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Abstract

Given a Gaussian process X, its canonical geometric rough path lift X, and a solution Y to
the rough differential equation (RDE) dY; = V (Y;) o dX;, we present a closed-form correction
formula for [ YodX- [ Y dX, i.e. the difference between the rough and Skorohod integrals of Y’
with respect to X. When X is standard Brownian motion, we recover the classical Stratonovich-
to-Itd conversion formula, which we generalize to Gaussian rough paths with finite p-variation,

p < 3, and satisfying an additional natural condition. This encompasses many familiar examples,

including fractional Brownian motion with H > % To prove the formula, we first show that

the Riemann-sum approximants of the Skorohod integral converge in L?(2) by using a novel
characterization of the Cameron-Martin norm in terms of higher-dimensional Young-Stieltjes
integrals. Next, we append the approximants of the Skorohod integral with a suitable compen-
sation term without altering the limit, and the formula is finally obtained after a re-balancing
of terms.

1 Introduction

Gaussian processes are used in modeling natural phenomena, from rough stochastic volatility models
in high-frequency trading [BFG15], to models of vortex filaments based on fractional Brownian
motion [NRT03|]. To analyze stochastic processes with regularity lower than standard Brownian
motion, one can employ the theory of rough paths [LCLOT]. In particular, given a Gaussian process
X, one can lift it canonically to a geometric rough path X [FV10a], and this allows one to study
the properties of rough differential equations (RDEs)

dY, = V(Y;)0dX;, Yp=yoeR", (1)

and of rough integrals of the form

T
fo Y; 0 dX,. (2)

Furthermore, this geometric calculus generalizes Stratonovich’s stochastic calculus, and as such, it
finds natural applications, e.g. in stochastic geometry where the change-of-variable formula allows
one to give an intrinsic and coordinate-invariant definition of a rough path on a general smooth

manifold, cf. [CLLI12], [CDL15].

1t6 integrals, by contrast, preserve the local martingale property, which is a useful feature when
computing probabilistic quantities such as exit distributions and conditional expectations. One can
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often gain insight into a problem by transforming Stratonovich integrals to Itd integrals and vice
versa, depending on the requirement at hand.

Now if Y and X are two continuous semi-martingales, both R%valued, it is well-known that the
difference between the two integrals is given in terms of the quadratic covariation through the
formula, cf. [KS98], [RY05],

T T 1
1;<Emd&)zﬁ;(ﬁﬁXﬁ+§DﬁXh.

In the case where Y; solves RDE ([Il) and X; is taken to be standard Brownian motion By, this
becomes

[T toasy = [Mivasy+ L [Ty o] (3)

where in the second term on the right side we have the usual trace of V(Y;) e R ® R? considered
as a d-by-d matrix.

On the other hand, if Y; = Vf(X;), where f is sufficiently smooth, then we get It6’s formula,

Fn) - F(Xo) = [ (VX 00%0) = [ (9500), X+ [ AFD ARG, (@)

where the first term on the right side is the Skorohod integral of V f(X) with respect to X, and R(t)
2
is the variance E [(Xt(l)) ] This has been well-studied for general Gaussian processes, particularly

fractional Brownian motion, over the past two decades; see [Pri9g], [AMNO1], [CCMO03], [NOL11],
and in particular [HJT13], which uses rough path techniques to prove the formula.

Our main result is the following theorem, where the driving signal X is constructed from the limit
of the piecewise-linear approximations of a Gaussian process with i.i.d. components.

Theorem. For 2<p<3, let Y € CP7%" ([0, T]; Rd) denote the path-level solution to
d}/t = V(}/t) © dXt7 }/0 = Yo,

where V € CE (Rd; R? @ Rd) and X e COp-var ([0, T]; lelld (Rd)). We assume the covariance function
3

5, and satisfies

is of finite 2D p-variation, 1 < p<

1
|R(¢,-) = R(s,")| o1 SClt—slv, (5)

pvars[

for all s,t € [0,T]. Then almost surely, we have

T T 1 T
[ vieaxe= [T vidXees [ [vVOn)]dRE)

’ /[O,T]2 Lo (s)tr [JE( (Js?()_l V(Ys) - V(Yt)] dR(s,t).

Here, ch denotes the Jacobian of the flow map yy — Y;. The last term on the right side of (@) is
a proper 2D Young-Stieltjes integral with respect to the covariance function. When X is standard
Brownian motion, it vanishes since the integrand is zero on the diagonal and dR(s,t) = ¢,y dsdt.
This, together with the fact that R(t) = t, allows us to recover the usual It6-Stratonovich conversion
formula (3)).



Hence, an immediate contribution of the theorem is the generalization of formula (3] to the setting
where the integrands are solutions to Gaussian RDEs. Here, we are able to give a formula for
integrators other than standard Brownian motion without restriction on the regularity of the inte-
grand; compare this to [Dec00] e.g., where essentially Young complementary regularity is required.
Furthermore, the novel 2D Young-Stieltjes integral can be understood as measuring the failure of
the commutativity of V with respect to the covariance of the Gaussian process. For studying the dy-
namics of Gaussian processes in cases where the correction formula is indispensable, e.g. Gaussian
processes evolving on manifolds, this could lead to new insights.

We now provide the main idea behind the proof of the theorem. Denoting X = (1,X,X?), the
solution Y to RDE () can be integrated against this rough path and

T
i YiedXe= tim TV (i) VR (X 0,) )
m|=0%
almost surely. Continuing, we devote Section 4 to proving two claims. The first is that Y lies in
the domain of the Skorohod integral operator w.r.t. X, and the second is that, as a limit in L?(Q)
we have
T ) ti -1
fO YidX; = Hh”nloz I:Y;fz (Xtmtnl) - A tr [Jt)z( (JSX) V(YS)] R(Aiv ds)]' (8)
m[=0%

Proving these facts is less obvious than in the case where Y; = Vf(X;), and we need to use the tail
estimates of [CLL13| in a fundamental way. In Section 5, we use condition (Bl to prove that

S v () - 5E[(x0.) ]7) )

has a vanishing L?(Q) limit as || — 0. The proof of this relies on estimates coming from a delicate
interplay between the theory of Malliavin calculus and Gaussian rough paths; see Proposition [5.1]
After augmenting (@) to ([8) and extracting an almost sure subsequence, we can take the difference
between this subsequence and (7). A careful rearrangement of the terms in this difference will then
yield the correction term.

We now outline the structure of the paper, as well as highlight other contributions that are of
independent interest. We begin in Section 2 with a summary of Gaussian rough path concepts
and a primer on the Malliavin calculus as applied to RDE solutions. In Section Bl we provide a
general closed-form expression and a novel bound for the higher-order Malliavin derivatives of RDE
solutions relative to the driving rough path (cf. [HP13], [Inal4], [CHLT15]). This will be then used
in Section 5 to show that (@) has vanishing L?(Q) limit.

In Section 4, we give a new characterization of the Cameron-Martin norm in terms of multi-
dimensional Young-Stieltjes integrals. We show that one can identify CP~"%"([0,7']) with a dense
subspace of H1, the Hilbert space generated by the indicator functions which is isomorphic to the
Cameron-Martin space. In particular, for f e CP~"*"([0,T']), we have

1fll3, = \//[0,T]2 fifsdR(s,t). (10)

We also give a corresponding characterization with regards to the tensor product of the Cameron-
Martin space in Section 2], and revisit the classical Ito-Skorohod isometry in Section 3]l by giving
it a new formulation in terms of multi-dimensional Young-Stieltjes integrals. Finally, Section 4 is
concluded with a proof of ().

The main theorem and its proof is given in Section 6.
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2 Preliminaries

The following is a summary of basic notation that will be used throughout the paper.

We will use {e;}, j=1,...,d, to denote the canonical basis for R9, and || will denote the standard
Euclidean norm.

A and v will be used to denote the min and max operators respectively, and C', with or without
subscript, will always denote a finite constant which may vary from line to line.

The notation C;' will be used when denoting a class of functions which have bounded derivatives
up to nt-order.

Given vector spaces A and B, L(A; B) will denote the space of linear maps from A to B.

ko1 ko1

Frequently, we will canonically identify a tensors Z Z a;je; ®e; (or co-tensors Z Z a;jde; ® de;)
i=1j=1 i=1j=1

in R* @ R! with a k-by-l matrix.

For simplification, we will denote both tensor spaces and co-tensor spaces with R* ® R!, and if

k
AeRFQR* trA:= Z a;; will denote the usual trace operation.
i=1
k
Iy = Z ej ® e; will be used to denote the k-by-k identity matrix.
j=1

2.1 Rough paths, p-variation topology and controls

We begin by reviewing the basic concepts and notation of rough paths theory. The standard
references in this area include [Lyo98], [LQO3|, [FH14] and [EV10D].

Given z €C ([0, T]; Rd), i.e. a continuous R%valued path defined on the time interval [0, 7], where
T is some arbitrary but fixed terminal time, a rough path x includes the higher-order iterated
integrals of x in addition to the first-order increment x; := x; — 5. To account for these higher-
order increments, the right space for x to take values in turns out to be the step-n nilpotent group,
which we will define below.

First, let T" (]Rd) denote the truncated tensor algebra up to degree n:

T (R) =ReR%e-- o (RY)®".



Addition and scalar multiplication are defined in the usual fashion, and given
a= (ao,al, . ,a") ,b= (bo,bl, . ,b") eT™ (Rd), multiplication is performed by

k . .
a®b::(co,cl,...,c”), ck:ZaZ@)bk*Z, VO<k<n,
i=0
where here we abuse the notation by re-using the same symbol for the tensor product in R
The tangent space of T"(R?) at the unit element e = (1,0...,0) is given by
AL (R =0eRe- @ (R))™" .

We will define the exponential map exp : A%(R?) - T"(R?) by
n a®i
exp(a) =) — (11)
=0 ©
(for a € R? we will occasionally abuse the notation by denoting exp(a) := exp((0,a,0))), and the
logarithm map log : 7"(R%) - A%(R?) by

log(a) = 2(—1)”1((117,6)@. (12)

Definition 2.1. The step-n nilpotent group (with d generators), denoted by G™ (]Rd), 1s the subgroup
of T" (Rd) corresponding to the sub-Lie algebra of Af (]Rd) generated by the Lie bracket [a,b] =
a®b-b®a.

One can check that the inverse of any element a = e +a e G" (Rd) is given by
n
a”t =Y (-1)ka® (13)
k=0

see Lemma 7.16 in [EV10b].

G" (Rd) will be equipped with the topology induced from the symmetric, sub-additive homogeneous
norm

[T

)

Consider now x € C ([O,T]; G" (]Rd)), a continuous G" (Rd) valued path on [0,7]. We define the
increment by setting x, ; := x;! ® ;. Such a path is called a multiplicative functional (cf. [LCLOT])
as it satisfies Chen’s equality

lgll = max (it[g'])". (14)

i=1,...

Xst=Xsu ®Xyr Vs,u,te[0,T],s<u<t. (15)

We now define the p-variation distance as

P
dp—var;[O,T] (X, y) ‘= Ssup (Z d(xti7ti+1 y Ytitiv )p) ) (16)
where the supremum runs over all partitions 7 = {¢;} of [0,7"]. We also define

”X“pfvar;[O,T] = dp—var;[O,T] (X7 0)7

where 0 denotes the constant path y; = e for all ¢t € [0,T].



Definition 2.2. For p > 1, the weakly geometric p-rough paths, which we will denote by
cpvar ([O,T]; lelld (Rd)), is the set of continuous functions x from [0,T] onto leltd (Rd) such that

HXprvar;[O,T] < 0.

The simplest example of a weakly geometric p-rough path is as follows, given a bounded-variation
path z in R?, we can compute the signature of z in leltd (Rd):

1 2
Sl_pJ (':U)S,t = (]qxs,tyx&t, e 7X£I,)tJ) ,
where x';t is the conventional k-th iterated integral of the path z over the interval [s,t]:
d | |
o (/ i) @@ dxf«ik))ejlc@---@ejk.
Ui ge=l NSyt

Let C* ([O,T ];G“’J (Rd)) denote the subset of weakly-geometric rough paths which are also of

bounded variation. Then the signature of x is in C* ([O,T ];G“’J (Rd)), and we also have the
following definition.

Definition 2.3. For p > 1, the space of geometric p-rough paths, which we will denote by
cO-p-var ([O,T];GlpJ (Rd)), is defined to be the closure of C* ([O,T];GlpJ (Rd)) in
cpvar ([O,T]; Glrl (]Rd)) with respect to the topology given by the p-variation distance (I8]).

Remark 2.4. In finite dimensions, the difference between weakly-geometric rough paths and geo-
metric rough paths is fairly minor, as we have the following relation

corver (10,73, G (RY) )  cr7or ([0, 77 G (RY) ) e cOrrever ([0, 73; G (R7)),
where € >0 can be chosen arbitrarily small, cf. [FV00].

We will now extend the notion of finite p-variation to general metric spaces. Given a metric space
(E,d), a path f:[0,7] — E is said to have finite p-variation if

1
Hf”p—var;[s,t] ‘= sup (Zd(ftwftHl )%) < ®. (17)

We will use CP7"" ([0,T]; E) to denote the set of continuous functions which satisfy (7). We

will also use the notation Ch,"*" ([0,7]; E) to denote the subset of functions which are piecewise

continuous, i.e. f in Ch," ([0,T]; E) implies that there exists a partition {¢;} of [0,7] such that
fisin CP7V ([t;,ti41]; F) for all 4.

We have the following simple proposition; cf. Proposition 5.3 in [EVI10b].
Proposition 2.5. Let f € C([0,T];E). Then if 1 <p<p’ < oo,
Hpr’—var;[O,T] < Hf”p—var;[O,T] :

In particular, CP~"*" ([0,T]; E) c cp'-var ([0,T; E).



We will use the notation | f|,_,4.(s When the supremum is taken over partitions of [s,¢] ¢ [0,T'].
Proposition 5.8 in [EV10b] tells us that

w(s:8) = 1 I varsgsy

defines a control, i.e. a continuous, non-negative, real-valued function that is super-additive and
vanishes on the diagonal, i.e. w(t,t) =0 for all ¢ € [0,7']. We also note the following lemmas about
controls.

Lemma 2.6. Assume w1 and wa are controls.
(i) If ¢ is a positive convex function, then ¢p(wi) is a control.

1) Gien o, >0 with a+p>1, w w? is also a control.
1 W

Proof. Exercises 1.8 and 1.9 in [FV10Db]. ]

Lemma 2.7 (Proposition 5.10 in [EV10b]). Let w be a control on [0,T] and let p > 1. Then the
point-wise estimate

d(fs, 1) <Cw(s,t) Vs<tel0,T]
implies the p-variation estimate

1 1
”pr—var;[&t] <Cvr W(S,t)p Vs<te [O,T]
If E also has a norm || 5, we will also use the notation | f|.;o 7] to denote the norm

1 £lve 0.1 = 1 lp-varsory + 5P [ il

te[0,T]

<[ fol g+ 201 lp-varo.r) -

For a function defined on [0,T]?, f:[0,T]?> - E is said to be of finite 2D p-variation if

1
Ui P\p
f iy Wi+l < o0,
Vi, Vi+1 /|| 5

where 7 = {(u;,v;)} is a partition of [0,7 12, and the rectangular increment is given by

Hf”p—var;[O,T]2 ‘= sup (Z

T \4J

f (“"’u”l) = f(ui,v5) + f(wivr,vje1) = (i, v501) = f(tir1,v5). (18)

Vj,Vj+1
On occasion, we will use the notation

f(Ai7U) = f(ui+lav) - f(uivv)7

(19)
f(uvAj) = f(u7vj+1) - f(u,Uj).
Given f e CP7v%" ([O,T]2; E) and ¢ > 0, we will use Wi ope 1O denote the 2D control
a b p+e
cppells o) =B e (% 3 (20




where the supremum runs over all partitions II = {[a;,b;] x [¢;,d;]}, where the rectangles have
disjoint interiors and satisfy U;[a;,b;] x [¢i,d;] = [s,t] x [u,v]. Note that this includes partitions
which are not grid-like, in contrast to | f HZ vars[st]x[u,0]> WHCh i n0t super-additive and thus does

not yield a control; see [EV11].

However, there exists a finite constant depending on ¢ such that
g pre([5 8% [,0]) € O IFI s it <

for all [s,t] x [u,v] c [0,T]?. The reason to use p + ¢ regularity instead of p is that otherwise (20)
might be infinite; cf. Example 1 in [FV11].

The reader is invited to refer to [FV11] for a more detailed discussion of 2D controls.

Definition 2.8. We say that the 2D Young-Stieltjes integral of f with respect to g exists if there
exists a scalar I(f,g) € R such that

m |27 2,v,>g(“’ ”“1) 1(f.9)| -

Vj+1

(21)

H?TH—>0

i.e. for each ¢ > 0, there exists a 0 > 0 such that for all partitions m = {(u;,v;)} of [0,T]* with
||| < &, the quantity on the left of (1)) is less than €. In this case, we use f[o ]2 fdg to denote
I(f,q9), or f[s Hx[u,0] f dg whenever we restrict ourselves to any particular subset [s,t] x [u,v] of
[0,T72.

Definition 2.9. We say that f € CP7V([s,t] x [u,v]) and g € CTV"([s,t] x [u,v]) have comple-
mentary regularity zf + > 1.

The significance of this definition lies in the following theorem, which gives the existence of the
Young-Stieltjes integral and Young’s inequality in two dimensions; see [LCLO7], [FHI14], [EV10Db]
for the one-dimensional version.

Theorem 2.10. Let f e CP7"""([s,t] x [u,v]) and g € CT°([s,t] x [u,v]) have complementary
reqularity. Then the 2D Young-Stieltjes integral exists and the following Young’s inequality holds;

g
“/[‘s,t]x[u,v] f g
< Cp,q (|f(87u)| + Hf(s7 ')prvar;[u,v] + ”f('vu)”p—var;[s,t] + Hprfvar,[s,t]x[u,U]) Hqufvar,[s,t]x[u,U] :
(22)
Proof. See [Tow(2], [EV10al. ]

2.2 Gaussian rough paths
We will work with a stochastic process
th(Xt(1>,...,X§d)), te[0,T7],

which denotes a centered (i.e. zero-mean), continuous Gaussian process in R? with i.i.d. components
and starting at the origin.



This process is defined on the canonical probability space (2, F,P), where Q = C ([O,T];Rd),
the space of continuous R%valued paths equipped with the supremum topology, F is the Borel
o-algebra and P is the unique Borel measure under which X (w) = (wt)e[o,r] has the specified
Gaussian distribution. We will use

R(s,t)=E [Xgl)Xtm]

to denote the covariance function common to the components. The variance R (¢,t) will be denoted
simply by R(t), and we will also use the notation

o2(s,t) ::R(z i) :E[(X;lg)?]; (23)

recall the definition of the rectangular increment in (IS]).

The triple (Q, He, IP’) denotes the abstract Wiener space associated to X, where H? = @le ‘H is the
Cameron-Martin space (or reproducing kernel Hilbert space). The Cameron-Martin space, which
is densely and continuously embedded in §2, is the completion of the linear span of the functions

{R(t,-)(“) = R(t,") ew

te[0,T], u= 1,...,d}
under the inner-product
<R(t7 )(u)7 R(Sa )(U) ),Hd = Ouv R(ta 3)7 u,v=1,...,d.
By definition, H? satisfies the following reproducing property; for any f = ( O f (d)) e HY,

(£ REH™), =, tel0.T].

We assume that there exists p < 2 such that R has finite 2D p-variation. The following theorem
in [EV10a] (see also [CQO2] in the case of fractional Brownian motion) then shows that one can
canonically lift X via its piecewise linear approximants X™ to a geometric p-rough path for p > 2p.

Theorem 2.11. Assume X is a centered continuous R%-valued Gaussian process with i.i.d. com-
ponents. Let p € [1,2) and assume that the covariance function has finite 2D p-variation.

(i) (Existence) There exists a random variable X = (1,X1,X2,X3) on (Q,F,P) which takes

values almost surely in COP~0 ([O,T]; Gg(Rd)) for p>2p, i.e. the set of geometric p—rough
paths for p € (2p,4), and which lifts the Gaussian process X in the sense that X;t =Xy — X,
almost surely for all s,t € [0,T'].

(it) (Uniqueness and consistency) The lift X is unique in the sense that it is the dp_yqr-limit in
L1(2), qge[1,00), of any sequence Sip)(X™) with |7| = 0. Furthermore, if X has a.s. sample
paths of finite [1,2)-variation, X coincides with the signature of X.

Moreover, Proposition 17 in [FV10a] shows that for all h € H¢,

Hh”pfvar;[(],T] < Hh”’}{d \/ ”R”pfvar;[O,T]Q? (24)



which implies that H? < C?~v%" ([0, T]; R?) whenever R has finite 2D p-variation. Thus if p € [1, %),
corresponding to 2 < p < 3, we have complementary regularity between X and any path in the

Cameron-Martin space, i.e. % + % > 1.

We will need to impose further conditions on the covariance function. For all s,¢ € [0,7"], we assume
there exists C' < oo such that

1
| R(t,-) = R(s,-)| o) <Clt—sle. (25)

pvars[

This bound will be later used to control the L?(€) norm of the iterated integrals. An immediate
consequence of the bound is illustrated in the following lemma.

Lemma 2.12. Let X be a continuous, centered Gaussian process in R and assume its covariance
function satisfies

IR(t,) = R(3,) g varmgor < Cle =7, Vs <te[0,T],

g-var;[

for some q,p>1. Then

(i) R(t):= R(t,t) is of bounded p-variation.
(i) For p>2p, X has a %—H()'lder continuous modification.
Proof. Let f,:(-) denote R(t,-) — R(s,-). Then for any partition {t;} of [0,T], we have
DR (ti1) = R ()] < 3 IR (tia tier) = R (ti, i) + R (i, tiar) = R (83,8
<23 Fritin (tis1) = Fition O + Uty (8) = fristin (O

<2f Z Hftmtnl () HZ—var;[O,T]
i

SCthHl—tilSCT.
7

For the second part, for all n € N we have

E [Xs2,?] <CLE [ng’t]n <Cp |f8,t(t) - fS,t(S)|n
< Cn |R(t,7) = R(8,) | g-vars[0.7]
<Chlt-s|v, s<tel0,T].

By Kolmogorov’s continuity theorem, there exists a y-Hoélder continuous modification of X for all
1
v < 2

2.3 Malliavin calculus

We will primarily work with the following Hilbert space which is isomorphic to H¢.

10



Definition 2.13. Let ’Hf denote the completion of the linear span of

{ﬂfg‘;)(o =T () e

te[0,T], uzl,...,d}

(cf. [AMNOT], [Nua06l]) with respect to the inner-product given by
(u) (v) B
<]].[0,t)(-), 1[0,5)(')>H§z = 0y R(1, 5).

Furthermore, let ® : ’Hf — H¢ denote the Hilbert space isomorphism obtained from extending the
map 1&;1)(') > R(t,)™ te [0, T], u=1,...,d.

We record some basic properties about the Malliavin calculus. For simplicity, we assume here that
d = 1. First we recall that the map 1o ~ Xt extends to a unique linear isometry I from H; to
L?(Q). It follows that I (h) is a mean-zero Gaussian random variable with variance ||h||§111 The
set S of smooth cylinder functionals is the subset of random variables taking the form

F=f(I(h1),....1(hn)),

where hi,...,h, € H1 and f : R” - R is infinitely differentiable with bounded derivatives of all
orders. The Malliavin derivative DF is the Hi-valued random variable which is defined for smooth
cylinder functionals as follows:

DF = ; o1, (I(h1),...,I(hyp))h;.

It can be shown that D is a closable operator, see e.g. Proposition 1.2.1 in [Nua06]. For p > 1 we
let DY denote the closure of S with respect to the norm

1F1T, = 1F 1) + IDF

p p
Lr(9) Lp(QH1) -

If K is a separable Hilbert space, the higher-order derivatives D™ and the corresponding Sobolev
spaces D™P(K) can be defined iteratively.

Moving to the case p = 2, for any F in DY2, we let Dy F := (DF, h)Hl' The divergence operator 6%
is defined to be the adjoint of D. The domain of this operator consists of all h € L? (€;#;) such
that

|E[DpF]| < CF12(q)
for all F € S, whereupon 6~ (h) is characterized as the unique random variable in L? (Q) for which
E[(DF,h)y, | =E[F5* (h)].

We will use the notation 6% (h) and fOT hsd X interchangeably. It is well-known that the domain
of 6% contains D2 (H1), see e.g. Proposition 1.3.1 in [Nua06].

Fixing a multi-index a = (a1,...,ay) where |a| :== ¥, a; = n, we define I, : H®" - R as follows:

M
I, (h& @ - @ h§MM ) = al [] Ha, (6% (1)),
i=1

11



where a! := ]'[f-\fl a;! and H,,(z) denotes the m!™ Hermite polynomial. The following duality formula
is then classical;

E[FI(h)] = E[(D"F, h}yen]. (26)

For f e H®", g e H¥™, both f and g symmetric, we also have the following product formula (cf.
Proposition 1.1.3 in [Nua06])

L) = % (1) (1) s 1300 1)

Here f®,g denotes the symmetrization of the tensor f ®, g, which in turn denotes the contraction
of f and g of order r; i.e. given an orthonormal basis {h,,} of Hi,

o0

feg= > (fihy® hkr)H?r ® (g, hg, ® -+ ® hkr)H?r eH
k1,....ker=1

®(n+m-2r)
1 )

of. [NNTT0].

Remark 2.14. One can also define operators equivalent to D and 8% directly on the abstract
Wiener space (2, H,P). To make the presentation clear we summarize the correspondence here.
First, for every l in the topological dual Q* =C ([0,T],R)", there exists a unique h; in H such that
L (h) = (hy,h). Under this identification, the random variable T (h;):w ~ [ (w) is a centered normal
random variable with variance ||th§_£ Second, it can be shown that the set {h;:1eQ*} is dense in
H, whereupon T extends uniquely to an isometry between H and L*(QY), and is called the Paley-
Wiener map. It is simple to see that I and I are related by I (h) = Z(®(h)) for all h € H1, and
therefore any smooth cylinder functional F' can be represented as F = f(Z(®(hy)),...,Z(P(hy))),
and a derivative operator D can be defined analogously to D by setting

DF = Zn: f
i=1

. g (Z(®()), -, T(D(hn))) @(h:) = B(DF).

This implies that
Dq)(h)FZ <DF,(I)(}‘L))H = <DF,h)H1 ZDhF, Vhe?—[l.

The exposition above presents Shigekawa’s definition of the Sobolev-type space D™P (K') for K-
valued Wiener functionals, where K is a separable Hilbert space. Although this is the one most
often used in the literature, there are equivalent characterizations of these spaces. One of these,
which is attributed to Kusuoka and Stroock (cf. [Sug85]), is especially convenient to study stochastic
differential equations for which bounds on the directional derivatives can be computed explicitly.
The definition relies on two properties. First, a measurable function F' : Q — K is called ray
absolutely continuous (RAC) if for every k € H, there exists a measurable map F, : Q > K such
that

F()=F,(),P-as., (28)

and for any w € Q the function s — Fj, (w + sk) is locall absolutely continuous in s € R. Second, F’
has the property of being stochastically Gdateaux differentiable (SGD) if there exists a measurable

Local absolute continuity is important here and is a point often missed in the literature where RAC is sometimes
stated by demanding that s — F}, (w + sk) is absolutely continuous in s € R. See however Definition 8.2.3 and Theorem
8.5.1 in [Bogl0] for a proof that local absolute continuity is enough.

12



G : Q—Lys (H, K), such that for any k € H
é[F(-+sk)—F(-)] EGw) (k) ast—o0,

where Lyg (H, K') denotes the space of linear Hilbert-Schmidt operators from H to K. In this case,
the derivative G is unique P-a.s. and we denote it by DkgF'. Higher order derivatives are defined
inductively in the obvious way: if Dﬁ‘le is SGD then DiyF := Dkg (Df{le )

Next, we define the spaces D?(’g (K) for 1 < p < oo inductively, first for n = 1 by setting
Dyf (K) = {F e LP (K): F is RAC and SGD, DxsF € LF(Lus (H, K))},
and then analogously for n=2,3,... by
DRE(K) = {F e Dy P (K) : DisF e Ditg P (Lus (H, K))} -
We have the following theorem.

Theorem 2.15 (Theorem 3.1 in [Sug85]). For 1 <p < co and n € N we have D75 (K) = D™ (K),
and for any element F in this space, Dl = DF holds P-a.s.

Remark 2.16. By applying the same result iteratively it follows that D'}?SF = D*F holds P-a.s for
k=2,...,n.

2.4 Rough integration and controlled rough paths

In this subsection, we will review rough integration via the theory of controlled rough paths. We
will develop the concepts in p-variation topology rather than the usual Holder topology (cf. [Gub04]
and [FHI14]), and henceforth, &,V will denote finite-dimensional vector spaces.

We begin with the following definition.

Definition 2.17. Let x = (1,a:,x2) e cpvar ([O,T] G2 (Rd)). A pair of paths (¢,¢"), where ¢ €
CP~v ([0, T];U) and ¢' € CP" ([O,T]; £(Rd;Z/{)), is said to be controlled by x if for all s,t € [0,T],

qbs,t = @;ZES,t + Ri),ta (29)
where the remainder term satisfies

R®eC57 ([0,T]:U).
If we define the controlled variation norm as
H(bup—cvar = H(bHVP;[O,T] + H(b/HVP;[(],T] + “R¢"%—0ar;[0,T] ’

then the preceding definition says that (¢, ¢") is controlled by x if |¢| < o0.

p—cvar

Theorem 2.18. Let x = (1,w,x2) e Cpvar ([O,T]; G? (]Rd)), where 2 < p < 3.

13



Let ¢ € CP7" ([0, T]; L(R:R®)) and ¢’ € P~ ([0,T]; L(RY; L(RT;R?))). If (¢,¢') is controlled
by x, we can define the rough integral

t n—1
odx, := lim T+ O X2 30
/o Or " HWH»0,n:{0:m<...<rn:t}i;)(qbn rari + 00 Krria), (30)

where we have made use of the canonical identification L(R?; L(RYR®)) ~ L(R? ® R R®). Fur-
thermore, denoting

¢
2t = A ¢r 0 dx,, 21{ = ¢y,
(2,2") is again controlled by x, and we have the bound
2
”Z”p—cvar < OP ”¢”p—cvar (1 + ”pr—var;[O,T] + HX H%—var;[O,T]) : (31)

The following propositions will provide us with various ways to construct controlled rough paths
from existing ones.
Proposition 2.19. For p > 2, let

yeC([0,T]:U),

y' P ([0,T; £ (REU)),
and let ¢ be a Cg map from U to V.

Then ¢(y) € CP7" ([0, T];V) and Vé(y)y' € CP~V" ([O,T];ﬁ(Rd;V)). Furthermore, if (y,y") is
controlled by x € CP~V%" ([0,T];G2 (Rd)), then (¢p(y),Vo(y)y') is also controlled by x and we have

H(b(y)Hp—var;[O,T] ) v¢(y) y,prvar;[O,T] < H(bHCg HyHVp;[O,T] (1 + Hy,H\)P;[O,T])7 (32)
and

HRdﬁ(y)

2
santorr) < 19062 (1905 artoiry * 1R g-sar o)) (33)

Proposition 2.20. (Leibniz rule) For p > 2, let

¢ eCP ([0, T]; L(U;V)),
¢’ eCP™ ([0,T]; L(RY: LU V))),

and we assume that (¢, d") is controlled by x € CP~V%" ([O,T]; G? (Rd)).

(i) Let 1) € CP7V ([0, T];U), ¥ e CP7V" ([O,T];E(Rd;l/{)), and suppose that (v,v") is controlled
by x. Then the path ¢ € CP7"*"([0,T];V) given by the composition of ¢ and v is also
controlled by x, with derivative process () = ¢’y + ¢pp’. In addition, we have the bound

1991 p-cvar < 2191 p-cvar 191 p-cvar (34)
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(ii) Suppose that 1) € C%_”‘"([O,T];U). Then ¢ € CP~Y9"([0,T']; V) is also controlled by x, with
derivative process (o) = ¢'p. Moreover, we have the bound

1961 p-coar < 10lp—cnar 91,5 1 - (3)

Remark 2.21. The second part of the proposition clearly holds true if the roles of ¢ and v are
reversed. Furthermore, it asserts that one can trade increased regularity in place of a controlled
rough path structure in ¢ (or ¢) for the composition to remain a controlled rough path.

The proofs of the preceding theorem and propositions are routine and hence deferred to the Ap-
pendix.

2.5 Rough differential equations

Now consider the following equation
dy(t) = V(t,y(t)) dx(t), y(0) =yo, (36)

where V' ¢ CIEP | (R xR® L (Rd; Re)) is a differentiable function with bounded derivatives up to degree

|p|. Given x € C* ([O,T]; lelld (Rd)), the unique solution y = S|, (y) can be obtained simply by
solving (36)) as a regular ODE. Furthermore, we have the following theorem (see [Lyo98§]).

Theorem 2.22. (Universal Limit Theorem)

The Ito map T : x — y is continuous from C* ([O,T],GlpJ (]Rd)) to itself with respect to the p-
variation topology and thus admits a unique extension to the space of all p-geometric rough paths

cOr=var (0,77, G (R?)).

The Universal Limit Theorem allows one to transfer geometric results in the smooth case to geo-
metric rough paths, i.e. rough paths that satisfy the change-of-variable rule. This effectively allows
a generalization of the Stratonovich integral to processes with higher p-variation.

We will mainly be considering RDEs with time-homogeneous vector fields driven by Gaussian
geometric rough paths. Furthermore, although the RDE

A = V(Y;) o dXy, Yo = o, (37)

outputs a full rough path Yy, we will be concerned only with the first level/path-level solution,
which satisfies

t
Yi=yo+ [ V(¥)odX,,

and ignore the higher iterated integral terms. We will use the following notation; writing V (Y) as
the co-tensor

e d .
> VO (Y)de; @ de; € R @R,
i=1j=1
we will denote
e d av(l)
TWY)VE )= Y Y 8Tk(Y)1/j(m)(Y)dei®dej®dekeRe@)Rd@Rd.
i,m=1j k=1 m
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Theorem 2.23. For all s<te[0,T], |Y| is in LY(Q2) for all ¢> 0.

p-var;[s,t]

Proof. From equation 10.15 in [FVI10b], we have

1Y,

p-var; [s t] (V”C[PJ HX'”p ’UCLT St v HVHp [pJ H ”g var: [S t])?

and | X]| ) has moments of all orders; see Corollary 66 in [FV10a]. ]

p-var; st

We will now show that

e D™ (R%) := () () D*P (R®), for t >0,
p>1 k=1

where Y solves RDE () with smooth vector fields. To do so, we make use of the fact (cf. [CEV09])
that there exists a measurable subset Q c © with P(€2) = 1 such that for all w € Q we have the
identity

X (w+®(h)) = TpmX (w)  VheH],

i.e. Typp)X denotes the rough path translation of X by ®(h) (see [CE11]), which is well-defined
via Young-Stieltjes integration due to complementary regularity.

We then obtain

Yi(w+s®(h)) := X(ersq)(h)) Y, éé(h)X(w),

which is smooth in s and hence locally absolutely continuous. It follows that ¥; is RAC; indeed,
in this case we can even take the version Fgj) in (28) to be independent of ®(h). Using Theorem
215 it is immediate from the definition of DkgY; and the directional derivatives that

DisYi (@) (®(h)) = DpY; (), P-ass.,

for all h e #¢, and henceforth we will use the latter notation exclusively.

Moving on to the higher order derivatives, given hi,...,h, € ’H‘f, we can take the directional
derivatives of ¥; in the directions ®(hy),...,®(hy) in H by setting
Dfy . Yiim e Y (38)
hi,..hn Oe1 85n 12-“:%:0’

where Ytel’“"en solves
dYVti-Ily...yEn _ V(thly 7577,) ° d( 51<1>(h1)+ +gncl>(hn)X)t7 Y'0€17...7€n = Y.

The path (38]) again has finite p-variation and in Section B.Il we will give it an explicit expression
in terms of a sum of rough integrals and/or Young-Stieltjes integrals when n > 2. It only remains
to show that these derivatives are Hilbert-Schmidt operators with norms having moments of all
orders, and this has been proved in [Inald4].

When n =1 the first-order derivative is given by (cf. [FV10b], |[CF11])

D= [ (E) V() da)(s) (39)
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Here JtX denotes the Jacobian of the flow map yy — Y; and satisfies
dJX = vV (V1) (edXy) JX, JX =1T.. (40)
On occasion, we will use the shorthand
JX = JX (X)) 0<s<t<T,
and for future reference, we also note that its inverse (J X)_l satisfies

A7) = () YV ) (edXy),  (JE) =T (41)

To bound the Jacobian, we will need the following definitions. Following [CLL13] we define, for
a given interval [s,t] c [0,7] and 8 > 0, the so-called greedy sequence {7;(3)}, a finite increasing
sequence given by

70(8) = s,
ria () =inf {ue (r, ]| 1XI7_ 00y 2 B} AL

We then denote

NE(oy=sup{n e NU{0} | m(B) <}, (42)
and note the following theorem.

Theorem 2.24. Let X be an R%-valued centered Gaussian process with i.i.d. components. For
1 < p < 4, assume that X has a natural lift to X e COP~vor ([O,T];G[pJ (Rd)), and that H? -
cavar ([O,T];Rd), where % + % > 1. Then we have

P [Ngf[o,T] > n] < Chexp (—C’gﬁzn%) .

Proof. See the proof of Theorem 6.3 in [CLL13]. ]

Theorem 2.25. For all s<te[0,T], |J¥| is in LY(Q2) for all ¢> 0.

p-var;[s,t]

Proof. Using the fact that Nf_([ s,t] has Gaussian tails from the previous theorem, we see that

E [exp (C’gqux,[S t])] < oo forall ¢ >0, s<te[0,T]. Now from equation (4.10) in [CLLI3|, we have
the bound

HJX H <Ch HXHp var;[s,t] exp (C2N1);([s,t]) : (43)

p—var;[s,t

The statement of the theorem then follows immediately using Cauchy-Schwarz since |X[,_, 4154
also has moments of all orders. ]
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3 High-order directional derivatives for solutions to RDEs

We first begin with the following theorem.

Theorem 3.1. Consider the system of RDFEs

dy; =V (ys) odxy, yo=ace R®,
dJi = VV (yp) (edxy) Jf, 5 = L,

where x = (1,3:,x2) e CPvar ([0,T];G2 (Rd)), 2<p<3, andV isin Cg’(Re;Re ®R%).

In this case, both (y,V (y)) and (Jx, (Jx)') are controlled by x. Moreover, we have the bounds

19 cnar < o (1 1Vli2) (1% 1%sargor) (44)

and

p—cvar <Gy (1 +exp (CQNX[ ]))4 (1 + HXH;z)ﬂ)ar;[O,T])3 ) (45)

where Cy, Cy depend on p and HVHcg-

17

Proof. (i) From Corollary 10.15 in [FV10b], for v > p and s,t € [0,T"], we have

)
et =V (0e)zat = TV () V()2 ] < Cp (V2 1%l aron)

This implies that
'}’2_7)
R <, (\vv<ys><v<ys>>xst\ + (Ve 1)) )
< Cy (112 1Koy * 1VIE I, ])
and thus

VIV I

HR Hﬂ—var [0,T] <C (||VH(22 HX” p-var; [OT])’

p-var;

from the super-additivity of the right side of (46l). We will choose 7 to be in the interval (p,3),
and since

Hv(y)prvar;[O,T] < HVHle H?Jprmr;[o,T]
and
Wlp-vartorry < Co (IVleg lsarozy Y IV 123 TSIy )

we obtain (44]).
From Proposition 5 in [FR13|], we have

”Jx”p—var;[O,T] < exp (vavcg (NE[QT] * 1)) ’
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which gives us
HJXHOO <1+ exp ((7;,,7|‘/'|(:g (Nf;[O,T] + 1)) =1+ M. (47)

For each ¢ = 1,...,d, we can construct U; € C;?(]Re X ]Re2;}Re ® R%) which is equal to the vector
field (y,z) = VVi(y)z on the set W, = {z 3:5 | 2| < M+ 1} and vanishes outside the set Wy =

{z e R ‘ |z| < M + 2}. Hence we have

[Uiley < sup [VVi()z]eo + [VVi() o
zZeVVo

= V]es (M +3), i=1,....d.
Then the solution to

dy; =V (ye) odxy, yo=ac R®,
dJ =U(ys, J[) odxy, J3 =T,

where U = (Uy,...,Uy), will be the same as the solution to the original system on R® x Wy, and it
can be rewritten as

dgt = V(gt) o dXt, go = (a7IE)7
where §j = (y,J%) € R® x R™ and V], < [V ]es (M +3).
b
Hence, we can apply (44) to obtain

N 4 3
190-cvar < Co (1 1V e (M +3)) (14 %], yarsgorr])

and since J* is a component of §, we obtain (43]). [ ]

3.1 Upper bounds on the high-order directional derivatives

We now use the preceding theorem as well as results on controlled rough paths from Section 2.4] to
obtain upper bounds on the directional derivative

an = 1>
Dhy bt = 5y " : (48)
Lo Oey...0ey, el men=0
To condense the notation we will write Df'yt, for any finite subset A = {hq,...,h,}, instead of

Dy, . .n,yt, noting that the symmetry of the derivative ensures this is well-defined. For i € {1,..,n}
we then let A” (-): [0,7] - (R®)®' be defined by

AP (t) = » DIy, &--&DImly,, ¢ e [0,T7]. (49)
7T:{7r1,...,7Ti}€7)({h1,...,hn})

Here ® denotes the symmetric tensor product, and the summation is over the set of all partitions

of {h1,...,h,} containing exactly 7 elements. For all i € {1,...,n -1} and j€{1,...,n} we also let
n . e\®t
B}'; () :[0,T] = (R®)™ be defined by
By, (1) = ) D@Dy (50)

m={m1,...,mi y}eP({h1,...,hj-1,hjs1,...~n})

The following result gives an integral equation for the formula for Dy, y; in terms of these paths
(cf. [HP13], [Inald], [CHLT15]).
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Theorem 3.2. For p>1, let x e COP~vor ([O,T]; lelld (Rd)) and y be the path-level solution to the
RDE

dy; =V (y¢) odxy, yo € R® given, (51)

where V € C%Eme (Re; R¢® Rd). We assume that H% c CT7v ([0, T];R?) for q complementary to p.
Let n e N,n > 2, and suppose that hi,...,h, € ’Hil. Then the n'™-order directional derivative (1)
satisfies the RDE

n n-1n )
Dk, w ¥ = 2 V'V () A7 () odxe+ 30 37 V'V () By (£) d(hy)(8),  Dhy p,%0=0, (52)
i=1 =1 =1

wherein A} and B}'; are respectively defined by (49) and (50).

Remark 3.3. We will continue to draw the distinction between h in H{ and ®(h) in HY, and use
the notation D F rather than D) F (see Remark[2.1]]) in accordance with the rest of the paper.

Remark 3.4. The symmetry of the higher order derivatives of V ensures that we may simplify
V'V (ye) AP () in [@9) by replacing the symmetric tensor product with the usual tensor product to
give
V'V (i) AT (t) = 3 V'V () DIty @ - @ DImily,.
m={m1,...,mi}P({h1,....hn})

The terms V'V (y;) Bl (t) may also be simplified similarly. For this reason it is sufficient to prove
(B2) for paths A} and B}'; whose symmetrizations coincide with the right sides of ([AJ) and (B0)
respectively.

Proof. Since x is a geometric rough path, all the following computations that follow can first be
done with smooth paths x(™ that converge to x in p-variation topology, and the result will follow
after an application of the Universal Limit Theorem.

We begin with the case n = 2. Taking the directional derivative of Dy, y; (see ([89)) in the direction
of ho, we see that D%Ll’ n,Yt solves the RDE
dD;%l,hzyt =VV(y) (,Di%l,hzyt) o dx; + V2V (y1) (Dh, Y1, Doyit) © dxy
+ VV(yt) (Dhyyr) d@(h1)(t) + VV (yt) (Dnyye) d@(h2)(t).

The proof is finished by induction. Assuming (52]) is true for n = 2,. .. k, one can take the directional
derivative of Dy, . p, ¥ in the direction hj,; to obtain the identity

(53)

k t . k-1 k t .
DEL b = 3 D [V () AF () 0 dx+ DI [V () BE (5) ao(h;)(5)
1= 1=1 9=
k+1 t . B k k+1 t . B
=3 [V @) A () edx,+ Y3 [TUV (u) B (5) d(hy)(s),
i=1 i=1j=1
where the coefficients A¥*'and B¥*! are the (R¢)®'-valued paths defined for ¢ € [0,7] by
) Dy A7 (1) i=1,
AP () =3 Dpy A (1) + AR (1) @ Dp e, =2,k (54)
AR (t) ® Dp,., Yt i=k+1,
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and

D, B k(t) i=1, j:1 K,
Bk+1 (t) th+1 (t) + BZ 1,7 (t) ® th+1yt’ i = k 1 ] - 1 k’ (55)
zl](t)®th+1yt7 Z:k,jzl,...,k,
AR (1), i=1,...,k, j=k+1.
To finish the inductive step we first show that for every ¢ € [0,T],
Ay =AM ) vi=1,.. . k+1, (56)

where a=b means that the symmetrizations of the tensors a and b are equal. From this it immediately
follows that V'V (y;) A¥*1(t) = V'V (y) A" (¢) for all i = 1,...,k + 1. We check (B8) for the
boundary cases first. For ¢ =1 the induction hypothesis gives at once that

Ak+1 (t) Dk+1 hk+1yt7
whereas the case ¢ = k + 1 follows from
AP (t) = A) (t) ® Dy, e
= Ak (t) éphk+1 Yt
= Dhlyté'"éphkﬂyt ﬁﬂ (t)

For the remaining cases i = 2,...,k we note that any partition of {hq,...,hx1} of size i can be
formed from a partition 7 of {hq,...,ht} in one of two ways. The first way is that = = {7,..., 7}
itself has size ¢ and h; is assigned to one of the subsets mq,...,m;. The second way is that « =
{my,...,mi—1} has size i — 1 and {hg,1} is adjoined as a singleton to give {my,...,mi—1,{hks+1}}-
The two terms in (54]) obtained by differentiation and the tensor product respectively correspond
to these operations. By the induction hypothesis, Ak (resp A ") includes a summation over all
partitions of {hy,...,hy,} of size i (resp. i — 1), thus every partition of {hi,..., hgs1} of size i is
accounted for in (B4)). It follows immediately that

A () 24T ().

Finally we show that for every ¢ € [0,T],
BEF (1) =Bl (t) Yi=1,...k, j=1,...,k+1.

Again we treat the boundary cases separately. For j = k + 1, from the definition of B and A, we
have

S+l k k+1 .
Bi,;;-%—l (t) = Az (t) = Bi,;+1 (t) ) Vi= 17 e 7k'
For i=1 we have Vj=1,...,k
k 1
5H(t) = Dhy,, By (1)
= Dhyeos iy oy ool Ut
k k 1
:Dhlv---yhj—l7hj+17---7hk+1yt j (t)

The remaining terms are dealt with by exactly the same argument used for the non-boundary A
terms, and the induction is thereby complete. [
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The following corollary makes explicit the expression given in Proposition 11.5 of [FV10b].

Corollary 3.5. Under the conditions of the preceding theorem, DZI,...,hnyt equals

5 [TV A @ e £ 3 [RGB () s 6T)
=2 i=1 j=1
for alln > 2.

Proof. From formula (52) and the fact that
1(s)= Dzl,...7hnys’
(B7) can be recovered using Duhamel’s principle. [
We now arrive at the main result of this section.
Proposition 3.6. Let pe[2,3), ¢:=5 and neN. Let y be the solution to the RDE
dy; =V (y¢) odx¢,  yo € R® given,

where x € COP~var ([O,T];G2 (]Rd)) and V e CF"(R% R @ RY). Then there exists a polynomial
Py : Ry xRy = Ry of finite degree d(n) for which

1D oy < Pty (10 -sarsgorry - 30 (€ Mo ))Hn@(h)uq wrior]s (58

forany hi,..., hy € ’H‘li. Here NY is defined as in (A2)), and the constant C as well as the coefficients
of Py(n) depend only on HVHlem and p.

Proof. The proof will proceed by induction. First, we denote

F =)'V (), i=0.1,....

Applying Theorem B.I] together with Proposition ZZI9to V'V (y), we see that there exists an integer
k1 such that

k
9V, v < Ct (1 %l poarporry) (59)

(note from (I4) that [x* H vars < Cx|*
know that there exist ko and l Such that

p-var:[0,T] for all k) and again from Theorem B}, we

%] PV, ey <o (1450 OV m))) ™ (14 Iy sargorry) - (60)

Now applying Leibniz rule, i.e. Proposition 220, we have, for some integer k,

p—cvar ?

7], v < (130 (C2 N 0)) (1 1 o) (61)

where C and Cs depend only on p and HVHcgﬂ-.
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We now begin with the base case n = 1. Let ¢; denote J and 1y denote fot (JX) 7V (ys) d®(h(s)).
Then Dpy; = ¢41)y and applying Young’s inequality to 1y, we obtain

”fot (T2 V (ys) dB(h(s))

< CP H(Jx)_l V(y) HVP;[O,T] Hq)(h) Hq—var;[O,T] : (62)

q—var;|0,

Continuing, the second part of Proposition [2.20] tells us that Dy is controlled by x, and from the
bounds (61)) and (60), we have

1Dt y-cvar < s (1+ 0 (C N0 1)) (14 15y o)) 19 gvartory - (63)

The cases n > 2 are proved in the same manner. Let z{* denote
n._ n
Zt = Dhl,...,hnyt7

where {h;}", € H¢ is arbitrary, and the induction hypothesis is as follows:

Assume that for all n=1,...,k, 2" is controlled by x, and that

||Z Hp cvar = Pd(n) (HX”p var;[0,T] » » 6XP (CNX 0,7 ))H Hq>(h )”q var;[0,T]

To show the result for n = k + 1, first recall from Theorem that zf” = Dﬁfl hy.,, Yt €quals

I (),

where
tk+1
HF = f S FIAR(5) 0 dx,
0 =2
and
k 1 t k k+1 il
Wi [U3T S FIBLE () do(hy)(s).
i=1j=1

From the induction hypothesis and Leibniz rule, for a partition 7 = {m,...,m;}

in P ({h1,...,hgs1}), we have the bound

i k+1
< de(\ml) (”XHp var;[0,T] » €XP (ONX 0,T )) H ”q>(hm)Hq var;[0,T7]

(64)

HDlx7-T11|y~®"'®D‘£i‘y- H

p—-cvar

and similarly for a partition = = {m,...,m} € P ({h1,...,hj_1,hjs1,..., hgs1}) we have the bound

DImily &---&DImily, : P x Jexp (C N* i ®(h P
H m Y i ?JHPWM 11 d(lm\)(‘ lp-varsto.7 > p( [OT]))m—l:[i#:j [ Chm )l gvarsgo,7

(65)
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Recalling the definition of A¥*1(s) in [@J), we use (64)) together with bound (BI]) and apply Leibniz
rule. After summing over ¢ and invoking Theorem [2.18] we see that H k+1 i controlled by x, and
there exists a polynomial P; such that

HFH P C N* T ®(h;
L e € Pr (1€ aro.ry 0 1;[0,T]))1—{” (hi)lg=varso.7 -
1=

For G**!, we will show that its g-variation is bounded similarly, and then add it to the remainder
term of H**! to make H**! + G**! a controlled rough path (with the appropriate bounds). Fixing
i and 7, from Young’s inequality we have

H/O F;'B;f;l (s) d®(h;)(s) < Cp | F!

q—var;[0,T]

HVP;[O,T] HBllf;lep;[o,T] Hq)(hj)”q—var ’

Now if we recall the definition of ijl(s) in (B0) an~d use (G3) in the above expression, after
summing over all ¢ and j, we obtain some polynomial P, such that

il 5 k+1
HG ’ Hq—var;[O,T] <P (HX“p—Uar;[O,T] ) €XP (CNi{,[O,T])) 1_—{ ”(I)(hi)Hq—var;[O,T] : (66)

Finally, applying Leibniz rule to zf*! = J* (Hf*! + G{*') shows us that z**! is controlled by x with
the bound

k+1

HZkJrIprcvar < Py(k+1) (HXprvar;[O,T] ) EXP (CNf;[o,T])) q H@(hi)\lq,m;[o,ﬂ )

4 An isomorphism and dense subspace of the Cameron-Martin
space

In this section, we will identify a dense subspace of the Cameron-Martin space which will be of
importance later. The motivation is as follows: let Y be a solution to RDE (7). We would like to
show that Y e D2(#H¢), which in turn implies that Y is Skorohod integrable. To do so, consider a
partition m = {r;} of [0,7], and observe that

Yﬂ—(t) = Z K“Z]I[T,L,TlJrl) (t)

is almost surely an element of ’Hil. Using Ito-Skorohod isometry, we have
X g 2 g 2 T 2
E[6X (V™ =YY <E[|Y™ =Y [3a] + E[[DY™ = DY 30054

Thus if we can show that almost surely, | Y7 - Y||H(1i and |DY™ - DY||Hd®H(11 both vanish as |7 - 0,
then with further integrability assumptions one can apply dominated convergence to show that
X (Y™) converges to 6~ (V) in L%(9).

We will investigate the (almost sure) regularity required of Y to identify it as an element of ’Hil
and to have Y™ - YHHfli — 0. We first note the following lemma, which is a direct consequence of
Theorem 210
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Lemma 4.1. Let f € CH,"" ([0,T];R®) and R be continuous and of finite p-variation where we
assume that % + 151, For any partition @ = {r;} of [0,T], let f™ denote

P
fw(t) = Zf(ri)]l[m,riﬂ)(t)’
Then
Liri’lo‘f[o,T]z (fe = fs, [ - ft)Re dR(s,t)|=0.

Proof. Let w 7 denote the control

wp([:1] % [10]) = L1t 11

Continuing,
1 1
w([5,t] % [u,0]) = wp ([5,8] x [u, o)) wghi? ([5,1] x [u,0]), (67)
is again a control, where ¢ is chosen such that 6 := % + ﬁ > 1.

Now we have

Sy B2 = Fo 7 = B dR(s.1)

<zj f f (Fo = fros fir= Fr,)ge dR(5,)| .

By Young’s inequality (22)) and the fact that ( fs=fris =1 j>R
expression above is bounded by

vanishes at (r;,7;) for all 7,7, the

€

Z ”pr—Uar;[ri,riﬂ] Hpr*'UCLT;[Tj,TJL‘,l] HR”p+e—var;[ri,ri+1]x[rj,rjﬂ]
27]

<Cpyp Ewe([ri,rﬂl] X [ijrjﬂ])
,J
<Cpyp Irf;xwg_l([riarﬂl] X [rj,rﬁl])w([O,T]Q),

which tends to zero as the mesh of the partition goes to zero. [

4.1 A dense subspace of H¢

We now give a novel characterization of a subspace of 7—[‘11 using Young-Stieltjes integrals. Let R be
of finite 2D p-variation, where p € [1,2). We define

wi= UJ ¢z ([0,7];RY)

p<5
and equip it with the inner product
(F.hwg = [ e ) dR(s. 1), (68)

One can check that (-,-)Wg defines a semi-inner product; it is bilinear due to the linearity of the
Young-Stieltjes integral, and positive semi-definite as well as symmetric because the covariance
function R is positive semi-definite and symmetric. We will identify f and ¢ to be in the same
equivalence class if (f —g, f - 9>Wg = 0, and quotient Wg with respect to these classes. This then

makes (,-)yya a proper inner product.
P
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Proposition 4.2. Wg 1s a dense subspace of ’Hil, and the inclusion map i : (Wg, <"'>W§) -

d (.. i ;
(’Hl, (-, >H‘f) is an isometry.

Proof. Let f € Wg and let w(n) = {TZ.(")} be a sequence of partitions whose mesh vanishes as
n — oo. As usual, we denote

770 = 525 (1) 0 1)

Now the key point to note is that for each n, f”(”) is in Wg N ’H‘f; moreover

Bl bt
Hf ‘H(li gj: f,rl(")7f7-3(") Rd [Tl(n)ﬁ‘z(fl))’ [Tj(n)yTj(fi) Hl
(n) (n)
r 7
= n), n R Zn h;zl (69)
%:(fn( ) fé )>Rd (T]( ) T](J)
_ | e |?
=|f ng'

From Lemma [A.T] Hf”(”) - wad — 0, which means that ™™ is Cauchy and from (69) and the
P

completeness of ’H‘li, limy oo £ exists in ’Hil. We identify f with this limit and under this
identification we have

g = o e Fia AR50, (70)

(u)
Lo
is all of H¢. m

Since Wg contains all the generating functions { ()} of ’Hil, its completion, and hence closure,

Remark 4.3. We recall the following non-degeneracy condition on Gaussian processes which is
featured in [CEV09]. We say that R (or, equivalently, X ) is non-degenerate on [0,T] if the following
implication holds:

/[07T]2 (fs, f)ga dR(5,t) =0 = f=0 a.e. 1)

Under this condition, each equivalence class of Wg would then consist of functions which agree
almost everywhere.

4.2 The Malliavin derivative and convergence in the tensor norm

We will now extend the results of the last section to the tensor space ’Hf ® ’Hil. Let
X e COPvar (10,T7; Glr] (R?)) and assume that for all h e H{, ®(h) can be embedded in
ca—var ([O,T] ;]Rd) where 1—1) + % > 1. Then the Malliavin derivative of Y satisfying

dY; =V (Y}) odXy, Yo = o,

is given by

D= IRV 00 av)s) = [ A0 () (IX) V(1) @ (h)().
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If we denote
DY, = Loy ()77 (JX) "V () = g(s.).
then with respect to any partition = = {r;} of [0,7], we also have
DY) = ;DsYriﬂ[m,rm)(ﬂ
= ;g(san) Ly i) (0)-

We will proceed to show that DY lies in ’H‘li ® ’H‘li almost surely, and under suitable regularity
assumptions on DY, we have |[DY™ - DY||H?®H? — 0 as ||w| - 0. Coupled with the results in the

previous section, this will mean that Y™ converges to Y in D'2 (’Hil), and 6% (V) is then the L?(Q)
limit of 5% (Y™).

Proposition 4.4. Let g : [0,T]> - R°* @ R? be of the form g(s,t) = L10,6(8)G1(t)g2(s), where
91 € Ch," " ([0, T]; R @ R®) and g € Cpy,”" ([0, T];R® ® R?). Let R be continuous and of finite 2D
p-variation, p € [1, %), and we assume that % + 71) > 1. For any partition w = {r;} of [0,T], let
g™ :[0,T]? > R @ R? denote

gﬂ-(s7t) = Zg (S7T'i) ]l[Ti,TiJrl)(t)' (72)
Then

Jowp (S (67 =9 (0:9). (67 =) 08 dR(u.0)) ARG 1) 0. (73)

Remark 4.5. Here and henceforth, we canonically identify 2-tensors with matrices, and g1(t)g2(s)
denotes matriz multiplication of g1 (t) with go(s).

Proof. Under the conditions imposed on g, we will show that the 4D-integral in (73]) can be written
as an iterated 2D-integral and

fm]? (fm]2 ((g=9")(u,5), (9-97)(v,1))gegra dR(u, 1))) dR(s,1)

-y f 199 (s, 1) dR(s, t) 2% o,
TiTi+1

ij [ Ix[rjorje]
where
Ii’j(sat) = ‘/[‘0 ]2 <g(u73) _g(uyTi)a g(?},t) - g(v7rj))R6®]Rd dR(U,?})
First observe that for any r < s,

9(u,s) = g(u,r) =T, (w)g1(8)g2(u) = Lo,y ()91 (r)g2(u)
= 110, (w)(91(5) = 91(r) ) g2 (u) + Ly o) (u) 1 () g2 (w).

Thus for (s,t) € [ri,7i+1] % [Tj7Tj+1]a

I (s,t) = 1D (s,8) + I (s,8) + 157 (5,8) + 177 (s,1),
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where

I (s,t) = > (91(s) - gl(rz))lm(gl(t) gl(r)))ln/ (§2(u))mk(g2(v))nkdR(u’v)’

e [0.r:]x[0.15]
@%migymWMmgmmJ;WM@WM@wmwww
(s.0) = ! mz;z . (0(5) = 1r)y, (D), /[o,n]x[m, , (92(1)),,(82(0)) AR (u,0)
Iij(s’ B ! mz;z k (gl(s))lm(gl (t))ln f[n,s]x[rj,t] (92(u))mk(§2(v))nk dR (u,v),

and (g);m, denotes the (I,m)™ entry of the matrix g.

For k =1,2,3, since the summands in I,i’j (s,t) are products of 1D functions, we have the following
bounds on the 2D p'-variation of I} (s,t) in [r;, ri1] x [1j,7j41]:

irj
Il

-2 - ~
‘P_Uar§[7’i77“i+1]><[7“j77“j+1] <Chyp |92 HV”?[O,T] HRHP*”‘“‘;[O,T]Q l91 HP*UCLT;[W,TM] l91 HP*vm‘;[Vjﬂ‘jJrl] ’

irj
‘[2

‘p—UaT§[T’i7Ti+1]X[Tj77“j+1] : Hgl Hp—vm’?[’“jvrjﬂ] (Hgl HP‘”“’“%[T’ivriﬂ] th H°° + Hgl H‘X’ th Hp—vm’?[rivrﬂl])’

Z‘?j

<11 lpsirrroen) (10t eyt 1120 # 10w 102l s 1) -
(74

‘p*wlr; [ra,raet [x[r5,m541]

Here, hy and hs denote the functions (suppressing the dependence on m,n and k in the notation
since the bounds are independent of them)

hi(s) := f[ri,s]x[o,rj] (gg(u))mk(gg(v))nk dR (u,v),
ha(t) = f[o,n]xm,t] (92(u))mk(§2(v))"k AR (u,v).

Choosing ¢ sufficiently small such that p+e < p and + 5+ E > 1, we have

[ 7]

Go |12 2
”h2 “p var;[rj, 1] < “h2Hp+s—var;[rj,rj+1] < Cp,p ”92va;[0’71] wR7p+€(|:O,T] X [rj7rj+1])ﬂ+g’
171 o s [P2] o < €

~ 12 1
< Il 0.0 @npee (s 1]  [0,T]) 7

<
p—var;[Ti,ris1] pre—var;[ri,riv1] =

(75)

-2

1Vest0.77 1Bl pvarsfo,772 -
From (74) and (75), we see that the 2D p'’-variations of Ii’j , I;’j and Ié’j over [s,t] x [u,v] are
controlled respectively by

wr, ([s,1] % [w,0]) = Cv 132035001 191 1oy 190

wy, ([s,t] x [u,v])
= Co ”§2H$)€z;[o,T] |91
wr, ([s,t] x [u,v])

~ 112
= 03 “92HVZ;,[0,T] ||gl

I

R[5
p-var;[u,v]

p—var;[0,T]2

I

- N
p-var;[u,v] (”ngi var;[s,t HRHﬁ var;[0,T]2 + Hgl ”zo wR,P+€([S’t] X [O’T])p+s>’

IH-

p
p—var;[s,t] (”.ng

~ b
Dot IBIE oo s + 13112 wp e ([0, [, 0]) 747 ).
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For Ii’j(s,t), if we let

h3(3,t) - f[n‘,s]X[T’jJ] (92(U))mk(§2(v))nk an (U,U) ’
we have

H hs prvar; [risriet 1% [r5,m541] < H h3 H pre—var;[ri,ric1 |x[r5,m41]

~ 12 1
<Cpp ‘92va;[o7T] W pre ([ri,risn] x [ry,rjea]) 75
From Lemma 6] we then conclude that the 2D p**-variation of Ij;’j over [s,t] x [u,v] is controlled
by

wr, ([s,t] x [u,v])

~ 12 2 ~ -
= C 535 0.0y W pve (1581 x [u,0]) 7 (G2, + [

p—var;[s,t]) (”gl ”20 + Hgl Hp

bcarfuo1)
Now define w as

w([s,t] x [u,v]) :w}gl” [s,t] x [u,v])wﬁ [s,t] x [u,v]),

R,p+e
where w; denotes the control w; +w;, +w; +w;y, and 6 = % + ﬁ. Then observing that I (r;,-) =
Ii’j(-,rj) =0 for all 4, j, we use Young’s inequality (22]) to obtain
3 / I (s,t)dR(s,t) < Ewe([ri,TiJrl] x [r;,75+1]) = 0. (76)
1,5 [Tz‘yT’Hl]X[T’j,T’jJrl] 1,J

The following lemma was used in Proposition 441
Lemma 4.6. Let g1 € CP7"" ([s1,52];R) and go € CP7Y%" ([t1,t2];R). Given a 2D control w, let
feCP™ ([s1,82] x [t1,t2];R) have finite 2D p-variation controlled by w. In addition, assume that
f(s1,t) = f(s,t1) =0 for all s,t in [s1,52] % [t1,t2]. Then the 2D p"-variation of f(u,v)g(u)gz(v)
over [s1,s2] x [t1,t2] is controlled by
7w (L1, 0] % [t1,42]) (19112 + 19117 yaregsr.sa1) (19215 + 19217 sariges o)
Proof. Let {(u;,v;)} be any partition of [s1,s2] x [t1,t2]. We have
w wi \|
i 1+
ZZ]: fo (vj Uj+1)
= 2 1F (uiyv5) g1 (ua) + f (i1, vj41) 91 (wier) = f (i, 0j01) 91 (ui) = f (uinr, v7) g1 (i)

i,J

= Z ‘(f(ui,vj) - f(ui,vj+1))91(ui) + (f(ui+1,vj+1) - f(uiJrl,Uj))gl(qu)‘p
i,J

p
Ui Uit S1 Ui+l
f Ny v X
J J+

1
Vj  Vj+l
-1 p p p p
<2 [”9100 0o st o) * 1 o et ) 22101 (i) = 91 (i) ]

p

+ Z g1 (uiv1) — g1 (ug) P

J

< 2p! [Z

1,J

)guu»
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which tells us that the 2D p*"-variation of fg; is controlled by

27w ([s1,50] x [t1,82]) (191 1% + |n

pfvar;[sl,sﬂ) : (77)

Repeating the same procedure with fg; (controlled by (77)) in place of f and g2 in place of g;
completes the proof. [

Proposition 4.7. Let g(s,t) = 1194 (5)g1(t)g2(s), where 1,2 € Cpu'™™" ([0,T];RY ®R?), and let
g™ be defined as in ([T2)). Let R be of finite 2D p-variation, p € [1, %), and we assume that %+% > 1.
Then g € ’Hf ® ’Hil, with norm given by

HgH’H‘li®'H‘li = \/‘/[‘071.‘]2 (‘/[‘071_‘]2 (g(u,s), g(vat))]Rd@Rd dR(U,U)) dR(S7t)7 (78)
and
lg™ - 9“7-[!11@7{11 -0 (79)

as ||| - 0.

Proof. Given a d-by-d matrix function A(s), let a§i)(s) denote the (i, )" entry of A(s). Using
the canonical identification

d d .
Ay (@) = 3 Y aP ()ex® 1 (1), a,be[0,T), (80)
J=1k=1

we see that ¢" is a member of Wg ®H?, and thus lies in ’H‘li ® ’H‘li by Proposition Furthermore,
we can compute the square of its norm

d
T2 Tk Tk+1
15 et = foy s & 0000000 a0 (171

Ti+1
) f[O T2 (f[o T]2 (9" (u;8),9" (v,1) ) pagra dR(u,v)) dR(s,t).

Taking any sequence of partitions m(n) with vanishing mesh, we know that g™ is Cauchy as
n — oo by Proposition Z4] and we identify g with its limit in H¢ ® H¢. Invoking Proposition [Z.2]
again gives us (78)) and (79]). ]

4.3 The Ito-Skorohod isometry revisited

Theorem 4.8. Let X be a continuous, centered Gaussian process in R® with i.i.d. components,
and assume that its continuous covariance function satisfies HRprar;[o,T]? < oo for some p € [1, 5).

Given p satisfying % + % >1, let Y be a random variable which satisfies, almost surely,

(i) Y € Cp,"" ([0, T];RY),

(ii) DY : [0,T]?> - RY@R? is of the form T1o,6(8)31(t)g2(s), where g1, o are both in
Cho' ([0,T; R @ RY).
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Then lim o Y™ =Y in DY2(HY) if and only if

E |:‘/[0 T]2 (Y -Y, Y - Yt>Rd dR(S,t):I =0

[]—0

and

tim B [ (e (P (O =, Dy (4 = Y paggs AR(r0)) dR(s.1)| =0,

I —0

in which case lim o E [5X (Y™ - Y)2] =0 and

E[5¥ (V)] = E[[[QT]Z (Ys, Y1) g dR(s,t)] +E[f[0 oy (DYID,Y:) dR(s,r)dR(t,q)].

Proof. For a Malliavin-smooth real-valued random variable F', we will write

DF = (DWF,... . DDF) ey,

which means that ng )Yt(i) will denote the (i,7)"-entry of the matrix D,Y;.
From Propositions 1] and £.4]

B[y =Y ly] <[ [ 07 =Y Y7 ¥ dRGs1)|.

and E [HDY” - DY\\?_L?@H?] is equal to

B[ [ (e (P (7 =0 Dy (07 = Yo)hgsgna dR(r)) dR(s. ).
Furthermore, It6-Skorohod isometry (see [NuaO6]) gives us

E[6¥ (V)] =E [||YH72LL¥] +E [trace (DY o DY)]
- lim IE[HY“||§L¥]+ lim E[trace (DY o DY™)],

Il =0 0
since
E[6X (V™ =YY <E[|Y™ =Y [3a] + E[[DY™ = DY 3004

Recall that the trace term is given by

trace (DY o DY) = i (DY (hm), (DY) (hn))

d

m=1 i

where {h,,} denotes any orthonormal basis for H{ and
d

DY (b)) = | (YO, 1)) |

d
CONUSIOEDY [(Dg'f)y,hm(-))w{] e Te[0,T], m=1,....
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For the first term, we have

tj tin
lk tre1

lim
[7]—0

—hmEE

SB[ e Yide dRG0)|.

)

IE[HY“H?W] <Ytj’Ytk>RdR(

)
J

and for the second term, we need to compute

(e o]

> DY (hm), (DY™)" (hin))

m=1

E [trace (DY" o DY ™)] = E[
d

DY ™ (hm)(r) = 2[
k=1

(DY™)" (hn)(r) = 3,

k=1

We have

Y (DY (- )) RING

i

:|ek, and

U

[Z (Dﬁkmjhj(.),hm(.)m] er,, Tel0,T],m=1,...,

which yields

[ee]

E| Y (DY hy, (DY™)" hy)

m=1

=E

i,J

7'7

j k

HM&

[y

M:“

Jk

"

[y

3
1l

>,

m=1

o

((Dﬁk)ytj]lAj(.), hm())}ﬁ (v ®, hm(')>yg ]lAl.(r)>

'H1_

MS

D(k)ytj]]'Aj(')7 hm(')>Hd <D'Yt§k)’ hm(')>7-£d ’ﬂAi(r)>

1 Ha

=E

Z Zj: ((ng)njllAj(.),Dngk)M? ’M"(T)Ll] ;

[ i k=1
where r is the variable for the outer H;-inner product.

Since

M=

A NN R WD i G IMOR 2R )

1 Ha

~
1l
—_

M=

k)y- (1) 1)y (k)
DN (13,0, 2070),

a

~
1l
—_

with R(A;,dr) denoting R(t;41,dr) — R(t;,dr), cf. (I9), we obtain

E [trace (DY™ o DY™)] = E Z Z (DY 14, ()) (POY . 14, ()

L )
E|T Y [ pOvPr@Ld) [ DOV PR 4| B
| i,J k,l=1
QE[f[O - tr (DrY; DY) dR(s,r)dR(t,q)] as || - 0.
|
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Remark 4.9. In the case of standard Brownian motion, if we use the fact that dR(s,t) = 074y, dsdt
in Theorem [{.8, we recover the usual Ito-Skorohod isometry

E[6% (V)] =E[f0TIYt|2 dt]+E[f[0T]2tr(Dt1gDSm dsdt].

)

4.4 Riemann sum approximation to the Skorohod integral

Proposition 4.10. Let X be a continuous, centered Gaussian process in R® with i.i.d. components,
and assume that its continuous covariance function satisfies HRprar;[o,T]? < oo for some p € [1, 5).

For pe[1,3), let X e COP~var ([O,T];GU’J (Rd)) denote the geometric rough path constructed from
the limit of the piecewise-linear approximations of X.

Furthermore, let Y € CP7Y" ([O,T];Rd) denote the path-level solution to
dY}/ = V(Y;) o dXt7 Yb = Yo,

where V € CépJJrl (RERY@RY). Then Y e DV2(HY) and

T Ti
foveaxo= dimo SV () - [T e VOO RG] 6
where the limit is taken in L? ().

Proof. From Propositions B2 and @7, we have Y € H¢ and
DY = 1[07t)(s)J5_8V(}/;) e Hi®H¢ almost surely. So in light of Theorem .8, we need to show that

lim E / YT~ Y, Y7 - Yi)pa dR(s,t ]:0, 83
H7r1\|—>0 [ [0,T]2< ° ! t>Rd (3 ) ( )
and

T E[f ([ P07 =) Dy (07 = ¥i)hsgss dR(w ) dR(s.)] 0. (34

For (83), we have

E[[[o ]2 (Y] =Y, Y™ = Yy)pa dR(Sﬂf)] :E[Z f”” [’"j” (Yo=Y, Yi= Y )pa dR(s,1) |, (85)
’ i, 7T T

and from Lemma [A.J] with w and 6 defined as in (67]),

2
2¥)

<Cpp Zwe([%ml] x [1,7541]),
Z?]

Ti+1 Tj+1
L Y Y= Y ) ARG )
T T;

which tends to zero almost surely as the mesh of the partition goes to zero and is also bounded
above uniformly for all partitions by the random variable (up to multiplication by a non-random
constant)

2
HYprvar;[O,T] H‘Rupﬂ)ar;[O,T]2 :
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This is in L'(©2) by Theorem 23], and thus the limit of (85]) vanishes by dominated convergence
theorem.

We will use Proposition .4 to show (84]). We have
oz (s (P07 =Y DO =¥ g dR(w0)) dR(s,1)

2 /[ I« ] f[o ]2 (DuYs = DuYi, DoYi = DoYe ) g AR (u,0) dR (s,t).
TisTa+1 [X[T5,75+1 s

i7j

(86)

With g(s,?) := DsYy = L[g4) ()91 (£)g2(s), where

Q) =I5 Gas) = (JX) TV (Y),

we see that g satisfies the conditions of Proposition 44l almost surely. Hence, from ([76]), the
expression in (80 vanishes almost surely as the mesh of the partition goes to zero.

Furthermore, it is bounded above uniformly for all partitions by the random variable (up to mul-
tiplication by a non-random constant)

”gl H%)P;[O,T] HQZ ||$)P;[0,T] HR”ifvar;[O,T]2 : (87)
As with the case of Y| JX Hp_ and H(JX)JH have finite moments of all orders by
var p-var

Theorem 2.25] This in conjunction with the fact that V(Y') is bounded almost surely ensures that
([B7) is integrable, and thus we can apply dominated convergence theorem again.

p-var?

Finally, the fact that the limit is of the form (82) follows from integration-by-parts, where we have

d
T k
) =8| Xopdea - 3 (YO, 0),, ]

-3 [(Ym, X roor Y — fo " [JX V(Y] R(A ds)] .

5 Appending the Riemann sum approximation to the Skorohod
Integral

The main purpose of this section is to show that the usual Riemann-sum approximation to the
Skorohod integral can be augmented with suitably corrected second-level rough path terms which
vanish in L?(Q) as the mesh of the partition goes to zero.

We will use 7(n) := {t} to denote the n'® dyadic partition of [0,77], i.e. t} = 22% fori=0,...,2",
and A7 to denote the interval [¢],t7,].

In addition, p’ will denote the Holder conjugate of p, i.e. % + % =1.

Proposition 5.1. Let X be a continuous, centered Gaussian process in R® with i.i.d. components,
and for p € [2,4), let X e cOP~var ([O,T];GlpJ (]Rd)) denote the geometric rough path constructed
from the limit of the piecewise-linear approzimations of X.

Let p and q be such that p € [1,2) and % + % > 1. We assume that the covariance function of X
satisfies
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(CL) H*RHp—var;[O,T]2 < %,

(b) ”R(t’ ) - R(87 ')“q—var;[O,T] < Clt - Sli, fO’f’ all Svt € [07T]

d
Now let ¢ : Q x [0,T] — R ® R? be a stochastic process satisfying v, = Z wt(a’b)dea ® dep €
a,b=1

DY2(RIQ@RY) for all t € [0,T]. Furthermore, assume there exists C' < oo such that for all s,t € [0,T]
and a,b=1,...,d, we have

[E[pDp{*] < C, (88)
and k =2,4, we have
£[Df, _, (5ePue)]| < cﬁ 190yt (59)

for all hy,... hy e HY.

Then
3 & 2 1 2 mn n
T}EIOlO Z djt? Xt?’t?ﬂ - 50 (ti 7ti+1)Id =0. (90)
0 L2(9)

Proof. First note that

2 2 1 2 4n n

2, vy (Xt?,t;:l 57 (5 ti) La

o ,

Z 2n_1 s 1 o on_y N (91)

S Z ¢t:b ((Xiﬁ,tlﬁﬂ) - 50‘2 (t?7t?+1)l'd) + Z ’I’Z)t? ((X?;Lﬂf;fﬂ) ) ,
=0 rx (@) =0 L2(9)

A . .
where (Xz)s denotes the symmetric part of X2 and (Xz) denotes the anti-symmetric part. The
two parts will be tackled separately, and since

2"-1

ZO Vi ((X??ﬁtzzl)A)

Y

12(2)

o () )

and similarly for the symmetric part, we can study the convergence of each fixed (a,b)th tensor
component individually. For simplicity, we will henceforth suppress the notation for the component
in the superscript of 1.

L2(Q) ab=1

Let hi,ha,g1,92 € HY be such that <hi’gﬂ'>7—l‘{ =0 for all 4,5 = 1,2. Then from the product formula
[27), we have the following identities
[1(h1)]1(h2) = [Q(hlé)hg) + <h1, h2)H(1i s (92&)

Ig(hlé)hg)fg(gl@gg) = I4(h1®h2®gl®gg), (92b)
and
[Q(hl ® hl)IQ(hg ® hg) = I4(h1 ® hléhg ® hg) + 4[2(}11@)}12) (hl, hg)Hflj + 2 <h1, h2)§-t‘1i . (92C)
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Following [NNT10], the idea of the proof is to rewrite (@] in such a way that the summands take
the form
E [wt?wt?X(a) x®  x(a) x() ] 7

Ul,u2” " U3,U4~ " V1,027 7V3,V4

where [ug,us], [us,us] c [¢7,t7 ] and [v1,v2],[vs,v4] € [t;‘,t;ﬂrl], or

a 2 n n a 2 n oun
e e (5, ) o @) (¥, ) - ()

as appearing in the symmetric part. After applying the identities in (O2) and using the duality
formula (26), (89) will be used to bound the summands.

(a) For the symmetric part of the second level rough path, we have

s 1 n 4n (@b 1 a b n 4n
((an tr ) - 5‘72 (; 7ti+1)Id) =3 (Xt(?,)tZlXt(?,)t?ﬂ ~ b 0” (1] atm)) :

In the case where a = b, we need to estimate

271 o 2 2
IE|:( Z(:) ¢t? ((Xt(i,t)ﬂl) _02 (t?atﬁl )) ]

271 @ \2 2 @ Vo

- .ZOE[%;L%?((XW%) -0 “?”f?ﬂ))((le) ol ’t?”))] o
,]=

= (@) g 1(®) (@) g1

S afonsgnli ) (s 013)]

i3=0 ' '

where the last line follows from (92a). Using (02d) with h; = ]leT)L(-) and hg = ]lglg(-) and applying
i J

the duality formula (26]), the expression above is equal to

1 1 5 ot ot 2
Z E [Dhl,hl,hg,hzwt;?wt;%] +4E [Dhl,hz”l/%g"l/}t;] R (t% tff ) +2E [wt;ﬂbt;%] R (t% tﬁr ) :
,5=0 7 7+1 j J+1

For the first term, we have

2" -1 2" -1 9
2 E[Dh nanntr vy | <€ 3 IR anfor) AT ooy
h " (94)
<——— -0
92n(3-1)

since p < 2.

For the second term, we have

o =

on_1 ) ot 21 ) P % 2n-1
Z E [Dhl’hzqﬁt?wt?] R (t% t;;r ) . Z £ [Dh17h21’bt?¢t§b] Z
J

i,5=0 Jj+1 1,5=0 1,5=0

p
R (t? t?ﬂ)
n n
ty tig (95)

—on(i-L —2n(2-1
< CINIRI ooz = C2 T C R oo
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which also vanishes as n tends to infinity.

For the third term, we have

2" -1 n n 2 2"-1 n n 2-p n n P
t’ A t!
> E[vgun|R ( t::l) <Cy R(ta t,’fl) R(t; tifl)
i,5=0 j J+1 i,7=0 g g+l g i+l (96)
¢ P
- n(2 p) HRHP var: [0 T]Za

p

which vanishes as n — oo since p < 2.

In the case where a # b, we let
=100, he=1000), g=1500), and g2=1000).
We obtain
E v XXX QXL
=E :1/%71/%; (12(h1®h2) +(h1, h2)7—zf11) (12(91®92) + (91,92)71;1)]
=E :¢t?¢t?14(hl®h2®91®92)] +E [W;L%yfz(hl@hﬂ] {91, 92)9
+E [T/thlbtgfz(gl 5992)] (h1,ha)ya +E [¢t;¢¢t;] (h1, ha)yga (91, 92) 04

2
_ ot
=E D%17h2,gl7g2wt?wt?] +E [wt?wt?] R (t% t;:rl)
L J

j+1
+ (E ['D;%hhzwt? T,Z)t;?] + E[ g1, gz¢tnwt7l]) (22 tgill) ‘
J J

Similar to the case where a = b, the sum over all 7,5 of the first, second and third terms in the
above expression can be bounded by ([@4]), ([@6) and (@3] respectively, and hence vanish as n — oco.

(b) We will now handle the anti-symmetric part. We will use (Xg’t)A (m(k)) to denote the Lévy
area of X™(*) the piece-wise linear approximation of X over m(k), i.e.

(X2,)* (n(k)) = ma (log (52 (x7) t)) 7
where 7y denotes projection onto the second level. Next, we define
A A A
(XZ0)" (D)= (X5,)" (w1 + 1) = (XT,)" (7 (D).

A
and noticing that (X?’.‘,t’.’ 1) (m(n)) =0, we can use Theorem 21Tl to see that

(th m )A = lim > (Xin’t?” )A (Ap4k) for every neNandi=0,1,...,2" - 1,

i 07i+1 mM— 00
k=1

where the limit is taken in L?(1).

We want to show that

2n-1 ) A (a,b)
Z Pin ((Xt?vtﬁl) (m(n+ m))) =0
1=0 L2(Q)
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uniformly for all m as n - oo. To begin, let

ki ._ 4n U _ an+k
Su = tl + 2n+k - tu+i2k’ (97)
and we will denote the intervals
i [ ki ki i [ ki ki
ul T | S2urSous1 | ul = | S2us1r Sour2 |
(98)

Al= AL UAD L[ t7,], Yu=0,...,28 -1

Note that we suppress the dependence on k£ and n in the notation for the variables on the left.
Continuing, we have

2k-1-1 2k-1-1
@3 exp(XAfL) ®eXp(XAiR) - @% exp (Xai )
ok-1_1 ®2 k11 ®2
-® 1,XN,( ai) (0,0, [XN X i ])— R 1,XN,( ai)
u=0 ub u u=0 2
2k-1_1 1
= (0707_|:XAi ,XAz ]),
u=0 2
which means that
A ok-1_1 1
(XEap,) Ak = 25 [XA;L=XA:;R]
since only anti-symmetric terms are left in the difference.
Thus, we obtain
-1 A (ab)\ 2
IE|:( > Yy ((X?y,t;;l) (m(n+ m))) ) ]
i=0
on_1 m , A (a,b)\2
5|2 e 3 (%) @) )
=0 k=1 (99)
2"-1 m A (a,b) m A (a,b)
=2 E [%Wt? 2 ((X?;atzal) <An+k>) 2 ((X%%tzzl) (Aw)) ]
i,j=0 k=1 I=1
125 & (ab) (a,b)

-3 2 3w e, X, [, 20, ]

Since the (a,b)™ entry of [XN-L,XN-R] € so(d), where a # b, is given by
(a) 3 (b) (b) y(a)
Xal, Xar = Xar Xar
each summand in the last line of (@9]) is of the form
(@) () y(a) x(b) |_ nahon X (@) (0) - (0) x-(a)
£ vy X, 30, X9 X0 | -2 x@ 30, x9 10 | (100

il ) (@) y@) 5 (b) 0 (@) () (@)
E[iﬁtiwthAzLXAzRXAiLXAiR] +E[¢tiwthAiLXAzRXAiLXAiR].
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Proceeding, we will use the first term in the above expression for the proof and omit the other
terms as the result remains the same with trivial modifications to the notation. We first denote

ki ki ki ki
R( '192u 312u+1) R (3l2u+1 3l2u+2) (101)
7.7 7.7 7-] 7-] )
Sov+l  S20+2 Sov+1 S2v+2

+ +

+ Lj Lj

ki k.1
Sou, 82u+1)
Sov  Sousl

RA:LMXA{; = ‘R( 17.7 lv.?

k. ki
R (32u+1 32u+2)
Sov S2ur1

and note that

2" -1
3SR VR oz
4,7=0 u,v
Next we let
—W’ O =10 (). = n&f{R(-), and gy : —n“ ol

and applying (92D), we get
(a) () y(a) - (b)
: [Wﬁ? tai, XA:;RXAzLXAz;R]
=E [¢t?¢t? (12(h1®h2) +(h1, h2>H«11) (12(g1®92) + (91,92)7{?)]
=E [%7%;14(}11@12@91@92)] +E [¢ty¢tgf2(h1®h2)] (91, 92) 39
+E [%?%;Lb(gl ®92)] (h1,ha)ya + E [T,Dty%y] (ha, ha)yga (91, 92) 0

=:A1+A2+A3+A4.

(i) Terms of type A;:

‘E [Dhl’h%gl g2 (wtyl/}ty)”
< C 120 40,11 192 g-varf0,17 12D | g-varsfo.17 19(92) lg-varsgo

<ClR(s5 ) =B (50, 1B (5000 ) = R (50 o

V()R (g )~ RO

g—var;[
—2(n+k) —2(n+l)
<C2 » 2 r,

and thus we have

2” 1 m oo
e Okl 1;) ‘E [Dhl’hz’gl’gz (%?%?)” ez k=1
< C’272n(971) —0asn — oo.

(ii) Terms of type Ay and As: We only detail the argument for the Ay terms; the Az terms can
be dealt with in the same way. Using Holder’s inequality and by exploiting the upper bound

(n+k) _ (n+l)

1 1
P l?] lvj P S C27 » 2 o ,

ki _
Sou+1 T 520

|E [Dm ho (wt"”tﬁt”)” <C |32u+1 ~ Soy
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we obtain

2"-1 m

() 5 (b)
E wih )| E| X X0
3,8 TP ()20, 20 |
m [2"-1 o o f2n-1 %
<C'y (Z Z|E Dhl,hz(%nm)” ) (2 sziXN_)
k,l=1 \1%,7=0u,v 1,7=0 u,v uX B
cc 3 oG 7)ot G-7)G-7) gy e
k=1 ”
Since % - == % —1>0, we may sum over k and [ to get
2"-1 m
> YE[D} 4, (wt;wt;z)]E[Xg? x() ]scz 2n(3-1) L ——
1,7=0 k,l=1u,v ul oR

which tends to zero as n — oo.

(iii) Terms of type A4: We have

ki ki ki ki
S S S5, S5,
E [ thun | (b, ha)aga (91, 92)30 = B[ nthun | R ( 2 %};”) R( purl %3”)

321) Sov+1 Sov+1 S2u+2
<CR2AZ xAJ”
Using the fact that
Rt <28 (55) = B gy = 1A () = R (5 ) o)
and
Ragnt <2 ([R (50 ) =B (5 o # TR G5 ) B (800 )] o)
we have
&S ¢ 2 (k) 52 () 52 S o
> YR, INELC Y R e Y W
k,l=11,7=0 u,v k,l=1 1.5=0 u,v un
ccr®(8) $ o GG ymyy
k=1

which converges to 0 since % - % > 0.

Given the preceding proposition, the following corollary is straightforward.
Corollary 5.2. For2<p<4, letY eCP " ([O,T];Rd) denote the path-level solution to
dY; =V (Y;) 0dXy, Yo =y,
where X e COPvar ([O,T];GU’J (Rd)) satisfies the same conditions as in Proposition [5.1. Then if
Vel (RERY @ RY), we have

= 0. (102)
L2(Q)

H7r(n)H»0 Z V(Y;f" (Xf?’tﬁrl a 2 (tl 7tz+1)Id)
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Proof. Since V € C;, E [Vs(a’b) Vt(a’b)” is bounded for all s,t,a and b. Now we have to show that
bound (89) in Proposition [5.1]is satisfied with

U =V(Vy) eR‘@RY,

to show (I02]). To do so, recall Proposition B.6] which states that almost surely we have
1D7, ... Y < Py (X o,y - 30 (C N 1y ))H\\@(h Wo-varory-  (103)
As both [X[,_q.10,r] and exp (C’ Nl),([0 T]) belong to N,sq L™ (Q), we have

HDZL---yhnYZ

RSN § (LRI .

for any r > 0. Now we simply use the product and chain rule of Malliavin differentiation in
conjunction with the fact that V' has bounded derivatives up to the appropriate order. [

6 Conversion formula

We are now ready to prove the main result of the paper. As before, m(n) := {t]'},t' := ’25':, denotes
the sequence of dyadic partitions on [0,7].

Theorem 6.1. For 1<p<3, let Y e CP7V" ([O,T];Rd) denote the path-level solution to
dY; = V(Y;) odXy, Yo = o,

where X e COP~var ([O,T]; Gl»] (Rd)) denotes the geometric rough path constructed from the limit of
the piecewise-linear approzimations of X, a continuous, centered Gaussian process in R® with i.i.d.
components and continuous covariance function satisfying |R|,_,q.[0772 < 00 for some p € [1, %)
In addition, we have the following assumptions:

(i) If1 <p <2, assumeV € C} (Rd;Rd ®Rd) o2(s,t) < C |t - 5|’ for some 6> 1 and | R(- M g=varso,r
oo, where + +1>1.
P g
(ii) If 2 <p <3, assume that V € Cg (}Rd; R ® ]Rd), and the covariance function satisfies
1
| B(t,-) = B(, ) p-varsjo.r) S ClE=8]7 (105)

for all s,t€[0,T].
In either case, almost surely we have

T T | T
fo Ytodthfo Ytht+§/0 tr [V (Y3)] dR(s)
’ /[0 T2 Lo (8)tr [T,V (Ys) = V(V2)] dR(s,1).
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Proof. Using regular Riemann-Stieltjes integration when 1 < p < 2 and Theorem 218 when 2 < p <
T .
3, fo Y; o dX; is equal almost surely to

Y;f" ( 2N A4 ) 1< p< 2’
1 i 77i+1
nl—EI(;lo ZZ: { tn (th t;LJr ) + V(}/t”) ( t'rl t’rl ) 2 S p < 3

We now apply Proposition [£.10in conjunction with Corollary Upon extracting a subsequence
(and reusing the index for notational simplicity), the Skorohod integral is given almost surely by

7 71+1

T n ,
fo Y;dX; = lim Z[Yt; (Xpngn ) - fotl tr[JX V()| R(ALds) +A(z)]7

where

o | VYr) (=507 (8], 121) Ta) 1<p<2,
B V(Y;?) ((X%’t;‘lﬂ) 30° (tn’twl)zd) ’ 2<p<3.

Note that when 1 < p < 2, we can append ZZV(Ytn)(—icr2 (t7,t%,)Zy) to the Riemann sum
approximants of the Skorohod integral because

te[V (Yip)]o 2(t“t2+1)<Cthm 7, (106)

which vanishes as n — oo.

In both cases, subtracting the two integrals gives us

T T
fo Ytodxt—fo Y; dX,

~ lim Z/ e [JX V(Y| RAL, ds) + 02 (7, #70) tr [V (Vi) .

mn—>00

(107)

Subtracting tr [V(Yt?)] R(A?,t?) from the first term on the right of (I07) and adding it to the
second term gives us

n

tr . .
fo tr [ IS,V (Y.) | R(AT, ds) + = 02(@,%)“[1/(3@7)]:F<Z>+G<Z>,

where
O /;7 te [TV (V)| R(AT, ds) - tr [V (Vi) R(AT 1),
G = —o? (4747 ) tr [V(Kt?)] +tr [V(Y}y)] R(A} 7).

We have

. £
FO) - fo tr [T V(Y2) -V (V)| R(AT,ds)

T
- [ h(st)R(ALds).
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where we denote
h(s,t) = Lo (s) tr [ T2,V (Ys) - V(1))

Since h(s,t) vanishes on the diagonal, it is continuous almost surely on [0,7]?. Furthermore, we
have complementary regularity since % + % > 1, in which case Theorem 2.10Q] tells us that

h(s,t)d t
o P50V ARG,

)

exists. Thus, we have some partition 7’ = {sg} x {tI'} such that

~/;)T

)

n Sk Sk+1
E h(Svt) dR(Svt)_ZZ];h(skvti )R(tzn n )

i+1

Refining {sy} if necessary, we also have for each i

T n n n Sk Sk+1

i+1

2 ()
<zl )
2\2n
and note that these estimates hold for all 7 = 71 x 9 where ||| < |7'|| and 72| < ||7(n)|. Thus
FO o [ h(s,t)dR(s,b).
RO~ [ bR
For the G terms we have
; 1
GO = S [V (Rt ) - REEED) + 50° (#t2)

1 n n n n
= 5 Ztr [V(Yt?)] (R(ti+1’ i+1) - R(ti it ) )7
which converges to % fOT tr[V(Y:)] dR(t) as Y and R(:) have complementary regularity. ]

The limit in (I07) necessarily exists almost surely because it is the difference of almost sure con-
vergent sequences. However, we add and subtract tr [V(Y}?)]R(A?,t?) because in general, if

considered separately, neither term can be expected to be a convergent sequence.
Consider the case when R(s,t) is the covariance function of fractional Brownian motion where
1« H <Ll For the first term of (I07), formally one would expect convergence to the Young

3 2
integral

[[0 T]? Lpo,(s) tr [Jt{(—sV(Ys)] dR(s,t)

since we have complementary regularity. However the discontinuity of the integrand at the diagonal
poses a problem, as can be illustrated by the following simple example; if we take the sequence of

square partitions {(t?,t?)}, the Riemann-Stieltjes sums of f[o T2 Lo, (s) dR(s,t) are given by

SSR(ALA) = S R(E,67,) - R(£1,47) - —oo

J i<y J
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and thus f[O’T]Q Lo, (s) dR(s,t) does not exist as a Young-Stieltjes integral. For the second term
of ([I07), if V' is bounded from below, we have

1 n n n n
Z 502 (7 th ) tr [V (Yt")] 2 CZ e, - P
which also diverges.

Now consider the following theorem from [Dec00].

Theorem 6.2. Let X be fractional Brownian motion with Hurst parameter H < %

3
If u e DY2 (IOZ+ H(Lz)), then 6% (K*u) and trace(Du) are well defined, and the sequence

1
tiv1 — 1

Liv1
ft_ updt (X, - Xy,)

)

converges in L*(Q) to 6~ (IC*u) + trace(Du).

Formally, K* is the operator K* o D%p,, where D%p, is the adjoint of the derivative operator; see
3

[Dec05]. It is well-known that the Besov-Liouville space I(?:H(Lz) can be embedded continuously
in CO'H (see [Nua06], [SKM93], [Dec05]), the space of (1 — H) Hélder continuous paths starting
at zero. This imposes a strong condition on the integrand as one essentially requires Young-
complementary regularity of u and X.

Thus, when the integrand solves an RDE, Theorem [6.1] extends this theorem to cases where the
integrand and integrator do not have complementary regularity. Furthermore, when 1 < p < 2,
although fot" tr [Jt)fie SV(YS)] R (A7,ds) in general converges, by augmenting the Skorohod integral

with A; and re-balancing the terms, we can identify the trace term in Theorem more precisely.
6.1 Application of the correction formula to fractional Brownian motion
We now apply the correction formula to fractional Brownian motion with H > %

Theorem 6.3. For 1<p<3, let Y e CP7V" ([O,T];Rd) denote the path-level solution to
dY; =V (Y;) odXs, Yo =vo.

We assume that V € C{f (Rd; R? ® Rd), with

(108)

- 2, 1<p<?2
6, 2<p<3,

and X e cOp-var ([O,T];G[pJ (Rd)) is the geometric rough path constructed from the limit of the
piecewise-linear approzimations of fractional Brownian motion with Hurst parameter H > +, and
covariance function

R(s,t) = (32H + 2 |t - S|2H) .

N | =
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Then almost surely, we have

T T T oH 1
fo YtOdthfo Ytht+H/0 tr[V(Ys)] 77" ds

" f[mz Lo (s)tr [J2,V(Y2) - V(Y)] dR(s, 1).

Proof. We will show that fractional Brownian motion fulfills all the requirements needed to apply
Theorem 6.1 when H > 1. Let p:= 5= and ¢ := ; v 1. The proof that |R|, 40,772 < oo can be

found in [EV10al; see also [FV1i]. Note also that R(t) =t is of bounded variation, and thus has
finite g-variation.

Inthecase 1<p<2, or H > , the geometric rough path is simply (1 B; ) and for H < %, one can
invoke Theorem D:EII to construct the geometric rough path.

Finally, it is proved in Example 1 of [FV11] that

IR(t,-) - R(s,")] <Clt—slr, Vste[0,T].

p—var;[0,T']

Appendix A

Theorem 2.18. Let x = (1,:E,X2) e cpvar ([O,T]; G? (Rd)), where 2 < p < 3.
Let ¢ € CP7 ([0, T]; L(R%R®)) and ¢’ € P~ ([0,T]; L(RY; L(R%;R?))). If (¢,¢") is controlled

by x, we can define the rough integral

- I S (a0l %2 ) 30
/ ¢T r H7T”—>07r {01H7“10< <rn_t}§(¢nxr“r”1 ¢7‘1Xh,7‘z+1) ( )

where we have made use of the canonical identification L(R?; L(RYR®)) ~ L(R? ® R R®). Fur-
thermore, denoting

t
= [ grodxe, 2o
(2,2") is again controlled by x, and we have the bound

| (31)

HZHp—cvar < Cp H(bup—cvar (1 + Hprfvar;[O,T] + HX %*UGT;[(),T]) ’

Proof. Let 0 < u < s<v<tand define

—_

. 12
Suw T ¢u33u,v + gbuxuﬂ)’

which yields the defect of additivity,

— - - o) / 2
|~u,s + =50 " ‘—‘U,Ul < |Ru,sx57vl + |¢u,sxs,v| .
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Now let 0 := %. Then the following function

o) = | R[] ik

gl |7 1 2H
£—var;[u,v] p-var;[u,v] p—var;[u,v] L—var;[u,v]

is a control by Lemma as 3 > 1. Moreover, following the proof for Young integration (see

[EH14]), for any partition 7 = {r;} of [u,v] with k sub-intervals, there necessarily exists some ; € w
such that

= += -= |<|R¢ ., @ ¢, 2
Tj-1,Tj T55Tj+1 Tj-1,Tj+1| = T-1,75T55Tj+1 Ti-1,7575,Tj+1

9 6
<2w(rj1,me1)? <2 (m) w(u,v)?.

Extracting r; leaves one with k-1 sub-intervals, and we can repeat this procedure until only [u,v]
remains. Since 6 > 1, we obtain the sub-maximal inequality (cf. [Lyo98], [FH14])

<CC0)w(u,v)?, (109)

/ ¢r o dx, — (¢uxu,v + %Xz,v)

where ( is the Riemann zeta function and

_ I 2
/ ¢7" ° dxr T ¢7’1x7”177”1+1 + ¢7”1‘XT2‘,7”¢+1 .

7

Proving (30) is equivalent to showing that

/¢Todxr_f,¢r°dxr

where the supremum is taken over all partitions of [0,¢]. Without loss of generality, we can assume
7’ refines , in which case || v ||7| = ||| and

/¢Todxr_/,¢r°dxr

sup
Ilvin’]<e

-0 ase—0,

Z ((buxu,v + ¢;Xi7v - f 0] (br o dxr)
7' n[u,v

[u,v]em
<Cp Y, w(u,v)?,
[u,v]em
which vanishes as || — 0.
Continuing, we define
st = f ¢r odxy - (bsxst: (110)

and using (I09]), we obtain

|Zs,t|p ) ‘Z;,t|p < CP (H¢||VP 0,71 + H(ZS/HVP- 0,T] + HRd)Hz—var[O T]) (”$”z var;[s,t] + Hx2H%—var;[s,t]) ’

B <G (16 1oy 12 g * 11 s LR )

From the super-additivity of the quantities on the right side in the above expression, the fact that
(2,2") is controlled with norm (3T]) follows immediately. ]
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Proposition 2.19. For p > 2, let

yeC([0,T]:U),

y/ e cpvar ([O,T]; L (Rd,U)) 7
and let ¢ be a Cg map from U to V.

Then ¢(y) € CP~*" ([0,7;V) and Vo(y)y' € CP~° ([0, T]; L(R% V). Furthermore, if (y,y') is
controlled by x € CP~**" ([0,T]; G* (Rd)), then (¢(y), Vo(y)y') is also controlled by x and we have

16 —varsjoz) - VDY, argory < I81e2 IWhvngory (14 19 oz ) (32)

and
|

Proof. See Lemma 7.3 in [FHI14] for the proof in Holder topology; the p-variation estimates will
be derived similarly. Using the mean-value theorem, (82) can be obtained easily. To show ([B3]) and
that (¢(y), V(y)y') is controlled by x, we first use Taylor’s theorem to obtain

(D)5t = Vo (ys) yst + R (111)

Taylor

oz <100z (1915 vargory + 1B I3 arorr)- (33)

for all s <t in [0,T"], where

<[ ¢lez ys, J/*. From this it follows that

Tayl 2
HR w OTHg,UGT;[O’T] < H(bH(Zf Hpr—var;[s,t] : (112)
We next use the fact that (y,y’) is controlled by x in equation (III]), which yields

((b(y))s,t = V(b(ys) y; Ts+ V(Zﬁ (ys) R Y + RTaylor
—_—

= (6(1)), RO

and also gives

Y Taylor
2 —var;[0,T] < vab(y) H HR H £—var;[0,T] + HR H L—var;[0,T]"
Proposition 2.20. (Leibniz rule) For p>2, let

¢ e CP ([0, T]; L(U; V),
¢’ eCP™ ([0,T]; L(RY: LU V))),

and we assume that (¢, d") is controlled by x € CP~V" ([O,T]; G? (Rd)).

(i) Let 1) € CP~V" ([0, T];U), ¥ e CP7V" ([O,T];E(Rd;U)), and suppose that (1,v") is controlled
by x. Then the path ¢ € CP™°"([0,T];V) given by the composition of ¢ and 1 is also
controlled by x, with derivative process (¢pp) = ¢’y + ', In addition, we have the bound

1991 p-cvar < 2191 p-cvar 191 p-cvar (34)
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(ii) Suppose that 1) € C%_”‘"([O,T];U). Then ¢ € CP~Y9"([0,T']; V) is also controlled by x, with
derivative process (o) = ¢'p. Moreover, we have the bound

1961 p-coar < 10lp—cnar 91,5 1 - (3)

Proof. The statement can be seen as a corollary to the previous proposition if we consider the
smooth map ®(¢,v) = ¢b. However, we will prove it directly to get the precise bounds (34]) and

B5).
For the first part, it is trivial to see that ¢y and | @'y + ¢/||
side of (34]). For the remainder term, we note that
($)s = (D50 + Gt]) 2t = D1t = Gaths = bugths = Dutbas + R ptbs + 6 RY,
= Gty — dubs — bty + bsths + RS s + B R
= Go b + RO s + s RY,

p—var;[0,T7] A€ bounded by the right

and thus

IR Ns o,y < 180-sarstor1 190 pvargory + 190 1RO N s o,y * 190oe 1R s _prfor

For the second part, note that [¢y| and [¢"Y[,_q.[07) are bounded by the right side of (3H).
Moreover, we have

((m/})s,t - ((25;1/}5) Ts,t = ¢t1/}t - ¢51/}s - ¢s tws + Rf,t%
—(Zstl/}st"‘Rstws— 5t7

which gives

IR Vs oy < 1o 1902 vartory + 1o 1B |5 pregoy-
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