily
Tmax = 7' and w = w'on [0, Tmax). Moreover either Tmax = 00 or limsup,  [|w (t)[|y2,2 = 400.

In this paper, we will also prove a corresponding result to the celebrated Beale-Kato-Majda criterion
for blow-up of vorticity solutions of the deterministic Euler fluid equations.

Theorem 13. Given wy € wk? (’]I‘3,R3), if Tmax < 00, then

Tmax
/O o (8)]| . dt = +o0.

In particular, limsup, lw(®)], = +oo.

o0

Remark 14. As in the deterministic case, Theorem 13 can be used as a criterion for testing whether
a giwen numerical simulation has shown finite-time blow up. Following [11], the classical Beale-Kato-
Majda theorem implies that algebraic singularities of the type ||w||oo = (t* —t)™P must have p > 1. In
our paper, we have shown that a corresponding BKM result also applies for the stochastic Fuler fluid
equations; hence, the same criterion applies here. In [2], the L* condition in the BKM theorem was
reduced to LP, for finite p, at the price of imposing constraints on the direction of vorticity. We hope

to obtain a similar result for the stochastic 3D-FEuler equation in future work.

In sections 4.1 and 4.2 we prove uniqueness. The rest of the paper will be devoted to proving
existence of the global solution and Theorem 13.
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4. PROOFS OF THE MAIN RESULTS

4.1. Local uniqueness of the solution of the stochastic 3D Euler equation. In the following
proposition, we prove that any two local solutions of the stochastic 3D Euler equation (3.3) that are
defined up to the same stopping time must coincide. The proof hinges on the bound (3.9) and the
assumption (3.11).

Proposition 15. Let 7 be a stopping time and w™, w® : [0,7) x T3 — R3 be two solutions with paths
of class C ([O, T); w2? (T; R3)> that satisfy the stochastic 3D Buler equation (3.3). Then w™® = w(?)
on [0, 7).

Proof. We have that?

Q i ) k 2 i .
dw® + L, 0w dt + ;1 Le,w dBF = 3 ;1: £iw®dt, i=1,2,

where w® = curlv@. The difference Q = w®) — @) satisfies

o0 1 (o]
dQ+ L,ow dt — Lw® dt+Y " L, Q dBf = 3 > L adt
k=1 k=1

and thus (set also V = o) — ()

o0 1 o0
dQ+ Lyw W dt + L, Q dt+ Y Le,Q dBf = 3 > Lz at.
k=1 k=1
It follows

1 5 >
512072 + <£Vw(1),Q> dt + (L, 0,Q) dt + > (£6,02,9) dBF

k=1
1 — 1 —
=3 > (£3.9.Q) dt+ 3 > (L, Le, Q) dt.
k=1 k=1

We rewrite

<£Vw(1), Q> (L Q, Q)

- <V Vu®,0) - (0@ vv,2) + (v -VQ,Q> - <Q Vo, Q)
and use the following inequalities:

(V- 9@, 0)| <11 V] 4

N P B PR

’<w<1> YV Q>‘ <192 IV V| 12

WO <ol 1002
<U(2) . vQ,Q> =0

’<Q : w<2>,9>’ < 193

vo®| <l

], <o 100

w22

2The following identity and all the subsequent ones hold as identities in L? ('JI‘S;]R?’) and represent the differential
form of their integral version in the same way as equation (3.3) is the differential form of (3.12).
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Here and below we repeatedly use the Sobolev embedding theorems
W22 (T%) c G, (T?),  W**(T%) c W' (T?) (4.1)

and the fact that Biot-Savart map w — v maps WP into WP for all « > 0 and p € (1,0). Using
also (3.11), we get

a3 +23 (L6 2.0 aBk <0 (14 0|
k=1

+ Hw@)H )93 dt.

W22 W22
Then
d (eY HQ||§2) —te e (1 n H“(l)me + H“’(Q)sza) +eVd |92

< —-2e" ) " (£6,9,Q) dBY,
k=1

Yt;:—/otc(u‘

The inequality (recall Qy = 0)

where Y is defined as

|

] ],.)

W22

s < -2 / e (Le 04, Q) dBF
k=170

holds for every bounded stopping time 7 € [0, 7]. Hence we have

tAT

[ee]
S s e < 23 / & (Le 04, Q) dBE
k=170

o0 t
- _22/ Ls<re™ (L, Qs,Qs) dBP.
k=170

In expectation, denoted E, this implies

E [e¥ 2] < 0
namely E [e¥ || Q- [|72| = 0 and thus, for every t,

| sz =0 as.

Since Yip, < 00 a.s., we get [|[Qar||72 = 0 a.s. and thus

(1) (2)

Winr = Winr a.s.
Recalling the continuity of trajectories, this implies
w =w®  as.

The proof of the proposition is complete. O
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4.2. Existence of a maximal solution. Given R > 0, consider the modified Euler equations

o0 1 o0

dwr + kR (WR) Lopwr dt—i—;ﬁgkadBtk = 2;£gkw3 dt, WR|t=0 = wo, (4.2)

where wp = curlvg. In (4.2), kg (w) := fr(||Vv|l, ), where fr is a smooth function, equal to 1 on
[0, R], equal to 0 on [R+ 1,00) and decreasing in [R, R + 1].

Lemma 16. Given R > 0 and wy € W2* (']I‘3,R3), let wr : 2 x [0,00) x T3 — R3 be a global solution
in W22 of equation (}.2). Let

R
TR = inf {t >0: H(A)HW2,2 > C}?

where C' is a constant chosen so that
Vol < Cllwlly2e -

Finally, let w : = x [0,7g] x T2 — R3 be the restriction of wg. Then w is a local solution in w2 of
the stochastic 3D Euler equations (3.3)

Proof. Obvious, because for t € [0,7g] we have |[|[Vv| < C|wl/j22 < R and thus kg (wg) = 1,
namely the equations are the same. O

The following proposition is the cornerstone of the existence and uniqueness of a maximal solution
of the stochastic 3D Euler equation (3.3)

Proposition 17. Given R > 0 and wy € w22 (T3,R3), there exists a global solution in w22 of

equation (4.2). Moreover, if wg),wg) : 2% [0,00) x T3 — R3 are two global solutions in W22 of

equation (4.2), then wg) = wg).

We postpone the proof of Proposition 17 to the later sections. For now let us show how it implies
the existence of a maximal solution.

Theorem 18. Given wy € I/VU2’2 (T3,R3), there exists a mazimal solution (Tmax,w) of the stochastic
3D Euler equations (5.3). Moreover, either Tmax = 00 or imsupy,,  [|@ ()22 = +00.

Proof. Choose R = n in Lemma 16, then (7,,w;) is a local solution in ng of the stochastic 3D
Euler equations (3.3). Moreover, define Tiax := limy, 00 7 and define w as wljg -,y = wonlo,r,)- By
uniqueness wm|(o,r,) = Wnljo,n,) for any m > n. So w is consistently defined.

The statement that either Tyax = 0o or limsupy,,  [|@ (t)[|y22 = +oo is obvious: if Tyax < 00,

then by the continuity of @ on [0, Tyax ), there exists some random times 7, < 7, such that 7, — 7, < +

— n
and that [|@ (7,)|/y22 > %%, Then
lim sup [|@ (¢)||yy2.2 > lim sup [|@ () |lypr2.2 = 00.
tTTmax nToo
We prove by contradiction that (Tmax,w) is a maximal solution. Assume that there exists a pair
(7,w’) such that w’ = w on [0,7 A Timax), and 7/ > Tyax with positive probability. This can only
happen if Tax < 00, therefore by the continuity of w’ on [0,7') on the set {7/ > Tiax }
oo = lim sup ||& (7)||yp2.2 = lim sup Hd/ (%n)HWQ,2 = Hd)’ (Tmax)HWZ2 < 00,
nToo ntoo
which leads to a contradiction. Hence, necessarily, 7/ < 7 P-almost surely, therefore (7, w) is a maximal
solution. O
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4.3. Uniqueness of the maximal solution. Let us start by justifying the uniqueness of the solution

truncated Euler equation (4.2). The proof is similar with that of Proposition 15 so we only sketch it

here. Let wg),wg) : 2% [0,00) x T> — R? are two global solutions in W2"? of equation (4.2). We

preserve the same notation as in the proof of Proposition 15, i.e. denote by Q = wg) — wg) and

V = vg) — vg).

Kpg

We also assume that the truncation function fg is Lipschitz and we will denote by

Kr = fa(lefl22) = frlllwf ll22)
and observe that,’
Knl < (v = [ve])
<C(IVV])
<CAQ3,

as fr is Lipschitz. To simplify notation we will omit the dependence on R in the following.
We are looking to prove uniqueness using the W?22-topology, therefore we need to estimate the sum
12/22 + [|AQ||2,. Then

o 1 o0
dQ+® dt+ Y L, QdBf = 52%9 dt,
k=1

k=1
where
d:=k (w(l)) Evu)w(l) —K (w(2)> Ev(z)w@)
and thus
o 1 o0
k 2
dQ+ (®,Q) dt+ Y Le,QdBf = 5 > L aa
k=1 k=1
Then
1 9 S P N 1 &
519072 + (@, Q) dt + ; (Le,Q,Q) dBf = kal (L% Q,Q) dt + 2; (Le,Q, L, Q) dt.

On the set 7@ < 7(1) observe that ® is 0 if Hw(l) me > %. It follows that, on this set there exists a
constant cg such that (recall that 0 < xk < 1)

(@, Q)] = ‘K <£v<1>w(1), Q> T (w(2)) <£Vw(1), Q> tr (w(2)> (Lo Q)’
< cr 9fyze + [(Lvw, Q) |+ [L,09 2)]

and, similar to the proof of Proposition 15 we deduced that

Q2. +23 (£e,0.Q) dBf < C (1 + H‘”(l)me + H‘“"(Q)sz,z) 1]y dt. (4.3)
k=1

3Here and everywhere else the value of the constant C' can change from one line to another.
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Similarly, on the set 72 < 7(1) observe that ® vanishes, if Hw@)
by observing that there exists a constant cg such that

(D, Q)] = ‘K <£v<2)w(2),ﬂ> + K (w(l)) <£Vw(2) Q> + K <w(1)) (L,1), Q)

< cr[Qpen + [{Lve®,2) |+ (L0291

HWQ,2 > g and 4.3 holds true, as seen

Next we have

oo 1 oo
k 2
dAQ + Addt + ; ALe,Q dBf = o kzl AL Q dt
from which we deduce that

1 > 1 & 1 &
2d||AQ||iz+<A<1>,AQ>+;<A£5kQ,AQ> dBF = 2;<A£§kQ,AQ t+§k_1 (AL, Q, AL, Q) dt.

From the Lemma 29 we have

(AL A <O V@] 100 + Ol [T02| 122
<O|w®| . 19052
Moreover, by similar arguments,
(ALve®, 80)| < CIVV I [ 1€0w22 +C|®]| 19V ll2z (92
< O[TV llpas [0 @] ., [1920e

2
<o, 19052

Similar estimates hold true for ‘<Aﬁvw(2),AQ> ‘ and [(AL,1)Q, AQ)|. Next, as above, on the set

7 < 7(1) observe there exists a constant cg such that

’K <A£“(1)w(1)’AQ> =C Vv(l)HLOO Wt W22 ”QHW?,2 +C Hw(l)HLw va(l)me 12022

<cgr ||QHI2/V22 .
Similarly, on the set 7(2) < 7(1),
K (AL,0wD, A0)| < er Q2

Summarizing, we deduce that

%d 1802, + i (AL, 2, AQ) dBf < C (14 [w|| o+ [lw®| ) 190520

k=1
1 1 —
+2; ALEQ,AQ) dt + 2;<Acgk9,ac§km dt.

It is then sufficient to repeat the argument of the proof of Proposition 15 to control |32 + [|AQ]|7,
and obtain the uniqueness of the truncated Euler equation. The computation required here requires
more regularity in space than what we have for our solutions (we have to compute, although only
transiently, AE?}CQ). In order to make the computation rigorous one has to regularize solutions by
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mollifiers or Yosida approximations and do the computations on the regularizations. In this process,
commutators will appear and one has to check at the end that they converge to zero. The details are
tedious, but straightforward and we do not write all of them here.

We are now ready to prove the general uniqueness result contained in Theorem 12. More precisely
we prove the following

Theorem 19. Let wy € I/VUQ’2 (T3,R3) and (Tmax,w) be the mazimal solution of the stochastic 3D
Euler equations (3.3) introduced in Theorem 18. Moreover, let (1,&) be another maximal solutions of
the same equation with the same initial condition wy € VVO-Q’2 (']I‘?’, R3). Then necessarily T = Tax and
w=w'on [0, Tmax)-

Proof. From the local uniqueness result proved above we deduce that w = @ on [0, min (7, Tmax)). By
an argument similar to the one in Theorem 18, we cannot have 1,,x < 7 on any non-trivial set. Hence
T < Tmax- But then from the maximality property of (7,@) it follows that necessarily 7 = Tyax and
therefore w = @ on [0, Tax)- O

4.4. Proof of the Beale-Kato-Majda criterion. In this section we prove Theorem 13. In the
following, we will use the fact that there exists two constants Ciand Cy such that

Gy ||WH272 < HUH3,2 < O ||W||2,2- (4.4)
The first inequality follows from that fact that w = curlwv, whilst the second inequality follows from
(3.4).
Lemma 20. There is a constants C' such that

Vol < € (1+10g (Il +e¢) ) llwll - (4.5)

Proof. Cf. [1] the following inequality holds true
IVolle <€ (14 (141087 llellas) llwlloe ) + Il (4.6)

The result is then obtained from (4.4), the obvious inequality 1+ log™ a < log (a + 1) and the fact
that ||w]|y, < C||w||,, on a torus. O

Theorem 21. Let 7' and 72 be the folllowing stopping times

1 S 1_ .
T = JLII;OTn where T, = %gg {t >0 flwtllg o > n} ,

n—oo

t
72 = lim 72 where 72 = inf {t > 0| / [|ws|o ds > n} .
t>0 0

Then, P-almost surely 7t = 72.

Proof. Step 1. 7! < 72,
From the imbedding W22 (T?;R?) C C (T?;R?), there exists C such that ||w||,, < C||w||5,. Then

1

/OT" lwallos ds < ([C] + 1) sup |[wallps < ([C] + D).

s<r}

Hence Tnl < T(Q[C] H1)n < 72 and therefore the claim holds true.
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Step 2. 72 < 7l. P-a.s.
We prove that for any n, k > 0 we have

2
E |log ( sup Hwt|\22> +el|| <oo. (4.7)
s€[0,72NEK] ’

In particular supsc(o r2a ||wtl|22 is a finite random variable P-almost surely, that is

P < sup  |[|wi|lp 5 < oo) =1.
s€[0,72 K]

Since

{ sup ||Wt||2,2<oo}:U{ sup Hwt”272<N}CU{Tg/\k<Tll\r}C{Tg/\k§Tl}
N

s€[0,72NK] ~ | s€0,73Ak]

we deduce that 72 A k < 71 P-almost surely. Then

{T2§Tl}:{hm7 } ﬂ{T <7'1} ﬂﬂ{T /\k<T}

n—oo

and therefore the second claim holds true since all the sets in the above intersection have full measure.
To prove (4.7) we proceed as follows: For arbitrary R > 0, and v € (0,1), let w}, the solution of
equation

o o

1

dwp + kR (Wg) Lorwp dt + Z Le, whdBY = vA°WYdt + 3 Z L'gkwl"% dt
k=1 k=1

with wh|i—o = wo. We know from the analysis in the next section that if wg € W22 (’]I‘3;]R3), then

wy € W42 (']T3; R3). To simplify notation, in the following we will omit the dependence on v and R of
wp and denote it by w. We have that

1 [e.9]
ide”%Q + kg (W) (Lyw, w) dt—i—Z(Egkw,w) dBF
k=1

1 (o]
= v {(APw,w) dt + 52 L} w,w) dt + (Lew, Le,w)) dt.
k=1
1
54 [Aw||2s + kg (W) (ALyw, Aw) dt + Z (ALe,w,Aw) dBF
k=1

= V<A6w,Aw dt +

N

Z Aﬁgkw,Aw> + (ALgw, AL w)) dt.
k=1

Next we will use the following set of inequalities

(Aw,w) = —[[a%2|| <0, (A%, Aw) = —|[aT2]| <0

L2
[(Low, )| < [Vl Wll72 s {ALw, Aw)] < C (W]l + IV0]lo0) l0ll3 -
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The first two inequalities are obvious. The third one comes from the fact that in (L,w,w) the term
(v - Vw,w) vanishes and the term |(w - Vo, w)| is bounded by ||Vv]|_ [lw[|72. The last one, the most

delicate one, comes from Lemma 29:
2
(ALyw, Aw)| < Cf|Vv[| o [lwllz 2 + Cllwll [VOll22 [[@ll2 2
and then we use [[Vo|lyo < [[vfl35 < C [lwlly o, see (3.4).

Hence

dlwl72 +2> (Lew,w) dBf < C(1+||wlly +1V0ll) wll72 dt
k=1

d|Awliz +2) (ALgw, Aw) dBf < C(1+ |l + [IV0ll0) ol dt,
k=1

where we used the inequalities (3.9), (3.10) coupled with the assumption (3.11) to control

Z Egkw w) + (Lew, Le,w) + <A£§kw,Aw> + (AL w, AL w)).
k=1

Using It6’s formula and the fact that ||wt]|§72 < lwtl|32 + |Awe]32 we deduce, from (4.8)+(4.

1
2
ltll32 + )

> (ALgw, Aw) + [(Lew,w)] )P

(lerllpz+e) &=
C

= 2
(lwtl 32 +€)
where M is the (local) martingale defined as

M _2/ ((Lew,w) + (ALew, Aw)) JB*
(lwtl 32 +¢)

dlog (|lwill3z + ) < ( el 3,

(1+ wlloe + 1V0lloo) lwllzy dt + dMy,

We use now (4.5) to deduce
dlog (|fwrl3 5+ €) <mC (14 |lwllo)log (|lwrl 35 + €) dt + M.
which, in turn, implies that
e~ log (Jlunl 35+ €) < Tog (JlwolFz + | Aw]a +¢) + /Ot YL,
where .
Ve [ el s

and we use the conventions e™° =0 and 0 x oo = 0.

9), that

(4.10)
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Again, by using the fact [(L¢ w,w)| is controlled by ||V&i||,, |w|[22 and that (ALgw, Aw) | is
controlled by [|§x|l5 o Hw||§2 folllowing Lemma 29, we deduced that

[(Leyw,w) + (ALgw, Aw)| < C 1€kl lwllzs - (4.11)

From (4.11) and assumption (3.8) we deduce the following control on the quadratic variation of
stochastic integral in (4.10)

|:/ ecydes:| — 42/ 672CYS (<‘kaw>w> + < ﬁfsz’ w>) ds
0 =t (I3 +e)

o C ity
<10yl | ( ds

= letll32 + )

< Ct.

Finally, using the Burkholder-Davis-Gundy inequality (see, e.g., Theorem 3.28, page 166 in [20]), we

deduce that
S
/ eCYTer’
0

This means there exists a constant C' independent of v and R such that, upon reverting to the notation
wh, we have

E < CV/4t.

sup
s€[0,t]

E | sup o~ Jo CO+[lwi ]l )dr log (Hw}”% (S)H;Q + e)

< log (”wouiQ + | Aw]Zs + e) +CVi
s€[0,t]

By Fatou’s lemma, it follows that the same limit holds for the limit of w% as v tends to 0 and R tends
to 0o, hence

E

Sup e*fogC(lJerrHoo)dr log (||u}s||;72 _|_e> < 0.

s€[0,t]

It follows that

e~ CRIFIE | sup  log (HW (s)]135 + e) <E| sup e “Ylog (Hw ()32 + 6)
s€[0,T2AK] 7 s€[0,73 K] 7
<E| sup e “¥log <Hw (5)"32 + e)

s€[0,k]
< log (||w0||§2 + [l Aw]?s + e) +CVE < .
which gives us (4.7). The proof is now complete. O

Remark 22. The original Beale-Kato-Majda result refers to a control of the explosion time of Hv||3,2
in terms of ||w||, . Our result refers to a control of the explosion time for ||w||y 5 in terms of [|w||-
However, due to (4.4), we can restate our result in terms of |[v[|3 5 as well.
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4.5. Global existence of the truncated solution. Consider the following regularized equation
with cut-off, with v, R > 0,

o0
dwp + kR (W) Loy wh dt + Z Le,whdBy (4.12)
k=1
1 o
= v whdt + 5 Y LEwh dt,  whl—o =wo,
k=1

where wf, = curlvf, divey = 0. On the solutions of this problem we want to perform computations
involving terms like AL2w (t), so we need w (t) € W2 (T3;R?). This is why we introduce the strong
regularization UA5w]”3L; the precise power 5 can be understood from the technical computations of Step
1 below. While not optimal, it a simple choice that allows us avoid more heavy arguments.

This regularized problem has the following property.

We understand equation (4.12) either in the mild semigroup sense (see below the proof) or in a
weak sense over test functions, which are equivalent due to the high regularity of solutions. However
A5w§’% cannot be interpreted in a classical sense, since the solutions, although very regular, will not be
in W02 (']T3; R3). The other terms of equation (4.12) can be interpreted in a classical sense.

Lemma 23. For every v, R > 0 and wy € W}Z (']I‘3,]R3), there exists a pathwise unique global strong
solution wg, of class L? (E'C’ ([O,T} ;I/Vg’2 (T3;R3)>> for every T > 0. Its paths have a.s. the
additional regularity C ([5, T]; W42 (T3; ]RS)), for every T > > 0.

Proof. Step 1 (preparation). In the following we assume to have fixed T > 0 and that all constants
are generically denoted by C' > 0 any constant, with the understanding that it may depend on T
Let D (A) = Wa%? (T%R3) and A : D(A) C L2 (T3,R3) — L2 (T3 R?) be the operator Aw =
vA%w; L2 (T3, R?) denotes here the closure of D (A) in L? (T?,R?) (the trace of the periodic boundary
condition at the level of L? spaces can be characterized, see [34]). The operator A is self-adjoint and
negative definite. Let e!4 be the semigroup in L2 (TB’,IR{?’) generated by A. The fractional powers
(I — A)* are well defined, for every o > 0, and are bi-continuous bijections between WU’B 2 (T3;R3)

and W2 102 (T3;R3), for every 3 > 10a, in particular
1fllwoa2 < Ca [(1 = A)% fll 12

for some constant Cy, > 0, for all f € Wloa 2 (']1‘3 R3).

In the sequel we write (f, g) ng, (z)dx. We work on the torus, which simplifies some
definitions and properties; thus we erte (1 — A)s/ 2 f for the function having Fourier transform
(L+ €)% F(€) (f(€) being the Fourier transform of f); similarly we write A=1f for the function

having Fourier transform |¢] ™" (§ ).
The fractional powers commute with e/4 and have the property (from the general theory of analytic
semigroups, see [31]) that for every « > 0 and T > 0

(T = A)" e < HfHL2

<
for all £ € (0,7] and f € L2 (T R3).
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From these properties it follows that, for p = 2,4

/O =41 (5)d

for all f € C([0,T]; L% (T%R?)) and t € [O,T], because
t

‘/ =4 F (5) ds gCH(I—A)P/w/ (=94 (5)ds
0 0

In particular the map f (fg et=9)4 ¢ (s) ds> o] is linear continuous from C ([0, T]; L2 (T3 R?))
teo,

to C ([O,T] W (T3;R3)>. Moreover, for p = 2,4

<c / G V@l ds 0T swp I @l (119
Wp2 tE[O,T}

= 0/ p/m 1 ()12 ds.

Wp,2

'S t 2
Bl s |5 [Mpant| | <om Z / — i (s)I%a ds
tG[O,T} k=1 0 Wp,2 p/
CTl‘p/5Elsup NIAC ||L2] (4.14)
s€[0,7] .1
because
00 t 2 0 t 2
B[ sup Y [ @Bl | =B | sup Y [ (1 ap/ et o) ank
te[0,T] 1”0 S te[O,T] k=10 .2
00 t 2 T
34> [ = aprce-oig o) as| < ce Z / p/5 e ()32 ds

It is here that we use the power 5 of A, otherwise a smaller power would suffice.

Step 2 (preparation, cont.) The function w — kg (w) Low from W22 (T3 R?) to L? (T R?) is
Lipschitz continuous and it has linear grows (the constants in both properties depend on R). Let us
check the Lipschitz continuity; the linear growth is an easy consequence, applying Lipschitz continuity
with respect to a given element w?.

It is sufficient to check Lipschitz continuity in any ball B (0,r), centered at the origin of radius 7, in
W22 (TS; R3). Indeed, when it is true, one can argue as follows. Take w® i =1,2, in W22 (’H‘3; R3). If
they belong to B (0, R + 2), we have Lipschitz continuity. The case that both are outside B (0, R + 2)
is trivial, because the cut-off function vanishes. If one is inside B (0, R + 2) and the other outside,
consider the two cases: if the one inside is outside B (0, R + 1), it is trivial again, because the cut-off
function vanishes for both functions. If the one inside, say w(!), is in B (0, R), then £ (1>w(1)mR (w(l)) —
EU(Q)UJ(Q)KR (w(2)) = £,U(1)w(1)HR (w(l)); one has Hﬁv(l)w(I)FaR( )H < Cgr (same computations
done below) and Hw(l) — W(2)HW2,2 > cR, for two constants cr, Cr > 0, hence

‘ £ Wi <w<1>> YR (w@))‘ Cr ku) N w(z)H

L2 = c
Therefore, let us prove that the function w +— kg (w) Low from W22 (']TS;]R3) to L? (T3;R3) is
Lipschitz continuous on B (0,7) C W?2?2 (']I‘3;R3). Given w® € B(0,7), i = 1,2, let us use the

w22’
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decomposition

'Cv(l)w( )KR< (1)) - L <2)w( )I{R (W(Q))

- o9 ) P (4) €0 s () ().
e (49 =) sa (O,

< kg (w(l))2 Hv(l)HiO Hv <w(1) _ w(2)) H; + KR (w(1)>2 Hw(l) ENe) 2L4 vy ;
< kp (wu))? W(l)’ zo ku) e zm . (wm)? ku) W@ zm W(l)Hl

< R? H“(l) ol

w22’

e ()],
L e b

< O Hv(l) _ @ < Or? ku) ek
W32 W22

by the Sobolev embedding theorem and (3.4). Finally
[ (e (7) = (o))
< e (&) = () [0
e G R ) T

< 0 i () - ()

because HV’U(l) Hio <cC Hw@)”ivm as above, and then we use the Lipschitz continuity of the function
wr kR (w).
Step 3 (local solution by fixed point). Given wy € L? ( W22 (T3 R3)> Fo-measurable, consider

the mild equation

similarly

w(t) = (Tw) (t)

where

t
(Tw) (£) = e — /O 9L o (s) g (0 (5)) ds
t 0o
+ /0 e<t—$>A%Z£§k s)ds — Z / "L w (s)dBE
k=1

with, as usual, curlv = w, dive = 0. Set Yy := L? ( ;C ([0 T); W22 (T3 ]R3))) The map I', applied
to an element w € Yr, gives us an element I'w of the same space. Indeed:
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i) €4 is bounded in W22 (T3;R?) (for instance because it commutes with (I — A)'/%) hence etwy
is in Yr;

ii) Lowkp (w) € L2 (Z;C ([0,T]; L2 (T3;R?))) by Step 2, hence fg e(t_S)AEU(S)w (s) kg (w(s))ds is
an element of YV, by property (4.13) of Step 1;

iii) Yoo, Egkw € L? (E;C ([0,7]; L* (T*;R?))) from assumption (3.6), hence fot e(t*S)A% palt] Egkw (s)ds
is in Yr by property (4.13);

iv) since, by assumption (3.7),

Do ILew ()72 < Cllw ()l
k=1

we apply property (4.14) and get that >~ ;2 fg et =9ALe w(s)dBFisin L2 (Z;C ([0, T]; W22 (T3, R?))).
The proof that I' is Lipschitz continuous in Vr is based on the same facts, in particular the Lipschitz
continuity proved in Step 2. Then, using the smallness of the constants for small T" in properties (4.13)
and (4.14) of Step 1, one gets that I' is a contraction in Yrp, for sufficiently small 7' > 0.
Step 4 (a priori estimate and global solution). The length of the time interval of the local solution

proved in Step 2 depends only on the L? (E; Wg’Q (T3, R3)) norm of wqg. If we prove that, given T' > 0
and the initial condition wy, there is a constant C' > 0 such that a solution w defined on [0,7] has
supyepo,r] E [Hw (t)||12/V22} < C, then we can repeatedly apply the local result of Step 2 and cover any

time interval.
Thus we need such a priori bound. Let w be such a solution, namely satisfying w = I'w on [0, T.
From the bounds (4.13) and (4.14) of Step 1, we have
2
W2,2]

ot
Z/o e(tfs)AEEkw(s) dB*
k=1

E [l (®)lFyz2] < CE [[|ewo|[}ys.] + CE

t
H/ e(t_S)AEU(S)w (s)kr (w(s))ds
0

2

+CE +CE

t oo 2
1
t—s)A 2
/0 e(t=9) 2k§1£§kw(s) ds

W22

W22

< CE [||wouév2,2} +CE

/0 (t_ls)?/5 [Jw (3)”%/[/2,2 ds]

hence we may apply a generalized version of the Gronwall lemma and conclude that

sup E [[lw (t)[}22] < C.
te[0,7)

Step 5 (regularity). Let w be the solution constructed in the previous steps; it is the sum of the
four terms given by the mild formulation w = T'w. By the property 4wy € D (A) for all t > 0
and wo € L2 (T3, R?) (see [31]), we have e'lwy € C ([6,T]; W*? (T%R3)), for every T > & > 0.
The two Lebesgue integrals in I'w belong, pathwise a.s., to C ([0, T]; W42 (']I‘g; R3)), for every T > 0,
because of property (4.13), and the fact that L,wkpr (w) and Yo, Egkw are, pathwise a.s., elements
of C ([O,T] - L? (’]I‘3;]R3)), as showed in Step 2. Finally, the stochastic integral in I'w belongs to
L? (Z;C ([0,T]; W*2 (T3;R?))) by property (4.14), and the fact that E [supse[oyT] Yo 1L w (s)Hig] <
oo, as showed again in Step 2. O
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Definition 24. On a complete separable metric space (X,d), a family F' = {p,},-, of probability
measures is called tight if for every € > 0 there is a compact set K. C X such that p, (K¢) > 1—¢€ for
all v > 0.

Remark 25. The Prohorov theorem states that, for a tight family of probability measures, one can
extract a sequence {ju, },cn which weakly converges to some probability measure,

poo lim fpdpy, = / edp,
X X

n—o0

for all bounded continuous functions ¢ : X — R. We repeatedly use these facts below.

In order to prove Proposition 18, we want to prove that the family of solutions {w3},., (R is given)
provided by Lemma 23 is compact is a suitable sense and that a converging subsequence extracted
from this family converges to a solution of equation (4.17). Since {w3},., are random processes,
the classical method we follow is to prove compactness of their laws {y,},-,. For this purpose, we
have to prove that {y,},- is tight and we have to apply Prohorov theorem, as recalled above. The
metric space where we prove tightness of the laws will be the space E given by (4.15) below. For that

purpose, we denote by C,, ([O,T] W2 (’]I‘3,]R3)> the space C <[O,T] W22 ('H‘g,R3)> endowed with
the weak-star topology in time.

Lemma 26. Let T > 0, R > 0 and wy € w22 (TS,R3) be given. Assume that the family of laws of
{wh}, o i tight in the space

E = 12 (0.T; W72 (T%, R%) ) N C,, ([0, T]; W22 (T, R?)) (4.15)
for some 8 > % Then the existence claim of Proposition 17 holds true, and thus Theorem 12 is proved.

Proof.

Step 1 (Gyongy-Krylov approach). We base our proof on classical ingredients, but also on the
following fact proved in [15], Lemma 1.1. Let {Z,},y be a sequence of random variables (r.v.) with
values in a Polish space (E,d) endowed with the Borel o-algebra B (E). Assume that the family of

laws of {Z,}, ¢y is tight. Moreover, assume that the limit in law of any pair Zn(l)’Zn(2)> of

subsequences is a measure, on I x E, supported on the diagonal of E x E. Then {Z,},, .y converges
in probability to some r.v. Z.
We take as Polish space E the space (4.15) above, as random variables {Z,}, .y the sequence

{w}%/ n} N whose family of laws is tight by assumption. We have to check that the limit in law of
ne

1/nM 1/n?
any pair (w R/n’ , W R/n’ ) is supported on the diagonal of ¥ x E. For this purpose, we shall use
JEN

global uniqueness.

Step 2 (Preparation by the Skorokhod theorem). Let us enlarge the previous pair by the noise

(1) (2)
1 . 1 .
and consider the following triple: the sequence {w R/n] , W R/n] , {Bk} keN} converges in law to a

JeN
probability measure u, on E x E x C ([0, T]). We have to prove that the marginal jupy g of pnon Ex E
is supported on the diagonal. By the Skorokhod representation theorem, there exists a probability

space (é,f, ﬁ) and £ x E x C’([O,T])N—valued random variables {ﬁ;j,@?ﬁj, {Ekj}k N} and
eNJ jen
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Un® 1@
(w}%,wR, {Bk} eN) with the same laws as {wR/n ,wR/n] , {Bk}keN} and p, respectively,* such

JEN
that as j — oo one has w w g Wk in B, w ) — @% in E, B* 5 B¥ in € ([0,T)), a.s. In particular,

{Bk} is a sequence of independent Brownian motions.
keN

Since the pairs <wR {Bk}k€N> = 1,2, solve equation (4.12) and <~g, {Ek]} ) have the

keN
same laws (being marginals of vectors with the same laws), by a classical argument (see for instance

[1]) the pairs (ﬁgj,{é]{’j}k N)’ i = 1,2, also solve equation (4.12), with y](.i) = 1/n§-i), i=1,2,
€

respectively. In other words,

dwg + kr (wR ) Loy dt + Zﬁs By = v NG dt + 252 ot (4.16)
k 1

Wlthw |t 0 = wp, where @ wR —culrlvlj2

Step 3 (property of being supported on the diagonal). The passage to the limit in equation (4.16)

when there is strong convergence (]B—a.s.) in L? (O,T; L? (']I‘3,R3)) is relatively classical, see [8]. We
sketch the main points in Step 4 below. One deduces

g + kR (D) Loy O dt + Z Le OhdBEF = Z LF W dt (4.17)
k=1 k 1
in the weak sense explained in Remark 11. Since LTJ}% have paths in C ([O,T ], W22 (TS,RS)), the
derivatives can be applied on @iR by integration by parts and we get the equation in the strong sense.
Now we apply the pathwise uniqueness of solutions for equation (4.2) in W22 as deduced in Section
4.3 to deduce @}% = J}%z. This means that the law of (Q}Q,J}%) is supported on the diagonal of F x E.
Since this law is equal to ugx g, we have that up« g is supported on the diagonal of ¥ x E.

Step 4 (convergence). In this step we give a few details about the passage to the limit, as j — oo,
from equation (4.16) to equation (4.17). We do not give the details about the linear terms, except for

a comment about the term y;”A%?Ej . Namely, in weak form we write it as (with ¢ € C> (T?,R?))

1/]@ /Ot <c~u§%j (s) ,A5¢> ds

and use the pathwise convergence in L? (0, T; L? (T3, ]R3)) of w Nw (s) plus the fact that V;i) — 0.

The difficult term is the nonlinear one, also because of the cut—off term Kp ((I)}% (s)) We want to
prove that, given ¢ € C* (']I‘3, RS),

/O t ﬁR( i (3>) <a;‘g (s) ,/;;%j@ gs 790 /0 e (@ (5)) <aﬂR (s) ,c;%¢> ds (4.18)

with probability one. We know that, ﬁ-a.s. wéj — &g strongly in L2 ((),T; L? ('H‘3,R3)), hence
vy — v strongly in L? (0,7; W12 (T3, R?)). From formula (3.5) for £*, we have

(@ (), L200) = (BR (), L5 0)

in particular, for each j, {Ek J } is a sequence of independent Brownian motions.
kEN
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in L' (0,T). In fact we have a higher order of integrability, uniform in j, due to the weak-star con-
vergence in Cy, ([0,7]; W22 (T3,R3)), which implies that, P-a.s., @ (-) are equibounded in (t,x)

(recall also the embedding W22 (T3,R3) ccC (T3,R3)). Consequently, P-as., <c~ugj () ,ELyj¢> are
YR

equibounded in L?(0,7). Hence, if we prove that rp <a~1§%j (s)) — kg (W% (s)) for ae. s € (0,77,
and because these functions are bounded by 1, we can take the limit in (4.18). Therefore it remains
to prove that, P-a.s., kg <c~u§%j (s)) converges to kp (@h (s)) for a.e. s € [0,T], or at least in proba-
bility w.r.t. time. This is true because strong convergence in L2 (0,T) in time implies convergence
in probability w.r.t. time; and we have strong convergence in L2 (0,T), of kg (@gj (s)), because
kg is bounded continuous, @gj converges strongly in L? (0, T, Wh2 (T3,R3)), hence V?féj converges
strongly in L? (O,T; wh2 (T3,R3)) hence in L2 (O,T;C (T3,R3)) by Sobolev embedding theorem.

Hence, kg (@ZJ) converges to kg (@ﬁ%) in probability w.r.t. time, and the proof is complete. O
Based on this lemma, we need to prove suitable bounds on {w3}, - -
Theorem 27. Assume that, for some N > 0 and o > 0,
I [ sup |[|wg (0”%}[/22] <Ci (4.19)
te[0,T]
T T v v 2
wp () —wph (s _
E / / I (0 Rl(H)JW M2 dtds < Cy (4.20)
o Jo |t — s

for all v € (0,1). Then the family of laws of {w%ﬁ}ue(o 1) s tight in the space E given by (4.15).

Proof. We shall use the following variant of Aubin-Lions lemma, that can be found in [23], or in [3].
Recall that, given an Hilbert space W, a norm on W2 (0,T; W) is the square root of

’ ) T T — F )y
I A e e

Assume that V, H, W are separable Hilbert spaces with continuous dense embedding V C H C W.
Assume that V C H is a compact embedding. Assume « > 0. Then

L2(0,T; V)N W2 (0,T; W)
is compactly embedded into L? (0,7; H). We apply it to the spaces
H=w~" (T3 R, v =W (T3 R?), W = w2 (T3 R?)

where 8 € (%, 2). The constraint 8 < 2 is imposed because we want to use the compactness of the
embedding W22 (T3,R3) c wh2 (’]1‘3, R3). The constraint 8 > % is imposed because we want to use
the embedding W2 (T3, R%) c C (T3, R?).

Let {Q,} be the family of laws of {w}}, supported on

Eo = C ([0,7]; W>? (T%,R®)) n W*? (0,T; W2 (T%, R%))
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by the assumption of the theorem. We want to prove that {Q,} is tight in E. The sets Kg, ry R,
defined as

T T T t) — 2 N2
{f: sup £ O < R [ 17 @y nate <o, [ [ ”, LGy dtdséRs}

t€[0,7) t— s

with Rj, Re, R3 > 0 are relatively compact in E. Let us prove that, given ¢ > 0, there are R, Ro, R3 >
0 such that

Qu (ch%l,RQaR3) se
for all v € (0,1). We have

Qv ( sup |[|f (t)|[f22 > R1> =P ( sup [|wp (t)H%Vm)

te[0,T7] te[0,T7]

E [supreor Ik Oz ¢
< < —
- R, - R

and this is smaller than ¢/3 when R; is large enough. Similarly we get

TS = f () e
Qv (/0 /(; |t—5’1+2a dtds > R3 | <

when Rj3 is large enough. Finally,

Wl m

te[0,T

T
Q. ( /0 1 ()3 dt > RQ) <Q (T sup [ (6)]3-x2 dt > Rz)

< Qv (CT sup || f (t) [y dt > R2>

tel0,7

for a constant C' > 0 such that || f (t)H%,V,N,Q <C|f (t)H%,Vg,z. Hence also this quantity is smaller than

€

5 when Ry is large enough. We deduce @, <Kf€1, Ro, R3> < € and complete the proof. ]

The difficult part of the estimates above is bound (4.19). Thus, let us postpone it and first show
bound (4.20).

5. TECHNICAL RESULTS

5.1. Fractional Sobolev regularity in time. In this section we show that bound (4.20), with
N =1, follows from (an easier version of) bound (4.19).

Lemma 28. Assume

sup E ([l (1) [fy22] < C.
t€[0,T]

Then the bound in (4.20), with N =3 and any o < %, holds true.
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Proof. Step 1 (Preparation). In the sequel, we take ¢ > s and denote by C' > 0 any constant. From
equation (4.12) we have

wr (t) —wp (s / Z Le,wg (r

k=1
t
+/ (VA5 Zﬁﬁka kR (Wh (1)) Lov (nWh (1")) dr
hence
2
B [l (0~ (M -s2] < 16 9) [ B [mn i ) | O] ]
+4(t—s) [Hm ol } dr
—|— t—S Zﬁfk dr
W—3,2
+4F ‘ / ZL&WR
S W—3,2

Recall that || f|ly-s2 < C f]|;2, which follows by duality from [|f||;2 < C'|/f||jys2. Hence, again
denoting any of the constants in the calculation below as C' > 0, we have

E ||lw% (t) — w% (S)HIQ/V—&Q} <C(t—s) /:E |:I€R (Wh (1)) ‘ Ly (mWr (T)H2 ] dr

W—32
t 2
+C (t — s) / E |:HA5CL)]V% (T)wasz} dr

t 00 2
1 1%
+C(t—s)/IE > k()
s k=1

t o0
/ Zﬁgkwl”% (r)dB

k=1

L2
2

+CE

L2

The only term where W32 is necessary is the term HA5w ; we keep it also in the first term,

but this is not essential. Now let us estimate each term.
Step 2 (Estimates of the deterministic terms). We have

(VR - VWi, 9)] = [(Wks vk - V)
< llwrz lvzllze Wkl o
< Cllllwre lwrll oo lorl 22
< Clollwrz lwrll oo lorll2

()22

so that
2 2 2
v - Vwglljy-s2 < Cllwkll 7 [[Willi2.e -
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Moreover, also
2 2
lwk - Vugllpe < lwkllo IVURllL: < Cllwrlze Wkl -

Summarizing

2
2 2
ek ), < Cllwhle lwklpes
Therefore
ki (Wh (1))

For the next term, we have

2
2
ek @), < Cllwkliyes.

HASW HH 3 < CHWRHWH
hence

/tIE S C/tIE (Il lfy2z | dr < ©

s

because we have the property sup;cjo 1 E [le’{z (t)H%VQQ] <C.
For the subsequent term we have

o 2

SO LEwh ()| < Ol ()2

k=1 L2

by assumption (3.6) and therefore

t
/ E
S
as above.

Step 3 (Estimate of the stochastic term). One has

‘ / Zﬁgka dB

S k=1

2
t
dr < c/ E [t ()fyas] dr <

L2

2

- 2
) 2/ [2ACIAE:
<0 [ B[l 0)fyas] in

< CE || ly2z | (= 9)

by assumption (3.7),

by the assumption of this lemma.
Step 4 (Conclusion). From the previous steps we have

E [l (£) - i () fiy-s2] < C (¢ =)

[/ /anR _WR()HW dzdtd
|1+2a

Hence

for all a < 5.

<o [ [ ] <

35
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5.2. Some a priori estimates. In order to complete the proof of Theorem 12, we still need to prove
estimate (4.19). To be more explicit, since now a long and difficult computation starts, what we have
to prove is that, given R > 0, called for every v € (0,1) by w}, the solution of equation

o o
1
k
dwp + kR (Wg) Lorwp dt + E Le, whdBf = vA W dt + 3 E Egkw}’% dt
k=1 k=1
with w|i—o = wo, there is a constant C' > 0 such that
E

sup w4 (8)|[522| < C

t€[0,T]

for every v € (0, 1).
In order to simplify notations, we shall simply write

w for wp
v for v

Kk for kg (Wk)
not forgetting that all bounds have to be uniform in v € (0, 1).

Difficulty compared to the deterministic case. In the deterministic case % Jps [Aw (t,2)|? dx is
equal to the sum of several terms. Using Sobolev embedding theorems (4.1) one can estimate all terms
as

< 0/ Aw (1, 2) da
’]1‘3

except for the term with higher order derivatives
/ (v-VAw) - Aw dx .
T3

However, this term vanishes, being equal to

1

1
/ (v- V) |Aw]? d:vz—/ |Aw[?*divv dz = 0.
2 T3 2 T3

In the stochastic case, though, we have many more terms, coming from two sources:

i) the term %Zk L’gkw dt, which is a second order differential operator in w, hence much more
demanding than the deterministic term L,w;

ii) the It6 correction term in It formula for d [rs |Aw (t, z)|? da.

A quick inspection in these additional terms immediately reveals that the highest order terms
compensate (one from (i) and the other from (ii)) and cancel each other. These terms are of “order 6”
in the sense that, globally speaking, they involve 6 derivatives of w. The new outstanding problem is
that there remains a large amount of terms of “order 5”7, hence not bounded by C' [15 [Aw (t, z)|? dz
(which is of “order 4”). After a few computations one is naively convinced that these terms are too
numerous to compensate and cancel one another.

But this is not true. A careful algebraic manipulation of differential operators, as well as their
commutators and adjoint operators, finally shows that all terms of “order 5” do cancel each other. At
the end we are able to estimate remaining terms again by C [15 |Aw (t, 2)|? dz (now in expectation)
and obtain the a priori estimates we seek.
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Preparatory remarks. By again using the regularity result of Lemma 23, we may write the identity

Aw (1) Awo—i—A/ ds—/t (5) ALow (5) ds
+2/0 AZL’gkw(s)ds
—2/ ALg,w(s)dBE

and we may apply a suitable It6 formula in the Hilbert space L? (']TS) (see [19]) to obtain

1
d/ |Aw (t, z)|* dz + 1// |A2w‘2 dxdt = —k (t) ( ALyw - Awdaz) dt
2 T3 T3 T3
1 2
+ 3 Z ( y AL w- Awd:c) dt
k=1
- Z < ALgw - Awdm) dBF
=1 /T

+ Itd correction. (5.1)

Being Aw (t) of the form d (Aw (t,z)) = a; (z) dt + > 5o, bF (z) dBF, with bf (z) = —~ALgw (t), one
has

1 2
43 18w (4 0)* = Aw (t,2) - d (Aw (1,2)) Z‘bt ‘ dt
hence the It6 correction above is given by (we have to integrate in dz the previous identity)

1 o0
Ito correction = — Z/ |ALg, w ()| dzdt.
2 = Jrs

Let us list the main considerations about the identity (5.1).

(1) The term v [ ‘A2w}2 dz will not be used in the estimates, since they have to be independent
of v; we only use the fact that this term has the right sign.
(2) The term

k(t) | ALyw - Awdx (5.2)
T3
can be estimated by C [r; [Aw (¢, 2)|? dz exactly as in the deterministic theory. The compu-
tations are given in subsection 5.2 below.

(3) The term > ;2 ( Jps ALg,w - Awdw) dBY is a local martingale. Rigorously, we shall introduce
a sequence of stopping times and then, taking expectation, this term will disappear. Then the
stopping times will be removed by a straightforward limit.

(4) The main difficulty comes from the term

o0

(<A£§kw, Aw) + (ALgw, AL w)) (5.3)
k=1

DN | =
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since it includes, as mentioned above in section 5.2, various terms which are of “order 6” and of
“order 5”7, where“order” means the global number of spatial derivatives. These terms cannot
be estimated by C' [1s |Aw (t, ) |2 dx. As it turns out, the terms of “order 6” cancel each other:
this is straightforward and expected. But a large number of intricate terms of “order 5” still
remain, which, naively, may give the impression that the estimate cannot be closed. On the
contrary, though, they also cancel each other: this is the content of section 5.4, summarised
in assumption (3.11).

Estimate of the classical term (5.2). The following lemma deals with the control of the classical
term (5.2).

Lemma 29. Given u € W§’2,w e w2? (not necessarily related by curlu = w), one has

ALyw - Awdz| < C|Vul| oo @]z + C ol g I Vallyas oy,

T3
2
< C([Vllpoo + llwll poo) lwllp.z -

Proof. Since the second inequality is derived from the first and the fact that ||Vu| 22 < C ||w]| 2.2
we concentrate on the first. We use tools and ideas from the classical deterministic theory, see for
instance [1, 18, 24, 25]. We have

/ AL,w - Awdx
"]T3

= [ AWw-Vw) - Awdzr+ | A(w-Vv)-Awdz
T3 T3

= / (Av - Vw) - Awdzx + / (v-VAw) - Awdz + 2/ Z (Oqv - VOuw) - Awdx
T3 T3 T3

+ / (Aw - V) - Awdzx + / (w-VAv) - Awdx + 2/ Z (Oqw - VOuv) - Awdzx.
T3 T3 T3 >

The term [ps (v - VAw) - Awdz is equal to zero, being equal to 3 [rs vV | Aw|? da: which is zero after
integration by parts and using divv = 0. The terms

2/ Z (0qv - VOuw) - Awdx + / (Aw - Vv) - Awdz
T3 o T3

are immediately estimated by C [|[Vvl|; [|w|/f22- The term Jps (w- VAD) - Awdz is easily estimated
by C'||w]| ||wH%,V2,2. It remains to undestand the other two terms. We have

< Cl|Av- Vol gz w2

/ (Av - Vw) - Awdz
T3

< Cl|Oaw - Vaoﬂ)”m HWHWQv2 .

/ (Oqw - VOuv) - Awdz
’]1‘3

Hence, we only need to prove that
100wdpdyv] 2 < C([[V]| oo + l|wl] oo ) w22 (5.4)

for every «, 3,7 = 1,2,3. Recall the followig particular case of Gagliardo-Nirenberg interpolation
inequality:
2
10aflzs < Cllflloc 1f l22 s
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which implies
2
100wdsdy]|” < Cllwllyg lwllyzz [Vl IVl -
Moreover, due to the relation between v and w, we also have || Vv||y22 < C ||w||y2.2. Hence,

1/2 1/2 1/2 1/2
100wdsdy0l| < C |lw]|X2 w3 1V0ll 22 wllia.

< Cllwllog lwllpzz + C Vol |l

and inequality (5.4) has been proved. The proof of the lemma is complete. O

5.3. Estimates uniform in time. We introduce the following notations

at:/ \w(t,x)\Qdaﬁ—i-/ |Aw (t, )| da
R3 R3

t 0o
Mt:/ Z Egkw-wd:n—i—/ AL w - Awdzr ) dBE.
0 r—y \/R3 R3

Consequently, following from the estimates of the previous section and assumption (3.11), we have

t
ar < o + 2M; +CR/ asds
0

SO
sup s < e“Rf(ag + 2 sup | Ms))
s€[0,¢] s€[0,¢]
E[ sup o?] < 4e“Rt(ad + E[ sup [M,]?]). (5.5)
s€[0,t] s€0,t]

By the Burkholder-Davis-Gundy inequality (see, e.g., Theorem 3.28, page 166 in [20]), we have that

E[ i | M, "] < KoE[[M]]], (5.6)

where [M] is the quadratic variation of the local martingale M and

[e'e] t 2
[M]; = Z/ Lew - wdx + / ALgw - Awdz | ds.
1 /0 \JRs R3

Lemma 30. Under the assumption (3.8), there is a constant C > 0 such that
[M]; < Cai.
Proof. Since L¢w = & - Vw — w -V, we have
ALg, =&k - VAw + Riw

where Rrw contains several terms, each one with at most second derivatives of w. Since fR3 & -
VAwAwdr = 0, we deduce

< Cros

/ Lew - wdx + / ALgw - Awdz
R3 R3

for some constant C} > 0. Hence

0 t 2 e e} t
[M]; = Z/ ( \ Lew - wdx + /3 ALgw - Awd:n) ds < Z C’,%/ agds.
= /o R R 0

k=1
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With a few more computations it is possible to show that

Cr < C|[&kllys.2 -
Hence we use assumption (3.8). O
From Lemma 30, we deduce
| < C/ sup a? (5.7)
rel0,s]

and thus finally from (5.5), (5.6) and (5.7) and Grénwall’s inequality we obtain

E[ sup o?] < C,
s€[0,t]

independently of ¢ > 0. This proves bound (4.19) and completes the necessary a priori bounds,

modulo the estimates of the next section.

5.4. Bounds on Lie derivatives. Recall the notation L¢, ,k = 1,..., 00 for the (first order) operators
Egkw = [fk,w] y k= 1, .y OO

Lemma 31. Inequality (3.9) holds for every vector field f of class W2,

Proof. Step 1. We have

‘CZk = _‘ka + 5o,
Le, o = SoLe, — S,

where Sy and Sy are certain zero order operators (see below for a proof). We have

(ks 1,16k f1) + {6k (6, f) ) = (Lo f Loy ) + (L2 S F)

<£5kf EEk > <££kf7£2kf>

<£5kf Le f ) — <£5kf7££kf>+<£§kf752f>
(L, f,S2f) -

However, since (f, Saf’) = (Saf, f') for any f, f’ two square integrable vector fields (see below for a
proof)

—(Saf, ﬁgkf> + (£, Saf) + (£, 55 )

Hence

(€, 11, [€rs 1) + ([€ks (ks 1] ) = (Le f, Saf) = <f, (S5 4+ Sa) f)
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Step 2. Now we prove that £f = —L¢ + S and that (f,S2f") = (S2f, f') for any two square
integrable vector fields f, f’. We also have by integration by parts and using V - &, = 0 that

(Lot 1) =Y [ Cahi@)fityis?
=323 [ (@i s
= ZZ ( / —&0i ) (@) fi(w)da® — /]R 3(8j5,i)(x) £i(x) fz-’(x)d:c?))

=—ZZ(/ orti ~ fpE A + [ (08 + o)) i)
= (1. Lo f)+ (5.

where

(1,58 = (Saf, ) ZZ/ (946 + 0,61 (@) f3(x) fl(2)da

Step 3. Finally we prove that L¢, So = S2L¢, — Sa. We have (S2f); (z) = 3_; ai; () fj (z) ;where
aij (z) = azi (x) = — (31'5,]; + 3j§,i> (z) . Then

(Le,Saf), = Z({ia- (S2.f); = (S2f); 05€0) (x)
_ ZZ &10; (aafr) — ajifi0;€}) (x)
- Z Z laqd;fi + € fidjau — aj fid;&h) (x)
_ Z Z aqd;f) (x) + zl:lmfl ()
where by = 3,(6]9;aq — a;10;¢}). Similarly, we find that
(SoLe, f) Z aq (x) (Le, f)
_ Z zl: ai (z) (0,11 — 10,60 (@)
j
= Z zl: ({im@f:) (z) - Z cijfi (),
3 j

where cij = Y, ai () 0;€),. Hence (Suf); = (S2Le, f), — (LeySaf); = — >y (ba + car) fi. O
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Remark 32. From this computation one can easily deduce that
|aijlog < 2[IVEkl o »
510 < 6 (118811 1Ekllp oo + IVERIIZ)
[Cijl o0 < 6 1IVE] 5 -
L = ¢ (I16bl o A6l o + IVERIIZ,)

where ¢ is an independent constant (¢ = 48). Therefore, the first of assumptions (3.11) is fulfilled,
provided

o0

2

> (lnlloo 11A&N + 1VERI12,) < 00

k=1
The condition for the second assumption in (3.11) is similar.
Remark 33. A typical ezample arises when & are multiples of a complete orthonormal system {ey} of
L?, namely &, = M\zei. In the case of the torus, if e, are associated to sine and cosine functions, they
are equi-bounded. Moreover, if instead of indexing with k € N, we use k € 73, typically |Vei| < C |k|
and |Aeg| < C |/c|2 In such a case, the previous condition becomes

D ALK < oo,
keZ3

which is a verifiable condition.
Lemma 34. Inequality (3.10) holds for every vector field f of class W2,

Proof. Let us define S7 to be the following operator Sy f := AL¢, f — L, Af. By a direct computation,
we find that

(Slf)i = (Aﬁﬁkf - ﬁkaf)i
=3 (doiti - fi036k) — (lososs - 91,0,
75l

= 07€0; fi + 206,00, f; — £;070;6} — 20,£;005;.,
Jil
=Afi+Bif.
Consequently, Sp is a second order operator, whose dominant part may be expressed as
A= "20,[0,0; ,
Jil
where B; is a first order operator. Similarly, the computation

(Lo )i =3 (8031 — 1,061) = Cfi - Dif

J
shows that C f; — D; f is a first order differential operation, whose dominant part may be expressed as

the operator
C:=) &0
J
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and D; is a zero order operator. Let S3 := 51L¢, — L¢, S1. Then, one computes
(S3f); = ((S1Lg, — L&, 51) f);
= A(Lg f); + Bi (Le f) — C(S1f); + Di (S1f)
=ACf; = AD;f + B; (Le, f) — C(Afi + Bif) + Di (S1.f)
=(AC - CA) fi+ Eif .
We now note that both (AC' — CA) and FE; are second order operators. Consequently,
(ALE FAf) = ((Le, A+ S1) Lo f,AS)
= (ALe f, L, Af) + (S1Le f, AF)
= —(ALg [, Lo Af) + (ALg [, S2Af) + (S1Le, [, AS)
= — (AL, [, ALg [) + (AL, [, 51 f) + (S1Lg [, Af) + (ALg, [, S2Af)
Hence
<A£§kf, Af) +(ALe, [, ALe, f) = (ALe, [, S1f) + (S1Le, |, Af) + (ALg, f, S2Af) .
Observe that
(ALe f,51F) + (S1Le [, Af) = (L AF, S1f) + (S1f, 51f) + (S1Le [, Af)
= (AF,LESIS) + (S1Le [, Af) + (Sif, S1f)
= —(Af,Le, S1f) + (Af, 8281 f) + (S1Le, [, Af) + (S1f, 51f)
= (Af,S3f) + (Af, 5281 f) + (S1f, S1f) - (5.8)
The last term satisfies
(ALg [, S2Af) = (Lg A+ 51) f, S2Af)
= — (A, Lo SHAL) + (A, SBAL) + (S, M)
= — (Af, SoLe, AF) + (Af, SIAf) + (AF, SEAf) + (S1f, SaAf)
= — (SoAf, Le, Af) + (Af, SiAf) + (AF, S3AL) + (S1f, SaAf)
so that )
(S2Af, ALe, f) = 5 ((SIAF, Af) + (SSAf,AF) +($:Af,511)) (5.9)

Since the terms in both expressions (5.8) and (5.9) can be controlled by || f ||‘24,2,2, it follows that indeed,
there exists CIEQ) = C’gz) <||£k||200) such that

(ALZ F,AF) + (ALe £, ALe )] < CP [ £1ea -
]

Acknowledgements. We thank J. D. Gibbon for raising the crucial question of whether the sto-
chastic Euler vorticity equations treated here would have a BKM theorem. We thank V. Resseguier
and E. Mémin for generously exchanging ideas with us about their own related work. We also thank
S. Alberverio, A. Arnaudon, A. L. Castro, A. B. Cruzeiro, P. Constantin, F. Gay-Balmaz, G. Iyer,
S. Kuksin, T. S. Ratiu, F. X. Vialard and many others who participated in the EPFL 2015 Program
on Stochastic Geometric Mechanics and offered their valuable suggestions during the onset of this
work. During this work, DDH was partially supported by the European Research Council Advanced



44

DAN CRISAN, FRANCO FLANDOLI, DARRYL D. HOLM

Grant 267382 FCCA and EPSRC Standard Grant EP/N023781/1. DC was partially supported by
the EPSRC Standard Grant EP/N023781/1.

1]

REFERENCES

J. T. Beale, T. Kato, and A. Majda [1984], Remarks on the breakdown of smooth solutions for the 3-D Euler
equations, Com. Math. Phys. 94: 61-66.

P. Constantin, C. Fefferman, A. Majda [1996], Geometric constraints on potential singularity formulation in the 3D
Euler equations, Comm. Partial Differential Equations, 21 (3-4): 559-571.

C. J. Cotter, D. O. Crisan, D. D. Holm, I. Shevschenko and W. Pan [2017], Stochastic Modelling of Transport Noise,
In preparation.

G. Da Prato, J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge Univ. Press, Cambridge 2015
(second edition).

F. Delarue, F. Flandoli, D. Vincenzi, Noise prevents collapse of vlasov-poisson point charges, Comm. Pures Appl.
Math, 67 (2014), 1700-1736.

D. G. Ebin and J. E, Marsden [1970], Groups of diffeomorphisms and the notion of an incompressible fluid. Ann. of
Math. (2), 92: 102-163.

F. Flandoli [2011] Random perturbation of PDEs and fluid dynamic models. Saint Flour Summer School Lectures,
2010, Lecture Notes in Mathematics no. 2015. Berlin, Germany: Springer.

F. Flandoli, D. Gatarek, Martingale and stationary solutions for stochastic Navier-Stokes equations, Probab. Th.
Related Fields 102 (1995), n. 3, 367-391.

Franco Flandoli, Massimiliano Gubinelli, Enrico Priola, Well-posedness of the transport equation by stochastic
perturbation, Invent. Math. 180 (2010), no. 1, 1-53.

Franco Flandoli, Massimiliano Gubinelli, Enrico Priola, Full well-posedness of point vortex dynamics corresponding
to stochastic 2D Euler equations, Stoch. Proc. Appl. 121 (2011), no. 7, 1445-1463.

F. Flandoli, M. Maurelli and M. Neklyudov [2014], Noise prevents infinite stretching of the passive field in a stochastic
vector advection equation, J. Math. Fluid Mech. 16: 805-822.

U. Frisch and B. Villone [2014], Cauchy’s almost forgotten Lagrangian formulation of the Euler equation for 3D
incompressible flow, The Euro. Phys. Jour. H 39 (3): 325-351. Preprint available at https://arxiv.org/pdf/1402.
4957 . pdf.

F. Gay-Balmaz, D. D. Holm [2017], Stochastic geometric models with non-stationary spatial correlations in La-
grangian fluid flows. Preprint available at https://arxiv.org/abs/1703.06774.

J. D. Gibbon [2008], The three-dimensional Euler equations: Where do we stand? in Euler equations 250 years
on, Aussois, France, 18-23 June 2007 : edited by Gregory Eyink, Uriel Frisch, René Moreau and Andre Sobolevski,
Physica D 237: 1894-1904.

1. Gyongy, N. Krylov, Existence of strong solutions for It6’s stochastic equations via approximations, Probab. Theory
Relat. Fields 105 (1996), 143-158.

D. D. Holm, Variational principles for stochastic fluid dynamics, Proceedings of the Royal Society A 471 (2015)
20140963.

D. D. Holm, J. E. Marsden and T. S. Ratiu [1998], Semidirect products in continuum dynamics, Adv. in Math., 137:
1-81.

T. Kato, C. Y. Lai, Nonlinear evolution equations and the Euler flow, J. Funct. Anal. 56 (1984) n. 1, 15-28.

N. V. Krylov, B. L. Rozovskii, Stochastic Evolution Equations, (Russian) Current problems in mathematics, Vol.
14, pp. 71147, 256, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Informatsii, Moscow, 1979.

I. Karatzas, S. E. Shreve, Brownian motion and stochastic calculus. Second edition. Graduate Texts in Mathematics,
113. Springer-Verlag, New York, 1991.

L. Lichtenstein [1925], Uber einige Existenzprobleme der Hydrodynamik unzusamendruckbarer, reibunglosiger Flus-
sigkeiten und die Helmholtzischen Wirbelsatze, Math. Zeit. 23: 89-154.

J. M. Lilly [2017], jLab: A data analysis package for Matlab, v. 1.6.3, http://www. jmlilly.net/jmlsoft.html.

J. L. Lions, Quelques méthodes de résolution des problemes aux limites non linéaires, Dunod, Paris 1969.

P. L. Lions, Mathematical Topics in Fluid Mechanics, Vol. 1, Incompressible Models, Oxford University Press, New
York, 1996.

A. J. Majda and A. L. Bertozzi, Vorticity and incompressible flow, Cambridge Texts in Applied Mathematics, 27,
Cambridge University Press, Cambridge, 2002.


https://arxiv.org/pdf/1402.4957.pdf
https://arxiv.org/pdf/1402.4957.pdf
https://arxiv.org/abs/1703.06774
http://www.jmlilly.net/jmlsoft.html

SOLUTION PROPERTIES OF A 3D STOCHASTIC EULER FLUID EQUATION 45

[26] J. E. Marsden and T. J. R. Hughes [1994], Mathematical Foundations of Elasticity, Dover Publications, Inc. New
York. See http://authors.library.caltech.edu/25074/1/Mathematical_Foundations_of_Elasticity.pdf

[27) E Mémin [2014], Fluid flow dynamics under location uncertainty, Geo. & Astro. Fluid Dyn., 108:2, 119-146.

[28] M. Métivier, Stochastic partial differential equations in infinite-dimensional spaces. Scuola Normale Superiore di
Pisa. Quaderni. Pisa, 1988.

[29] E. Pardoux, Equations auzx Dérivées Partielles Stochastiques non Linéaires Monotones. Etude de Solutions Fortes
de Type Ité, PhD Thesis, Université Paris Sud, 1975.

[30] E. Pardoux [2007] Stochastic Partial Differential Equations, Lectures given in Fudan University, Shanghai. Published
by Marseille, France.

[31] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Applied Mathematical
Sciences, Springer-Verlag, New York, 1983.

[32] C. Prévot, M. Rockner, A Concise Course on Stochastic Partial Differential Equations, Lecture Notes in Mathe-
matics, 1905, Springer, Berlin, 2007.

[33] V. Resseguier, Mizing and Fluid Dynamics under Location Uncertainty, PhD Thesis, Université de Rennes 1, 240
pages.

[34] R. Temam, Navier-Stokes Equations, Theory and Numerical Analysis, American Mathematical Society, North-
Holland, Amsterdam 1977.

[35] K.-U. Schaumloffel [1988] White noise in space and time and the cylindrical Wiener process, Stochastic Analysis
and Applications, 6:1, 81-89.

[36] A. M. Sykulski, S. C. Olhede, J. M. Lilly and E. Danioux [2016], Lagrangian time series models for ocean surface
drifter trajectories, Appl. Statist. 65 (1): 29-50.

DC, DDH: DEPARTMENT OF MATHEMATICS, IMPERIAL COLLEGE, LONDON SW7 2A7Z, UK.

FF: DEPARTMENT OF APPLIED MATHEMATICS, UNIVERSITY OF P1sA, ViA BONANNO 25B, 56126 PisA, ITALY.


http://authors.library.caltech.edu/25074/1/Mathematical_Foundations_of_Elasticity.pdf

	1. Introduction
	2. Derivation of the stochastic Euler equations
	2.1. Review of the deterministic case
	2.2. Stochastic Reynolds Transport Theorem (SRTT) for Fluid Momentum

	3. Assumptions and main results
	3.1. Formulating objectives and setting notation
	3.2. Assumptions on { k}  and basic bounds on Lie derivatives
	3.3. Statement of the main results

	4. Proofs of the main results
	4.1. Local uniqueness of the solution of the stochastic 3D Euler equation
	4.2. Existence of a maximal solution
	4.3. Uniqueness of the maximal solution
	4.4. Proof of the Beale-Kato-Majda criterion
	4.5. Global existence of the truncated solution

	5. Technical results
	5.1. Fractional Sobolev regularity in time
	5.2. Some a priori estimates
	5.3. Estimates uniform in time
	5.4. Bounds on Lie derivatives
	Acknowledgements

	References

